
Geometric structure spaces and C*-algebras

How much of a -algebra is determined by the geometry of its unit ball? The geometric structure

space connects this geometry with irreducible representations and primitive ideals. Further results

compare it with the geometric structure spaces of operator algebras and, under additional

hypotheses, determine the algebra up to -isomorphism.

From norm geometry to closure spaces
Let  be a nonzero real or complex normed space, with closed unit ball . For each maximal

proper face  of , let  be the union of the kernels of all norm-one bounded linear functionals

supporting . Faces are taken in the underlying real vector space. The family  of these subsets

is equipped with the hull–kernel closure

As usual, the intersection of the empty family is . For the zero space,  is empty.

This closure need not come from a topology. Two distinct points are linked if the closure of the pair

contains a third point, and components are defined by finite chains of linked points. A pairwise

linked set, by contrast, requires every pair of distinct points to be linked. The geometric spectrum is

the set of components. The primitive geometric spectrum records the intersections of the subsets

belonging to each component.

For closure spaces  and , a map  is finitely continuous if

for every finite subset  of . Requiring this for every subset gives continuity. A finite

homeomorphism is a bijection such that both it and its inverse are finitely continuous. There is no

finiteness assumption on  or .

Faces, states and spectra
Let  be a nonzero -algebra, not necessarily unital, and let  be its space of bounded linear

functionals. The facial correspondence identifies  with the family of kernels of the extreme

points of . The pure-state translation theorem expresses these functionals as unitary translates

of pure states, using the unitization .

A nonzero irreducible -representation  determines a component consisting of its

matrix-coefficient kernels. Their intersection is . The spectral comparison theorems identify the

two geometric spectra with the irreducible spectrum, which distinguishes representations up to
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unitary equivalence, and the primitive spectrum, which records their kernels. The spectral

comparison maps are homeomorphisms for the corresponding hull–kernel topologies. The

construction of the irreducible spectrum uses the GNS representations of pure states.

There is also a comparison with representation images. Given a nonzero -representation

 and a component  of  satisfying

it identifies the geometric structure space of  with the closure of  in . No faithfulness or

irreducibility assumption on  is needed here. The spectral transport construction then uses the

spectral comparisons to obtain maps between spectra from homeomorphisms of geometric

structure spaces.

Normal parts and continuity
Let  be a complex -subalgebra on a complex Hilbert space . Its normal part consists of

those points of  that are kernels of matrix coefficients

For norm-closed algebras whose inclusion representation is nonzero and irreducible, this family is a

component. The projective parametrization records the lines through  and ; it is a bijection, not a

claim that the normal part has the usual product topology on two projective spaces.

Semilinear changes of the two vectors give finite homeomorphisms. The two changes use the same

involutive field automorphism, commuting with complex conjugation. Full continuity requires

further conditions on their action on operators. The subsequent factorization and regularity

theorems state the dimension and continuity hypotheses needed for those conclusions.

Component tests and compact models
One comparison condition asks for a faithful irreducible representation whose matrix-coefficient

kernels exhaust . The project also studies continuity under conjugation by finite

homeomorphisms. The latter condition specifies which maps are assumed continuous and requires

continuity of both the conjugate and its inverse.

Comparisons with the geometric structure space of  distinguish continuity in the forward

direction from continuity in both directions. The finite-dimensional version uses a nonzero finite-

dimensional complex Hilbert space. Prescribing its dimension and giving an upper bound for that

dimension are different conditions.
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The representation-theoretic results likewise distinguish images containing , images equal to

, and finite-dimensional images. The Glimm–Sakai theorem is used when the compact-operator

inclusion condition is expressed in terms of type I; it is not part of the definitions of the geometric

comparisons.

Compact representations and rigidity
A faithful representation by compact operators, compact-operator images of all irreducible

representations, and discreteness of the primitive spectrum are related by the characterization

theorems. They are not interchangeable definitions.

For an algebra with a faithful representation by compact operators, the canonical decomposition

gives a -isomorphism

Here  indexes the minimal nonzero closed ideals of , and the Hilbert spaces  are obtained from

the given representation. The -sum is a sum of operator algebras, not the algebra of all compact

operators on a Hilbert direct sum. The construction includes the zero algebra, for which the index

set is empty.

The rigidity theorems establish the existence of a -isomorphism under their respective compact-

operator, elementary, finite-dimensional or -model hypotheses. They do not assert that every

given geometric homeomorphism is induced by that isomorphism. In the last case, an isomorphism

with a concrete algebra  is part of the model assumption; passage from an abstract type-I

factor uses a separate classification theorem.

Mathematical background
The main tools are the Hahn–Banach and Krein–Milman theorems, weak  compactness, the GNS

construction, the correspondence between pure states and irreducible representations, and

simultaneous interpolation. Representation images are treated through the quotient by the kernel.

The individual Cards give the definitions, statements and references needed to follow these

connections.
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