
M AT H L I B A N N E X  /  C A N O N I C A L D E C L A R AT I O N  C A R D

Unitary equivalence of two representations

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarRepresentation.UnitaryEquivalent

def

Defines equivalence by one surjective isometry intertwining all algebra actions.

Statement

Let  be a complex -algebra, with no unit assumed, and let  and  be -
representations on complex Hilbert spaces. They are unitarily equivalent precisely when the following condition
holds.

Definition

There exists a surjective complex-linear isometry  such that

Equivalently,  for all , or . The inverse exists because  is onto as well as
isometric. An abstract isomorphism of  and  without these intertwining equations is not the defined condition.

Assumptions

Both representations have the same source algebra. Neither irreducibility, nonzero action, separability, nor finite
dimension is required.

Conclusion

One unitary from  onto  intertwines the two actions of every algebra element.

Main citations

Exact definition and context
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Lean source signature (exact)

The complete declaration below is a separate exact source excerpt; the original header record is retained with
the manuscript.

def UnitaryEquivalent (pi : NonUnitalCStarRepresentation A H)
    (rho : NonUnitalCStarRepresentation A K) : Prop :=
  ∃ U : H ≃ₗᵢ[ℂ] K, ∀ (a : A) (x : H), U (pi a x) = rho a (U x)
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In the source Mathematical meaning

(pi : NonUnitalCStarRepresentation A H) The representation  on the complete complex Hilbert
space .

(rho : NonUnitalCStarRepresentation A K) The representation  of the same  on the complete
complex Hilbert space .

∃ U : H ≃ₗᵢ[ℂ] K Choose one complex-linear isometric equivalence
, including surjectivity and an inverse.

∀ (a : A) (x : H) That same  must work for every algebra element and
every vector in its domain.

U (pi a x) = rho a (U x) Act by  in  and then apply , or first apply  and
then act by  in ; the two resulting vectors are equal.

Exact source and proof.
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Source commit: 437e6e46228bbb8e91211ebded349d7a30020e73

LFH · 2 / 2

https://exactmathematics.org/mathlibannex/sources/lfh188/de6a5196b38d8c340deb4e90/index.html#L43
https://exactmathematics.org/mathlibannex/cards/caeef92045d974a18cb5eb41cd4c36b68c457337d1569671d296e8f3c437fec6/index.html

