MATHLIBANNEX / CANONICAL DECLARATION CARD

From local to global almost-everywhere
constancy

MathlibAnnex.exists_aeConstantOn_of_ local
theorem

Separates agreement of constants by connectedness from countable measure-theoretic gluing.

Statement

Let X be a topological space with a measurable structure, and let u be positive on every nonempty open set. Let
Y beanyset,u: X —Y,andlet U C X be connected and Lindel6f. Suppose that for every x € U there are an
open neighborhood V,, and a constant ¢, € Y such that

zeV,CU, u=c; p|y,-almost everywhere.

Then there is one ¢ € Y with u = ¢ almost everywhere for u|y.

Assumptions

Here connected means nonempty and admitting no partition into two disjoint nonempty relatively open subsets.
Lindel6f means that every open cover of U admits a countable subcover. No finiteness or Haar assumption is
imposed on u, and X need not be second countable. No topology or measurable structure on the value setY is
required. The supplied neighborhoods in particular make U open, although openness is not a separate input.

Conclusion

One common constant works outside a null set for the restricted measure on U. Connectedness identifies the
local constants; Lindeldf supplies the countability needed to join their exceptional sets. Those are distinct uses of
the hypotheses.

The local data at 2 are an open set V, the relations z € V C U, and a value ¢ € Y satisfying u = ¢ almost
everywhere for u|y. At one chosen point of the nonempty set U, these data supply the initial value ¢y € Y. Thus
no separate nonemptiness assumption on Y is needed.

Proof route

Fix a constant from one local neighborhood. Its region of local validity and its complement in U are disjoint open
sets. Connectedness makes that region all of U. Select a countable subcover of neighborhoods carrying this
same constant and apply countable gluing.

¥ Proof steps

1. Fix a value and its region. Choose z, € U and its local data (V;, ¢g). Define
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G:={xcU: IVopen, z € VCU, u=cyply-almost everywhere}.

It contains z. It is open: a witnessing V for z is contained in G, because the same V witnesses
membership for every point of V.

2. Show the complementary region is open. For z € U \ G, choose local data (V,, c;). If some y € V,, were
also in G, take a witnessing open set W for y with constant ¢,. Then y € V,, N W, so this open overlap has
positive measure. The open-overlap theorem gives ¢, = ¢y. But (V,, ¢,) would then witness z € G, a
contradiction. Thus

zeV, CU\QG,

and U \ G is open.

3. Use connectedness to identify the region. The disjoint open sets G and U \ G cover U.
Preconnectedness forces U to lie in one of them. It cannot lie in the latter because z, € G C U. Hence
G = U. In particular, every point of U now has an open neighborhood on which the same ¢, works almost
everywhere.

4. Use a countable cover to glue. Choose for each = € U one of these neighborhoods V,. Lindelof gives a
countable set T C U of indices such that

UC U Ve, u=cy ply,-almost everywhere for each z € T.
zeT

The countable-cover gluing theorem gives u = ¢, almost everywhere for u|. Only this selected countable
family is used in the measure argument; the original uncountable family of local null sets is never united.

Main citations

e Exact declaration and its source — MathlibAnnex.exists_aeConstantOn_of_local

e Agreement of constants on a positive open overlap —
MathlibAnnex.aeConstants_eq_of_open_overlap

e Countable gluing for restricted measures — MathlibAnnex.aeConstantOn_of_countableCover

» Almost-everywhere equality for a restricted measure — MathlibAnnex.AEConstantOn

e The six-field local almost-everywhere constancy datum — MathlibAnnex.LocalAEConstantAt

e The region carrying one specified local constant — MathlibAnnex.constantRegion

e Openness of that constant region — MathlibAnnex.isOpen_constantRegion

¢ Lindel6f selection followed by countable gluing — MathlibAnnex.aeConstantOn_of_everywhere_local

e Openness of the complementary constant region — MathlibAnnex.isOpen_constantRegion_compl

e Preconnectedness propagates a nonempty constant region —
MathlibAnnex.constantRegion_eq_of_preconnected

Lean source signature (exact)

theorem exists_aeConstantOn_of_local
{U : Set X} (hU : IsConnected U) (hL : IsLindelof U) {u : X » Y}
(hlocal : V x € U, Nonempty (LocalAEConstantAt p U u x)) :
3 c : Y, AEConstantOn p u U c

LFH-2/4


https://exactmathematics.org/mathlibannex/sources/lfh188/bed3b7a270f86eb49175af9d/index.html#L92
https://exactmathematics.org/mathlibannex/sources/lfh188/2902f712b8ec15f0dffc8901/index.html#L24
https://exactmathematics.org/mathlibannex/sources/lfh188/fa0358495ee690fc79664bf1/index.html#L148
https://exactmathematics.org/mathlibannex/sources/lfh188/bed3b7a270f86eb49175af9d/index.html#L92
https://exactmathematics.org/mathlibannex/sources/lfh188/2902f712b8ec15f0dffc8901/index.html#L24
https://exactmathematics.org/mathlibannex/sources/lfh188/11707f45ef0cc07d2ed4d252/index.html#L20
https://exactmathematics.org/mathlibannex/sources/lfh188/84f4a9fe8839841e313e2ed6/index.html#L54
https://exactmathematics.org/mathlibannex/sources/lfh188/4e6bc3d89fc29d7d4f121493/index.html#L63
https://exactmathematics.org/mathlibannex/sources/lfh188/34e40729d78e9b3dd726ba01/index.html#L67
https://exactmathematics.org/mathlibannex/sources/lfh188/3f7e43065f31d98f32360fa3/index.html#L76
https://exactmathematics.org/mathlibannex/sources/lfh188/981af34aa53771b838107211/index.html#L107
https://exactmathematics.org/mathlibannex/sources/lfh188/db1fb2d7120eb3f2bbed1272/index.html#L127

In the source

[MeasurableSpace X] [TopologicalSpace X] (p :
Measure X)
[p.IsOpenPosMeasure]

{U : Set X} (hU : IsConnected U)

(hL : IsLindelof U) {u : X » Y}

(hlocal : V x € U, Nonempty (LocalAEConstantAt
puUu

X))

neighborhood : Set X

isOpen_neighborhood

mem_neighborhood

neighborhood_subset

constant

In the source

ae_eq

3 c : Y, AEConstantOn p u U ¢

Mathematical meaning

The topological measure space with positivity on nonempty
open sets, and arbitrary value set Y.

The domain U is nonempty and preconnected. This exact
theorem excludes the empty domain.

Every open cover of U has a countable subcover, and u
takes values in Y. Second countability of all X is not
required.

At every z € U there exists a local record with the six field
rows below. Its constant may initially depend on z.

The selected neighbourhood V of the point z; this and the
next five rows read the separately cited local record.

V is open in the ambient topology.

The specified point satisfies z € V.

VCcu.

One value ¢ € Y for this neighbourhood.

Mathematical meaning

u(y) = cfor (u|y)-almost every y. The same V/, ¢ occur in
these six fields.

The conclusion supplies one value ¢ with u = ¢ almost
everywhere for /7. Connectedness identifies constants,
whereas Lindel6f supplies countability for the exceptional
sets.

v Exact surrounding binder context (separate excerpts)

Exact source lines 12—-15:

noncomputable section

open Set MeasureTheory Filter TopologicalSpace
open scoped ENNReal Topology

namespace MathlibAnnex

Exact source lines 49-52:
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section Topological
variable {X Y : Type*} [MeasurableSpace X] [TopologicalSpace X]
variable (p : Measure X)

Exact source lines 90-90:

variable [p.IsOpenPosMeasure]

¥ Exact content identity

Declaration: MathlibAnnex.exists_aeConstantOn_of_ local
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