MATHLIBANNEX / CANONICAL DECLARATION CARD

Global almost-everywhere constancy on a
preconnected domain

MathlibAnnex.WeakDivergenceZero.exists_aeConstantOn
theorem

Combines local weak-gradient rigidity with topological and countable gluing.

Statement

Let E be a finite-dimensional real normed vector space with its Borel structure and an additive Haar measure .
Let U C FE be open and preconnected, and let u : E — R be locally integrable on U. Suppose

/Uu(z) div W(z) du(z) =0

for every C'! vector field W : E — E for which a compact set Ky satisfies

{ze E:W(z) #0} C Kw CU.
Here div W(z) := tr(DW(z)). Then there exists ¢ € R such that

u=c u|y-almost everywhere.

Assumptions

Preconnectedness means that U cannot be partitioned into two disjoint nonempty relatively open subsets. It
permits U = &; nonemptiness is not required. The dimension of E may be zero. The assumptions are local
integrability on U and the weak test equation, together with openness and preconnectedness. There is no
bounded-domain, positive-dimension, global L!, Lipschitz, or continuity hypothesis.

Conclusion

There is one constant on the whole domain in the restricted almost-everywhere sense. Continuity would be an
additional assumption for pointwise equality. The empty domain admits any constant, for example zero.

Finite-dimensional normed spaces are second countable, so every subset is Lindelof. Additive Haar measure is
positive on nonempty open sets. These two consequences of the ambient hypotheses supply the topological
gluing theorem’s hypotheses; they are not additional restrictions on U.

Proof route

Obtain local almost-everywhere data from the weak equation, then apply the preconnected version of the general
gluing theorem. That version handles the empty domain separately.
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¥ Proof steps

1. Produce local data. At every = € U, the local weak-gradient constancy theorem applies to the given
hypotheses: the same open U, local integrability, and weak equation. It supplies an open V, and ¢, € R
with

zxeV,CU, u=c, ply,-almosteverywhere.

No connectedness assumption is needed for this local step.

2. Check and apply the global hypotheses. The measure is positive on nonempty open sets by its Haar
property. Second countability of E supplies the Lindel6f property of U. If U is empty, u|y =0and ¢ =0
works. If U is nonempty, preconnectedness together with nonemptiness makes it connected. The
connected local-to-global gluing theorem now applies to the data in Step 1 and gives

Jec € R, u=c p|p-almost everywhere.

Within that theorem, positive open overlaps identify constants, connectedness propagates a fixed
constant, and a countable subcover permits measure-theoretic gluing. The preconnected gluing theorem
used in the exact proof combines these two cases; it uses nonemptiness of the codomain, here supplied
by 0 € R.

Main citations

e Exact declaration and its source — MathlibAnnex.WeakDivergenceZero.exists_aeConstantOn

e Local constancy from the weak equation —
MathlibAnnex.WeakDivergenceZero.nonempty_localAEConstantAt

e Connected Lindel6f gluing and its proof — MathlibAnnex.exists_aeConstantOn_of_local

e The preconnected variant, including the empty domain —
MathlibAnnex.exists_aeConstantOn_of_ local_preconnected

Lean source signature (exact)

theorem WeakDivergenceZero.exists_aeConstantOn
{U : Set E} {u : E » R} (hweak : WeakDivergenceZero p U u)
(hu : IsOpen U) (hUc : IsPreconnected U) (hu : LocallyIntegrableOn u U p) :
3 c : R, AEConstantOn p u U c

In the source Mathematical meaning

[NormedAddCommGroup E] [NormedSpace R E] The finite-dimensional real normed space E, with Borel
[FiniteDimensional R measurable structure and additive Haar measure p.

E] [MeasurableSpace E] [BorelSpace E] {u : Dimension zero is allowed.

Measure E}
[p.IsAddHaarMeasure]

LFH-2/3


https://exactmathematics.org/mathlibannex/sources/lfh188/521a79ad627128acc378e039/index.html#L14
https://exactmathematics.org/mathlibannex/sources/lfh188/fa0358495ee690fc79664bf1/index.html#L148
https://exactmathematics.org/mathlibannex/sources/lfh188/fa0358495ee690fc79664bf1/index.html#L148
https://exactmathematics.org/mathlibannex/sources/lfh188/11653b68c55e5e5f143714e1/index.html#L164
https://exactmathematics.org/mathlibannex/sources/lfh188/11653b68c55e5e5f143714e1/index.html#L164
https://exactmathematics.org/mathlibannex/sources/lfh188/f1ed12caa49e9937a5657884/index.html#L21
https://exactmathematics.org/mathlibannex/sources/lfh188/521a79ad627128acc378e039/index.html#L14
https://exactmathematics.org/mathlibannex/sources/lfh188/fa0358495ee690fc79664bf1/index.html#L148
https://exactmathematics.org/mathlibannex/sources/lfh188/11653b68c55e5e5f143714e1/index.html#L164

In the source Mathematical meaning

(hweak : WeakDivergenceZero p U u) The scalar weak equation [, u(z) div W(z) du(z) = 0 for
every C'! vector field with a compact carrier contained in U;
div W = tr(DW).

(hu : IsOpen U) (hu : LocallyIntegrableOn u U The set U is open and u is locally integrable on U. Whole-

7)) space integrability or Lipschitz continuity of  is not
assumed.

In the source Mathematical meaning

(huc : IsPreconnected U) The set U admits no partition into two disjoint nonempty

relatively open subsets. It may be empty.

3 ¢ : R, AEConstantOn p u U c There is one real ¢ such that = ¢ almost everywhere for
w|y- This is the restricted a.e. conclusion, not pointwise
equality.

v Exact surrounding binder context (separate excerpts)
Exact source lines 7-12:

noncomputable section

open Set MeasureTheory TopologicalSpace

namespace MathlibAnnex

variable {E : Type*} [NormedAddCommGroup E] [NormedSpace R E]
[FiniteDimensional R E] [MeasurableSpace E] [BorelSpace E]

variable {p : Measure E} [p.IsAddHaarMeasure]

¥ Exact content identity

Declaration: MathlibAnnex.WeakDivergenceZero.exists_aeConstantOn
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