MATHLIBANNEX / CANONICAL DECLARATION CARD

The family of maximal minors in increasing row
order

MathlibAnnex.Matrix.maximalMinors
def

Collects the determinants of all square submatrices with all columns and an increasing selection of rows.

Statement

Let R be a commutative ring, I a linearly ordered set, and A an I-by-n matrix over R. The family of maximal
minors is

M(A): {SCI:|S|=n} — R,
S = {81 < < Sn} — det((Ashj)]Si’an).

Thus the rows are taken in the indicated increasing order, and the columns remain in their original order. Only
finite subsets of size n occur in the domain.

Definition
For every selected subset, the ordering convention is part of the defining formula:

S={s1<---<sn}, Ag = (A, ) 1<i,j<ns
M(A)(S) = det As.

The increasing enumeration fixes the row order and hence the sign. This is not the determinant of rows arranged
in an unspecified order.

Assumptions

The number n is any nonnegative integer. The row set I is linearly ordered and may be infinite. No field, nonzero-
minor or rank assumption is made.

Conclusion

Each component is a determinant with the same increasing-row convention. When n = 0, the unique selected
subset is empty and its empty determinant is 1. If there are no n-element subsets, the family has empty domain.

An increasing injection from the n column positions into I determines its range subset; the cited adapter lemmas
identify the selected matrix and minor with that injection. An arbitrary ordered tuple of rows carries additional
order information and is treated separately in the factorization theorem. Selection also commutes with right
multiplication: (AL)s = AgL.
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Main citations

e Exact declaration and its source — MathlibAnnex.Matrix.maximalMinors

e Subsets indexing maximal minors — MathlibAnnex.Matrix.MaximalMinorIndex

e Increasing enumeration of selected rows — MathlibAnnex.Matrix.MaximalMinorIndex.orderedRows

¢ An increasing injection supplies an index —
MathlibAnnex.Matrix.MaximalMinorIndex.ofOrderEmbedding

e The enumeration agrees with the increasing injection —
MathlibAnnex.Matrix.MaximalMinorIndex.orderedRows_ofOrderEmbedding

e The selected square submatrix — MathlibAnnex.Matrix.maximalSubmatrix

e The determinant of the selected submatrix — MathlibAnnex.Matrix.maximalMinor

e Submatrix selection through an increasing injection —
MathlibAnnex.Matrix.maximalSubmatrix_ofOrderEmbedding

e Minor selection through an increasing injection —
MathlibAnnex.Matrix.maximalMinor_ofOrderEmbedding

e Selection commutes with right multiplication — MathlibAnnex.Matrix.maximalSubmatrix_mul

Lean source signature (exact)

def maximalMinors {n : N} {1 : Type u} {R : Type v} [LinearOrder 1] [CommRing R]
(A : _root_.Matrix 1 (Fin n) R) : MaximalMinorIndex n 1 » R :=
fun s => maximalMinor A s

In the source Mathematical meaning

{n : N} {1 : Type u} [LinearOrder 1] {R : Type The nonnegative integer n, linearly ordered row set I and

v} [CommRing commutative coefficient ring R. The whole row set may be

R] infinite.

(A : root.Matrix 1 (Fin n) R) The I-by-n matrix A, whose columns keep their given
order.

MaximalMinorIndex n 1 The finite row subsets S C I with |S| = n, as defined in the

cited index declaration.

In the source Mathematical meaning

MaximalMinorIndex n 1 - R The output family M(A), assigning one scalar to each
such subset; it is not a single determinant.

fun s => maximalMinor A s The entire RHS: at § = {s; < --- < 5, } return det Ag,
where Ag = (A4, ;)- The cited orderedRows and

maximalSubmatrix use this increasing order. At n = 0 the
empty determinant is 1.

¥ Exact surrounding binder context (separate excerpt)

LFH-2/3


https://exactmathematics.org/mathlibannex/sources/lfh188/a9411c1e60b2c5e6563e64d2/index.html#L65
https://exactmathematics.org/mathlibannex/sources/lfh188/2b2e18c196ff6d7e33565956/index.html#L30
https://exactmathematics.org/mathlibannex/sources/lfh188/80be73eabed36967d2794bac/index.html#L36
https://exactmathematics.org/mathlibannex/sources/lfh188/8dd188ae9da319751b244e3c/index.html#L41
https://exactmathematics.org/mathlibannex/sources/lfh188/df341e4738e23bba7445b3fc/index.html#L46
https://exactmathematics.org/mathlibannex/sources/lfh188/82e823f066247557a2fc30f2/index.html#L54
https://exactmathematics.org/mathlibannex/sources/lfh188/85fb2fa15c8a41bd26df3338/index.html#L60
https://exactmathematics.org/mathlibannex/sources/lfh188/9ece096a4d09d70a9e1ad0ea/index.html#L70
https://exactmathematics.org/mathlibannex/sources/lfh188/f6332502e3d7c7e72875cf5d/index.html#L79
https://exactmathematics.org/mathlibannex/sources/lfh188/92f0bd72810b7f5626e0ed02/index.html#L87

noncomputable section
open scoped BigOperators

namespace MathlibAnnex
namespace Matrix

universe u v
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