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Smooth compact perturbations preserve the
determinant integral difference

MathlibAnnex.Piola.integral_det_fderiv_add_sub_eq_zero_of_contDiff

theorem

Builds a finite telescope from single-output perturbations with compactly supported fluxes.

Statement

Fix  and let  be , with  compactly supported. Then

Assumptions
Both maps are smooth of all finite orders, as stated in the exact theorem. Only  must have compact support. No
decay or global integrability is assumed for  or for its determinant separately. Here and below 
and  are scalar coordinate maps. Compact support means that  is
compact.

Conclusion

The determinant difference is integrable and has integral zero. This statement is an integral of a difference; it
does not assert equality of two separately integrable whole-space determinants.

The one-coordinate integral lemma needs only a  base map and a  compactly supported scalar
perturbation. The theorem here retains its stronger stated  hypotheses and applies that lemma to each
smooth hybrid.

Proof route
Add the components of  one at a time, prove each determinant increment integrable with zero integral, and add
the finitely many increments.

Proof steps

1. For , define the smooth hybrid map by its coordinates:

Then , , and for ,
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Each scalar coordinate  is smooth and has compact support, since

2. Apply the component-flux identity with base , scalar , and row . Smoothness supplies the required 
and  hypotheses. The flux  is  and compactly supported because its support is contained in
that of . The compact-support divergence theorem gives

This increment is integrable: it is continuous and vanishes outside the compact support of , since there
 is locally zero and its derivative is zero.

3. Choose any ordering of the  coordinates and write its successive subsets as . Pointwise
telescoping gives

Every summand is integrable by the preceding step. Linearity of the integral is therefore legitimate for this
finite sum, and its integral is the sum of  zeros. No splitting into the two unrestricted determinant integrals
is used.

Main citations

Exact declaration and its source —
MathlibAnnex.Piola.integral_det_fderiv_add_sub_eq_zero_of_contDiff
Pointwise component-flux identity — MathlibAnnex.Piola.divergence_componentFlux_eq_det_sub
Integral of a compactly supported divergence —
MathlibAnnex.Piola.integral_coordinateDivergence_eq_zero_of_contDiff_hasCompactSuppor
t
Hybrid with a finite subset of perturbed outputs — MathlibAnnex.Piola.outputHybrid
Empty hybrid is the base map — MathlibAnnex.Piola.outputHybrid_empty
Full hybrid is the perturbed map — MathlibAnnex.Piola.outputHybrid_univ
Zero integral for a single-output increment —
MathlibAnnex.Piola.integral_det_singleOutputPerturb_sub_eq_zero
Adding one coordinate to a hybrid —
MathlibAnnex.Piola.outputHybrid_insert_eq_singleOutputPerturb

Lean source signature (exact)

theorem integral_det_fderiv_add_sub_eq_zero_of_contDiff
    {m : ℕ} {g u : (Fin (m + 1) → ℝ) → (Fin (m + 1) → ℝ)}
    (hg : ContDiff ℝ (↑(⊤ : ℕ∞)) g) (hu : ContDiff ℝ (↑(⊤ : ℕ∞)) u)
    (huc : HasCompactSupport u) :

LFH · 2 / 3

https://exactmathematics.org/mathlibannex/sources/lfh188/a557518c71c4abd8574ce0ac/index.html#L847
https://exactmathematics.org/mathlibannex/sources/lfh188/44f82a5e14ddf163b521a71e/index.html#L706
https://exactmathematics.org/mathlibannex/sources/lfh188/430417f02b098b06a9430daf/index.html#L609
https://exactmathematics.org/mathlibannex/sources/lfh188/ba78f6e9f23010d5f076b48b/index.html#L540
https://exactmathematics.org/mathlibannex/sources/lfh188/76b3da1f7e5a70136e332dcd/index.html#L544
https://exactmathematics.org/mathlibannex/sources/lfh188/08629f3904086498805f241a/index.html#L549
https://exactmathematics.org/mathlibannex/sources/lfh188/eadd3999d2e30fb67e1cab46/index.html#L785
https://exactmathematics.org/mathlibannex/sources/lfh188/dcc14c3dfdb03f5f69b12661/index.html#L835


    ∫ x, (LinearMap.det ((fderiv ℝ (fun y => g y + u y) x).toLinearMap) -
      LinearMap.det ((fderiv ℝ g x).toLinearMap)) = 0

In the source Mathematical meaning

{m : ℕ} {g u : (Fin (m + 1) → ℝ) → (Fin (m + 1) 
→
ℝ)}

The positive dimension , base map  and
perturbation  on .

(hg : ContDiff ℝ (↑(⊤ : ℕ∞)) g) (hu : ContDiff 
ℝ (↑(⊤ : ℕ∞))
u)

Both maps are , meaning continuously differentiable at
every finite order.

(huc : HasCompactSupport u) Only  is required to have compact support .

fun y => g y + u y The pointwise sum , whose derivative is used in the
first determinant.

In the source Mathematical meaning

LinearMap.det ((fderiv ℝ (fun y => g y + u y)
x).toLinearMap) - LinearMap.det ((fderiv ℝ g 
x).toLinearMap)

The entire integrand ; these are
signed determinants of the same-size derivative maps.

∫ x, (LinearMap.det ((fderiv ℝ (fun y => g y + 
u y)
x).toLinearMap) - LinearMap.det ((fderiv ℝ g 
x).toLinearMap)) =
0

The conclusion integrates this difference over all  with
Lebesgue measure and gives zero. It does not assume
that the two separate whole-space determinant integrals
are finite.

Exact surrounding binder context (separate excerpt)

noncomputable section

open Set MeasureTheory Filter
open scoped BigOperators Topology

namespace MathlibAnnex
namespace Piola
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