MATHLIBANNEX / CANONICAL DECLARATION CARD

The C*-algebra generated by the CAR
representation and the shell unitaries

MathlibAnnex.CStarAlgebra.CAR.AtomicCounterexampleAlgebra

abbrev

Defines the single algebra T" used in the irreducible and separable faithful representations.

Statement

Let A be the completed CAR algebra and let w be its distinguished pure state. Let I be the set of unitary-
equivalence classes of pure-state GNS representations. Choose a representative 7; : A — B(H,) in each
class, keeping the GNS representation of w in its distinguished class, and put H = @ie] H,and 7 = @ig ;-
Fix the automorphisms and shell partial isometries supplied by CAR homogeneity, and choose the corresponding
unitaries L; on H by the cited shell construction. Define

T =C*(m(A)U{L;:i € I}) C B(H).

Definition

T is the norm-closed unital complex x-subalgebra of B(?—[) generated by 7r(A) and the unitaries L;. The
automorphisms, shell partial isometries and resulting unitaries are chosen once; the abbreviation does not
choose another isomorphic copy of the algebra.

Assumptions

The CAR algebra, the pure state w, the GNS representatives and the unitaries L; are those in the cited fixed
construction. The index set [ is not assumed countable.

Conclusion

The notation T refers to this particular generated C*-algebra. It does not denote a new isomorphic copy when

different representations of 1" are considered.

Main citations

» Definition and its exact construction - Exact source

e The once-chosen representative shell family - Exact source
e The generated algebra for a fixed shell family - Exact source
The fixed ambient link operators - Exact source

Lean source signature (exact)

abbrev AtomicCounterexampleAlgebra := ShellFamilyTarget homogeneityShellFamily

AtomicCounterexampleAlgebrais T', and homogeneityShellFamily is the fixed family of automorphisms and shell
partial isometries. The full right-hand side is displayed. The separately cited ShellFamilyTarget and
shellFamilylLinks explain its generated-algebra meaning; their definitions are not fragments of this abbreviation.
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https://exactmathematics.org/mathlibannex/cards/a1397f366783063d30db5ab13e31d3e5339a0d31518fb16b965d5299478b8142/versions/n69-c6058a1a3b8d3ee0/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/b2a87a5da96a033c6bd12484/index.html#L78
https://exactmathematics.org/mathlibannex/cards/c5e333613a90793d7d200705fb9d4d81db05ed23810b98ac841980ffff3b43e9/versions/n69-9492e07b809016d2/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/7eeba7f71f202f476b278850/index.html#L72
https://exactmathematics.org/mathlibannex/sources/naimark69/add1927f0b38c58971776d48/index.html#L62
https://exactmathematics.org/mathlibannex/sources/naimark69/add1927f0b38c58971776d48/index.html#L62
https://exactmathematics.org/mathlibannex/sources/naimark69/c339c3c7642f03547fd4a5a1/index.html#L26
https://exactmathematics.org/mathlibannex/sources/naimark69/c339c3c7642f03547fd4a5a1/index.html#L26

Lean realization notes

The abbreviation defines the algebra; separate theorems establish its simplicity, uniqueness of the nonzero
irreducible representation up to unitary equivalence, and failure to be isomorphic to an algebra of compact
operators. The fixed construction uses the proved CAR homogeneity theorem, without an additional KOS or CH
hypothesis.
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