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Exact vector transport along an almost central
unitary path

MathlibAnnex.CStarAlgebra.CAR.exists_stageTests_exact_unitary_path_apply_eq_and_conjugate_s
ub_norm_1t

theorem

Finite matrix-state tests ensure exact transport while protecting a prescribed finite set throughout the path.

Statement

Let A be the completed CAR algebra: the norm completion of the increasing union of 4,, = M».(C) under the
unital embeddings a — a ® I, (with the fixed coordinate reindexing). Write «,, : A4,, — A for the canonical isometric
g?) = 1n(E;j) for its matrix units. A representation is a unital complex star homomorphism into the
bounded operators on a complex Hilbert space. Irreducibility means nonzero action and no proper nonzero
closed reducing subspace. We use the inner product conjugate linear in its first argument and write

inclusion and e

©rv(a) = (v,m(a)v) for the vector functional. Fix an irreducible representation 7= : A — B(H) on a nonzero
complex Hilbert space. Given a finite set F' C A and € > 0, one can choose a stage n and § > 0 such that the
following holds for every pair of unit vectors ¢, € H. If |<pﬂ,§(e§;7)) = <p,,,,,(el(.;7))| < 6 for all 4, 5, there is u € U(A)
with 7(u)¢ = n and a norm-continuous path p : [0,1] — U(A) from 1 to u. At every time and for every a € F, both
Ip(t)ap(t)* — al| < & and [[p(t)*ap(t) — al| < € hold.

Assumptions

The representation is unital and irreducible, and H is complete and nonzero. The finite set and positive error are
fixed first. The stage and tolerance are chosen before either unit vector; there is no hypothesis that the two
vectors are already close in norm.

Conclusion

The endpoint transport is exact. The protection of F' is approximate, in both conjugation directions, uniformly for
the entire path. The stage tests compare vector states, not the vectors themselves.

The path need not centralize F' exactly. The tolerance is an existential modulus and no numerical value is
claimed. The conditions require all the matrix entries at the chosen stage, not only the diagonal ones.

Proof route

Approximate F inside one finite stage. Close stage states give close Gram matrices of the root-corner
components. Corner involutions yield a stage-central path moving the first vector near the second; a short final
unitary correction makes the transport exact. Quantitative commutator bounds then transfer to the original finite
set.

¥ Proof steps
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1. For fixed stage n, decompose a unit vectoras { = ), w(e§g>)v,., where v; = w(ef]';))g. The sums of squared
(n)

component norms equal 1, and (v;,v;) = pxe(e;;” ). Thus entrywise state tests are Gram-matrix tests.

2. The corner Gram-perturbation result uses an auxiliary isometric family orthogonal to both input families.
Two unitary involutions move through that family with small errors. Lifting them to corner exponentials
gives a path centralizing the whole stage at every time. Reconstructing the vectors converts small
component errors into a small vector error.

3. The fixed-stage exact-transport lemma follows by correcting this endpoint with a unitary near 1 and
concatenating its short path with the stage-central path. For any prescribed + > 0, its path satisfies
lp(t), tn(e)]ll < vlltn(c)|| for all stage elements and all times, while the endpoint sends ¢ exactly to 7.

4. Choose stage approximants to each a € F within /8, and choose « small relative to their common norm
bound. The commutator of p(¢) with a is bounded by twice the approximation error plus the stage
commutator bound, which is strictly below e. Multiplication by the appropriate unitary converts that
commutator bound into each of the two conjugation inequalities.
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Lean source signature (exact)

theorem exists_stageTests_exact_unitary_path_apply eq_and_conjugate_sub_norm_lt
{H : Type*} [NormedAddCommGroup H] [InnerProductSpace C H]
[CompleteSpace H] [Nontrivial H]
(rho : Representation Limit H) (hrho : StarAlgHom.IsIrreducible rho)
(F : Finset Limit) {epsilon : R} (hepsilon : @ < epsilon) :
3 n, 3 delta > @, V (xi eta : H), |xi]| =1 > |etal =1 ~»
(Vij: Fin (2 ~ n),
|[Representation.vectorFunctional rho xi (limitMatrixUnit n i j) -
Representation.vectorFunctional rho eta (limitMatrixUnit n i j)|| < delta) -
3 u : unitary Limit,
rho (u : Limit) xi = eta A
3 p:Pathlu, Vt, VacefF,
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[(p t : Limit) * a * star (p t : Limit) - a]| < epsilon A
[star (p t : Limit) * a * (p t : Limit) - a|| < epsilon

In the source Mathematical meaning

H; rho; hrho H is a complete nonzero complex Hilbert space and p is
the irreducible unital representation = : A — B(H) of the
CAR algebra.

F : Finset Limit; hepsilon : @ < epsilon First fix the finite protected set F' C A and error e > 0.

3 n, 3 delta > 9, V (xi eta : H) Choose a stage n and tolerance § > 0 depending on those

inputs, before the subsequent pair £,7 € H. The same
choices work for every pair satisfying the following tests.

[xi = 1 > fletall = 1 » Both later vectors must have norm 1. There is no
hypothesis that ||¢ — 7| is small.

vV ij: Fin (2 ~ n) Test all ordered matrix-unit indices 0 < 7, j < 2", including
off-diagonal entries.

[Representation.vectorFunctional rho xi (...) - The test is | (&, w(egl))é) —(n, w(egf))m\ < § for every i, j,

Representation.vectorFunctional rho eta (...)] where eﬁ?) = 1, (Ejj).

< delta

3 u : unitary Limit; rho (u : Limit) xi = eta One unitary u € U(A) transports the first vector exactly:
m(w)é = n.

I p: Path1u For that same u, a norm-continuous unitary path

p:[0,1] — U(A) starts at 1 and ends at w.

Vt, VaekF; (pt: Limit); star (p t : Limit) For every path time ¢ € [0,1] and every protected a € F,
read p(t) as an element of 4 and star as its adjoint p(¢)*.

[(p t : Limit) * a * star (p t : Limit) - af < The forward protection bound ||p(t)ap(t)* — al| < e.
epsilon

[star (p t : Limit) * a * (p t : Limit) - a| < The inverse protection bound ||p(t)*ap(t) — a|| < e. The
epsilon conjunction requires both bounds for the same path, at all

times; only the endpoint vector transport is exact.
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