MATHLIBANNEX / CANONICAL DECLARATION CARD

Midpoint preservation on a quarter ball

MathlibAnnex.IsometryEquiv.map_midpoint_of_mem_ball
theorem

Supplies both lens inclusions from matching ambient balls.

Statement

Let E, F be real normed spaces, SC E, T C F,and f: S — T a bijective isometry. Let c € S and R > 0 satisfy
B(c,R) C Sand B(f(c),R) C T, where B(¢,R) ={z: ||z —¢| < R}. Forz,y € SN B(c, R/4),
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Assumptions

Both ambient open-ball inclusions, positivity of R, and membership of both z, y in the quarter ball are required.
The sets S, T need not themselves be open or convex.

Conclusion

The midpoint belongs to .S, and the same isometry preserves that midpoint.

Proof route

Use radius R/2 for the source and target lenses. The quarter-ball bounds leave enough room for both lenses
inside the given radius-R balls.

¥ Proof steps

1. The triangle inequality gives ||z — y|| < ||z — ¢|| + |ly — ¢|| < R/2, so ||z — y||/2 < R/4 < R/2. Also
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Thus the midpoint is a valid argument of f.

2.For z € Agp(z,y) = B(z,R/2) N B(y, R/2),
lz—c|| <|lz—z||+ |z — || < R/2+ R/4 < R.

Hence this entire lens lies in B(c, R) C S.

3. Isometry gives || f(z) — f(c)|| = ||z — c[| < R/4. If w € Ag)a(f(z), f(y)), then
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[w = fO < llw— f(@)| + If(z) - f(o)l| < R/2+ R/4 < R.

The target ball assumption now puts the entire target lens in T'.

4. Apply Midpoint preservation under two lens inclusions to this f, the points z, y, and the radius R/2. Step 1
supplies its half-distance bound, and Steps 2—3 supply its two inclusions. Its output is exactly the claimed

midpoint equation.

Main citations

e Exact theorem and proof
¢ Midpoint preservation under two lens inclusions

Lean source signature (exact)

theorem map_midpoint_of _mem_ball

{s : Set E} {t : Set F} (f : s =; t) (c : s) {R: R} (hR : @ < R)
(hsball : ball (c : E) R € s)
(htball : ball ((fc : t) : F) RS t)
(xy :s) (hx : (x : E) € ball (c : E) (R / 4))
(hy : (y : E) € ball (c : E) (R/ 4)) :
((f (midpoint R (x : E) (y : E),
hsball (by
rw [mem_ball]
calc
dist (midpoint R (x : E) (y : E)) (c : E) <
(dist (x : E) (c : E) + dist (y : E) (c : E)) / 2 := by
simpa [dist_comm] using
dist_midpoint_midpoint_le (x : E) (y : E) (c : E) (c : E)
_ < R := by rw [mem_ball] at hx hy; linarith)) : t) : F) =

midpoint R ((f x : t) : F) ((fy :
In the source
(f : s = t) (c :5s)
{R : R} (hR : @ < R)
(hsball : ball (c : E) R € s)
(htball : ball ((f c : t) : F) R € t)
(xy :s)
(hx : (x : E) € ball (c : E) (R / 4))
(hy : (y : E) € ball (c : E) (R / 4))

t) : F)

Mathematical meaning

The distance-preserving bijection f : S — T and center
ce S, withs C E;t C F in real normed spaces.

The common radius R > 0.

The open ball B(c, R) lies in the source set.

The open ball B(f(c), R) lies in the target set; this is a
separate hypothesis.

Two points z,y € S.

The inequality ||z — || < R/4.

The inequality ||y — ¢|| < R/4 for the other point.
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https://exactmathematics.org/mathlibannex/sources/lfh188/4308208bbaab8b36968ae99e/index.html#L120
https://exactmathematics.org/mathlibannex/sources/lfh188/010a1a142dc96fdb8d77c07d/index.html#L137
https://exactmathematics.org/mathlibannex/sources/lfh188/4308208bbaab8b36968ae99e/index.html#L120

In the source Mathematical meaning

hsball (by The following proof block verifies that
(z +y)/2 € B(c,R) C S from the displayed distance
estimate. It is not an extra assumption.

midpoint R ((f x : t) : F) ((fy : t) : F) The right side is (f(z) + f(y))/2. The entire equality says
that applying f to the source midpoint gives this point in F.

Exact source and proof.
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