MATHLIBANNEX / PROJECT LFH

Finite-stage purification and local transport

A represented root corner has enough Hilbert-space dimension to realize any finite Gram matrix. Matrix-unit
reconstruction then purifies a vector state on a selected finite stage. Supported self-adjoint interpolation and
corner amplification turn finite vector transport into unitary paths; the approximate state tests concern every
matrix entry, not only diagonal entries.

The protected-set theorem chooses its stage and tolerance before the later state-approximation request. The
unrestricted theorem instead purifies on a large stage and transports at stage zero, where the sole unit-vector
test is automatic. These are different stages. The fixed-stage abbreviation ¢ — eé’g), the finite-dimensional
interpolation space E, and the amplification L,,(z) are local objects, not the later shell links L; or trace-GNS

unitary F.

Exact Card references

e Realizing a finite Gram matrix in a represented CAR corner —
MathlibAnnex.CStarAlgebra.CAR.exists_rootCornerFamily_with_gram

e Purifying a vector state on a finite CAR stage —
MathlibAnnex.CStarAlgebra.CAR.exists_unitVector_vectorFunctional_eq_on_stage

e Lifting a corner involution to an ambient CAR unitary —
MathlibAnnex.CStarAlgebra.CAR .exists_liftedCornerExponential_apply eq_involution

o Exact vector transport along an almost central unitary path —
MathlibAnnex.CStarAlgebra.CAR .exists_stageTests exact_unitary_path_apply eq_and_conjugate_sub n
orm_lIt

o Cross-representation state approximation with a protected finite set —
MathlibAnnex.CStarAlgebra.CAR.exists_stageTests crossRepresentation_path_approx

e Approximating another vector state along a unitary path —
MathlibAnnex.CStarAlgebra.CAR.exists_unitary_crossRepresentation_path_approx

Boundary Inputs

The displayed edges preserve dependency paths through omitted helpers. Levels count selected predecessors
within this scope. Mathematical citations remain distinct from formal dependencies.

Exact source and provider boundary - Earlier 466-declaration Project view and PDF

Dependency-first reading route

Levels belong to this reading scope. Follow prerequisites or uses to focus the route.
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https://exactmathematics.org/mathlibannex/cards/3df5a5ce70663f3dc5301b1723671c1fa53f9bf40fc361fd6dee8f3b9199c2cb/versions/n69-e6478edabe7a2541/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/StagePurification.lean#L214-L254
https://exactmathematics.org/mathlibannex/cards/01114f6a304958dac0148625cc7265d07805d6e12fa9bd365d3804095d9c2fc1/versions/n69-88c54360c0e02540/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/StagePurification.lean#L256-L278
https://exactmathematics.org/mathlibannex/cards/68bfa7a5c5277bb3a0efdfd6f3fdbec6e079d8042e0ec7d2cab9a06db8b8fc32/versions/n69-9bdd04f8f82e2692/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/InvolutionLift.lean#L185-L209
https://exactmathematics.org/mathlibannex/cards/b9880fe05b211dcb8e51ab65b98126c578b908943051160c33d636e3ba56868f/versions/n69-53f094249210aff8/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/LocalTransport.lean#L486-L607
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/LocalTransport.lean#L486-L607
https://exactmathematics.org/mathlibannex/cards/fcecd0092e896b3ba36db2ba00f34f3072c433e030b8dd9594a41232c4008110/versions/n69-5c025351e5f794d8/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/StateTransport.lean#L22-L104
https://exactmathematics.org/mathlibannex/cards/5d348f9c51669f9b42100a13ab054c40413f2898dbdcdcc888e5c04c5e3efa16/versions/n69-9e5ffe2c1b5b2c5d/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/StateTransport.lean#L142-L202
https://exactmathematics.org/mathlibannex/projects/naimark-problem/boundary/index.html
https://exactmathematics.org/mathlibannex/history/public-efb29a8a/naimark-problem/index.html

Level O

LEVEL 0

Realizing a finite Gram matrix in a represented CAR corner
MathlibAnnex.CStarAlgebra.CAR.exists_rootCornerFamily with_gram

The infinite-dimensional root corner contains an isometric copy of any finite family of vectors.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this scope

USED BY IN THIS PROJECT
Purifying a vector state on a finite CAR stage

Open Declaration Card Read exact source

LEVEL 0

Lifting a corner involution to an ambient CAR unitary

MathlibAnnex.CStarAlgebra.CAR.exists_liftedCornerExponential_apply_eq_involution

A prescribed unitary involution on a represented root corner can be realized on finitely many vectors by one lifted corner
exponential.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this scope

USED BY IN THIS PROJECT
Exact vector transport along an almost central unitary path, Approximating another vector state along a unitary path

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/3df5a5ce70663f3dc5301b1723671c1fa53f9bf40fc361fd6dee8f3b9199c2cb/versions/n69-e6478edabe7a2541/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/0281b21d0cc81bb59c5a46a7/index.html#L214
https://exactmathematics.org/mathlibannex/cards/68bfa7a5c5277bb3a0efdfd6f3fdbec6e079d8042e0ec7d2cab9a06db8b8fc32/versions/n69-9bdd04f8f82e2692/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/f03e9b610b6bc3b2af4e51c4/index.html#L185

Level 1

LEVEL 1

Purifying a vector state on a finite CAR stage

MathlibAnnex.CStarAlgebra.CAR.exists_unitVector_vectorFunctional_eq_on_stage

Every finite-stage restriction of a unit vector state can be realized by a unit vector in any irreducible CAR representation.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Realizing a finite Gram matrix in a represented CAR corner

USED BY IN THIS PROJECT
Approximating another vector state along a unitary path, Cross-representation state approximation with a protected finite set

Open Declaration Card Read exact source

LEVEL 1

Exact vector transport along an almost central unitary path
MathlibAnnex.CStarAlgebra.CAR.exists_stageTests_exact_unitary_path_apply eq_and_conjugate_sub_norm_1t

Finite matrix-state tests ensure exact transport while protecting a prescribed finite set throughout the path.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Lifting a corner involution to an ambient CAR unitary

USED BY IN THIS PROJECT
Cross-representation state approximation with a protected finite set

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/01114f6a304958dac0148625cc7265d07805d6e12fa9bd365d3804095d9c2fc1/versions/n69-88c54360c0e02540/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/923574e1a0eba5c314198ac7/index.html#L256
https://exactmathematics.org/mathlibannex/cards/b9880fe05b211dcb8e51ab65b98126c578b908943051160c33d636e3ba56868f/versions/n69-53f094249210aff8/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/5e80488b9111e6b9a48a50c8/index.html#L486

Level 2

LEVEL 2

Cross-representation state approximation with a protected finite set

MathlibAnnex.CStarAlgebra.CAR.exists_stageTests_crossRepresentation_path_approx

Finite entrywise tests allow new state approximation while an entire unitary path nearly fixes earlier data.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Purifying a vector state on a finite CAR stage, Exact vector transport along an almost central unitary path

USED BY IN THIS PROJECT
None in this scope

Open Declaration Card Read exact source

LEVEL 2

Approximating another vector state along a unitary path

MathlibAnnex.CStarAlgebra.CAR.exists_unitary_crossRepresentation_path_approx

A fixed irreducible CAR representation can approximate any vector state on finitely many elements by moving a given
unit vector.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Purifying a vector state on a finite CAR stage, Lifting a corner involution to an ambient CAR unitary

USED BY IN THIS PROJECT
None in this scope

Open Declaration Card Read exact source

LFH-4/4


https://exactmathematics.org/mathlibannex/cards/fcecd0092e896b3ba36db2ba00f34f3072c433e030b8dd9594a41232c4008110/versions/n69-5c025351e5f794d8/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/ee03ea6b6de3ad186f815389/index.html#L22
https://exactmathematics.org/mathlibannex/cards/5d348f9c51669f9b42100a13ab054c40413f2898dbdcdcc888e5c04c5e3efa16/versions/n69-9e5ffe2c1b5b2c5d/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/c4c5b87773206b7621f8bad7/index.html#L142

