MATHLIBANNEX / CANONICAL DECLARATION CARD

Local affine-isometry chart on a smaller ball

MathlibAnnex.IsometryEquiv.exists_affineExtension_eqOn_ball
theorem

Constructs one ambient surjective affine isometry from the same radial map throughout.

Statement

Let E, F be real normed spaces, S C E, T C F, and f: S — T a bijective isometry. Suppose c € S, R > 0,
B(c,R) C S and B(f(c), R) C T. There exists a surjective real affine isometry A : E — F such that

Afz) = fz)  (z €S, |z -l <R/8).

Assumptions

Both ambient radius-R balls must lie in the corresponding subsets. No finite dimensionality or completeness is
assumed for either real normed space.

Conclusion

One ambient affine isometry agrees with f on the smaller ball B(c, R/8). The quantified assertion is existence; its
agreement here is not asserted on all of S.

Proof route

Extend the translated local map radially, prove that this same map is a linear isometry, obtain surjectivity from the
target ball, and translate back.

¥ Proof steps

1. Set r = R/8; this is the radius used throughout the construction. In Radial-map definition, define L.(0) =0
and, for v # 0,

L) = L5 (e Lo - s00)

T

The evaluation point is at distance r < R from ¢, hence belongs to S.

2. For a > 0, the evaluation point for av equals that for v, and the prefactor is multiplied by a. Thus Positive
homogeneity of the radial map gives L.(av) = aL.(v). Distance preservation gives Norm of the radial map
in the concrete form

B (e o) - s = L2 = o,
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The case v = 0 follows from the definition.

L0 < ||v|| <, first write the point ¢ 4 v as the explicit convex combination

c+v:(1_4)c+@(c+ﬁv).

The coefficient ||v||/r lies in (0, 1), and both endpoints lie in B(c, R/4) because r = R/8. Apply Quarter-ball
segment theorem to these two endpoints. It gives

fe+v)— (o) = 12l [f(c—i— ﬁ» - f(c)] = L.(v).

r

The equality also holds for v = 0. This is Local agreement with the translated isometry.

. For ||v]|, |[w]| < r, their midpoint also has norm less than r. Substitute the local agreement into Quarter-ball
midpoint theorem for ¢ + v, ¢ + w to obtain

Le((v + w)/2) = (Le(v) + Le(w)) /2.

This verifies the local identity in Local midpoint identity for the radial map. For arbitrary v, w, choose
A =r/(JJv|| + [Jw|] + 1) > 0. Both Av, Aw lie in B(0,r). Apply the local identity to these two vectors and use
positive homogeneity for the same L.:

(A + Aw)/2)
(M) + Le(Aw)) /2
(Le(v) + Le(w)) /2.

Since A > 0, division by X gives the midpoint identity for the original v, w. This is the application of
Rescaling local midpoint identities that proves the global midpoint identity.

. Putting w = 0 in the midpoint identity gives L.(v/2) = L.(v)/2. It follows that L.(v + w) = L.(v) + L.(w).
Consequently

[Le(v) = Le(w)|| = [[Le(v — w) || = [lv — w]|.

Thus L. is continuous and additive, hence real-linear by rational approximation. The same midpoint map
as a linear isometry equips this same function with the linear-isometry structure; it does not replace it by a
different map.

. Let ||ly|| < 7. The target ball inclusion puts f(c) + y in T. Take = = f~1(f(c) + y). Isometry gives
lz — c|| = ||y|| < 7, so local agreement yields

Le(z —¢) = f(z) — f(c) = .
Hence B(0,r) C ran L.. This range is a real vector subspace. For arbitrary y, the scalar

b=r/(2(||ly|l +1)) > 0 puts by in that ball; if L.(v) = by, then L.(v/b) = y. Thus L. is surjective, without any
dimension argument.
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7. Define A(z) = L.(z — ¢) + f(c). Real linearity, norm preservation and surjectivity of the same L. make A a
surjective affine isometry. When ||z — ¢|| < 7, substitute v =  — ¢ into local agreement to obtain

A(z) = f(2).
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Lean source signature (exact)

theorem exists_affineExtension_eqOn_ball
{s : Set E} {t : Set F} (f : s =; t) (c : s) {R : R} (hR : @ < R)
(hsball : ball (c : E) R € s)
(htball : ball ((fc :t) : F) RS t)
3 A:E=[R]F, VX: s,
(x : E) € ball (c : E) (R/ 8) »A (x : E) = ((fx:t):F)

In the source Mathematical meaning

(f : s =;t) (c:5s) The distance-preserving bijection f : S — T and center
ce S, withs C E,t C F in real normed spaces.

{R : R} (hR : @ < R) The common radius R > 0.
(hsball : ball (c : E) R S s) The open ball B(c, R) lies in the source set.
(htball : ball ((f c : t) : F) R S t) The open ball B(f(c), R) lies in the target set; this is a

separate hypothesis.

3 A: E=*[R]F There exists a surjective real affine isometry A between
the whole ambient spaces E, F.

V X :s After choosing one 4, the conclusion is required for every
pointz € S.

(x : E) € ball (c : E) (R / 8) The additional condition on that point is ||z — ¢|| < R/8.

A(x : E)=((fx:t):F) At each such point, the two ambient values agree:

A(z) = f(z). The casts retain the same z and f(z).
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