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The atomic direct sum of the selected CAR
representations
MathlibAnnex.CStarAlgebra.CAR.selectedAtomicRepresentation

def

All selected pure-GNS fibers of the completed CAR algebra act together on one Hilbert direct sum.

Statement
Let  be the completed CAR algebra, the norm completion of the unital matrix system  with embeddings

. Let  be its distinguished pure product-vector state. Index pure-state GNS equivalence classes by
, choose one representative  in each class with  at , and denote its GNS data by .

Write  for the Hilbert direct sum,  for coordinate inclusion, and
. Here the sum consists of square-summable families and has no countability restriction

on . The selected atomic representation is this coordinatewise unital representation .

Definition
The common estimate  bounds every coordinate action uniformly in . Hence the coordinatewise
formula defines a bounded operator on the square-summable families, with . Multiplication, the
unit and complex linearity hold coordinatewise. The inner product on the direct sum shows that taking adjoints
also holds coordinatewise, giving . The existing arbitrary-index atomic construction packages
these properties.

Assumptions
The completed CAR algebra and its root pure state are fixed. Every fiber is the complete GNS Hilbert space of
the chosen state. The index set need not be countable, and the Hilbert direct sum is not assumed separable.

Conclusion
For every ,  and , the defining formula is . In particular,

 for . Thus the selected individual actions are the coordinate restrictions of one
displayed representation.

Main citations

Definition and its exact construction · Exact source
The selected individual GNS action · Exact source
The Hilbert direct sum of selected fibers · Exact source
Coordinate inclusion into that Hilbert direct sum · Exact source
Uniformly bounded coordinatewise operator · Exact source
The arbitrary-index star representation · Exact source
Coordinate formula for the atomic action · Exact source
Separate faithfulness of the selected CAR sum · Exact source

LFH · 1 / 2

https://exactmathematics.org/mathlibannex/cards/6728563ecff2ea0750784ae6ac3f2b35793447d5d5134f17f7cb2dfa417d6bc2/versions/n69-eef00c8bf449e3fb/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/0e95508b97bdbeca464118b2/index.html#L26
https://exactmathematics.org/mathlibannex/cards/ad01be2e337dc8b82ab777026820a387f45a7b982625ae89324c84e796897a26/versions/n69-af9004dce076d510/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/1193109fe23e365f21945d7d/index.html#L33
https://exactmathematics.org/mathlibannex/sources/naimark69/77a50826692d94030110c867/index.html#L90
https://exactmathematics.org/mathlibannex/sources/naimark69/77a50826692d94030110c867/index.html#L90
https://exactmathematics.org/mathlibannex/sources/naimark69/a947a83b34872a7ef9774c18/index.html#L94
https://exactmathematics.org/mathlibannex/sources/naimark69/a947a83b34872a7ef9774c18/index.html#L94
https://exactmathematics.org/mathlibannex/sources/naimark69/c224373a91f98bbfdd268fb8/index.html#L30
https://exactmathematics.org/mathlibannex/sources/naimark69/c224373a91f98bbfdd268fb8/index.html#L30
https://exactmathematics.org/mathlibannex/sources/naimark69/45344b77a385f768c8a15c9f/index.html#L44
https://exactmathematics.org/mathlibannex/sources/naimark69/45344b77a385f768c8a15c9f/index.html#L44
https://exactmathematics.org/mathlibannex/sources/naimark69/8172c8d7f9b28a33db287b5e/index.html#L96
https://exactmathematics.org/mathlibannex/sources/naimark69/8172c8d7f9b28a33db287b5e/index.html#L96
https://exactmathematics.org/mathlibannex/sources/naimark69/ce0de3180c89654269580c76/index.html#L44
https://exactmathematics.org/mathlibannex/sources/naimark69/ce0de3180c89654269580c76/index.html#L44


Lean source signature (exact)

noncomputable def selectedAtomicRepresentation :
    Representation Limit
      (MathlibAnnex.CStarAlgebra.PureState.SelectedAtomicHilbert completedRootPureState) :=
  atomicRepresentation
    (MathlibAnnex.CStarAlgebra.PureState.selectedRepresentation completedRootPureState)

Here Limit is  and completedRootPureState is  bundled with its purity proof.
PureState.selectedRepresentation completedRootPureState is the family . The RHS
atomicRepresentation assembles this family into  on SelectedAtomicHilbert, which is . Coordinate inclusions

 are the separately defined selectedEmbedding; they are used to state the coordinate restriction formula.

Lean realization notes

The symbol  denotes one fiber action and  denotes their direct sum. The cited faithfulness theorem is a
separate property of this CAR representation, obtained from its faithful root summand; faithfulness is not a new
input or a field added to this definition.
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