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Unitary equivalence of irreducible representations
For a fixed supplied family and its once-chosen links, put . The maps have distinct
domains:

The selected vector states give a cyclic-sum isometry . In the generated-algebra setting, root
normalization and irreducibility show that the chosen isometry is surjective. The full equivalence proof uses that
same underlying map after bundling it as a unitary, and additionally uses the prescribed cyclic-vector action of the
links. Shell sums are compared separately on the two Hilbert spaces; strong continuity of an arbitrary
representation is never assumed.

The nonunital version first proves unit preservation for the same nonzero irreducible representation. Simplicity
and compact-operator exclusion are subsequent consequences. The existential unitary in a separately applied
theorem need not equal a witness selected in another application.

Exact Card references

The CAR source map into the fixed shell-family target —
MathlibAnnex.CStarAlgebra.CAR.shellFamilySourceHom
The ambient inclusion of the fixed shell-family target —
MathlibAnnex.CStarAlgebra.CAR.shellFamilyInclusion
Assembling selected GNS cyclic subspaces into an isometric source representation —
MathlibAnnex.CStarAlgebra.CAR.exists_selectedAtomicCyclicIsometry
The cyclic sum fills every irreducible target representation —
MathlibAnnex.CStarAlgebra.CAR.exists_surjective_selectedAtomicCyclicIsometry
Every irreducible target representation is the displayed operator model —
MathlibAnnex.CStarAlgebra.CAR.ambientInclusion_unitaryEquivalent
Irreducible representations are captured without assuming unitality —
MathlibAnnex.CStarAlgebra.CAR.shellFamilyInclusion_unitaryEquivalent_nonUnital
Closed-ideal simplicity of the shell-generated algebra —
MathlibAnnex.CStarAlgebra.CAR.isSimpleCStarAlgebra_shellFamilyTarget
The shell-generated algebra is not an algebra of all compact operators —
MathlibAnnex.CStarAlgebra.CAR.not_isCompactOperatorModel_shellFamilyTarget
One fixed shell-generated algebra and its representation-theoretic endpoint —
MathlibAnnex.CStarAlgebra.CAR.shellFamilyEndpoint

Boundary Inputs

The displayed edges preserve dependency paths through omitted helpers. Levels count selected predecessors
within this scope. Mathematical citations remain distinct from formal dependencies.

Exact source and provider boundary · Earlier 466-declaration Project view and PDF

Dependency-first reading route

Levels belong to this reading scope. Follow prerequisites or uses to focus the route.
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https://exactmathematics.org/mathlibannex/cards/f812ae1994c38c2084553fa23f888662511d3ca528cc035a090b656e5c38b152/versions/n69-4dec22a18c5651da/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/AtomicEndpoint.lean#L66-L69
https://exactmathematics.org/mathlibannex/cards/ffdf67ba93b5d952ceffbf6ff392cad78042152bb56e5805d8aa38814343e57d/versions/n69-dcb3559cfc538c70/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/AtomicEndpoint.lean#L71-L76
https://exactmathematics.org/mathlibannex/cards/67cdb16a93cf0accba9a49b2a23802225c8252938eb49ca5542397f7374dbc77/versions/n69-9a2fd2ad5c81a020/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/CyclicCapture.lean#L307-L461
https://exactmathematics.org/mathlibannex/cards/0efa27a129d831d1ec7063acc030ac436bf2943bf9740b72e0581bfdea44cb03/versions/n69-8d9b9d22f8e6fca5/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/CaptureRange.lean#L32-L261
https://exactmathematics.org/mathlibannex/cards/eb751b0f22dde8fb7e06ff32bb25d5db1cd55259e2b97594d65e2f3fc7657452/versions/n69-9240c79b6251b902/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/Capture.lean#L28-L310
https://exactmathematics.org/mathlibannex/cards/b6748daf1c41f393446af30ae98ca1dda1b7f3f027f7efa07a934eff56065fd4/versions/n69-7cbb07e920950cd3/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/AtomicEndpoint.lean#L155-L173
https://exactmathematics.org/mathlibannex/cards/2f74196f22042b6e02ddfbd323ee500f1cd0f3bc297f30b91ccaed55116f7c26/versions/n69-005b0ef073045c52/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/AtomicEndpoint.lean#L175-L180
https://exactmathematics.org/mathlibannex/cards/613fdafd1f323fb659d8b89d248b1f5902a2cc42585e5fe30392ece18490eeea/versions/n69-eca1da9d8c8943a3/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/AtomicEndpoint.lean#L182-L191
https://exactmathematics.org/mathlibannex/cards/c2533b47d2800cf40bedcc7a2969c4296ab1b60fe6986fe527e1247ef3862788/versions/n69-de7fb04f639023fa/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/AtomicEndpoint.lean#L275-L292
https://exactmathematics.org/mathlibannex/projects/naimark-problem/boundary/index.html
https://exactmathematics.org/mathlibannex/history/public-efb29a8a/naimark-problem/index.html


Level 0

LEVEL 0

The CAR source map into the fixed shell-family target
MathlibAnnex.CStarAlgebra.CAR.shellFamilySourceHom

Restricting the codomain of the selected atomic representation gives the source map into one fixed generated target.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this scope

USED BY IN THIS PROJECT
The shell-generated algebra is not an algebra of all compact operators, Closed-ideal simplicity of the shell-generated algebra

Open Declaration Card Read exact source

LEVEL 0

The ambient inclusion of the fixed shell-family target
MathlibAnnex.CStarAlgebra.CAR.shellFamilyInclusion

The same concrete target has a literal representation on the selected atomic Hilbert space.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this scope

USED BY IN THIS PROJECT
Closed-ideal simplicity of the shell-generated algebra, Unitary equivalence without an initial unitality assumption

Open Declaration Card Read exact source

LEVEL 0

Assembling selected GNS cyclic subspaces into an isometric source representation
MathlibAnnex.CStarAlgebra.CAR.exists_selectedAtomicCyclicIsometry

Joins mutually orthogonal pure-state cyclic copies and controls the limiting flag projections on their sum.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this scope

USED BY IN THIS PROJECT
The cyclic sum fills every irreducible target representation

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/sources/naimark69/65155068f925dc294beaf9de/index.html#L66
https://exactmathematics.org/mathlibannex/cards/ffdf67ba93b5d952ceffbf6ff392cad78042152bb56e5805d8aa38814343e57d/versions/n69-dcb3559cfc538c70/index.html
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https://exactmathematics.org/mathlibannex/sources/naimark69/a29bcd782317e54e122da683/index.html#L307


Level 1

LEVEL 1

The cyclic sum fills every irreducible target representation
MathlibAnnex.CStarAlgebra.CAR.exists_surjective_selectedAtomicCyclicIsometry

Uses shell reconstruction and residual lines to turn an isometric CAR intertwiner into a unitary equivalence on the
source.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Assembling selected GNS cyclic subspaces into an isometric source representation

USED BY IN THIS PROJECT
Every irreducible representation is unitarily equivalent to the inclusion

Open Declaration Card Read exact source

LEVEL 1

The shell-generated algebra is not an algebra of all compact operators
MathlibAnnex.CStarAlgebra.CAR.not_isCompactOperatorModel_shellFamilyTarget

Excludes an injective representation of the infinite-dimensional unital algebra onto all compact operators.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The CAR source map into the fixed shell-family target

USED BY IN THIS PROJECT
Structural properties of one shell-generated C*-algebra

Open Declaration Card Read exact source

Level 2

LEVEL 2

Every irreducible representation is unitarily equivalent to the inclusion
MathlibAnnex.CStarAlgebra.CAR.ambientInclusion_unitaryEquivalent

Extends the unitary equivalence from the CAR source to all additional generators and the norm-closed target.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The cyclic sum fills every irreducible target representation

USED BY IN THIS PROJECT
Closed-ideal simplicity of the shell-generated algebra, Unitary equivalence without an initial unitality assumption

Open Declaration Card Read exact source
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Level 3

LEVEL 3

Unitary equivalence without an initial unitality assumption
MathlibAnnex.CStarAlgebra.CAR.shellFamilyInclusion_unitaryEquivalent_nonUnital

Shows why allowing nonunital input representations does not enlarge the irreducible representation class of the shell-
generated algebra.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The ambient inclusion of the fixed shell-family target, Every irreducible representation is unitarily equivalent to the inclusion

USED BY IN THIS PROJECT
Structural properties of one shell-generated C*-algebra

Open Declaration Card Read exact source

LEVEL 3

Closed-ideal simplicity of the shell-generated algebra
MathlibAnnex.CStarAlgebra.CAR.isSimpleCStarAlgebra_shellFamilyTarget

Uses a faithful irreducible representation in the unique unitary-equivalence class to rule out proper nonzero closed two-
sided ideals.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The ambient inclusion of the fixed shell-family target, Every irreducible representation is unitarily equivalent to the inclusion, The
CAR source map into the fixed shell-family target

USED BY IN THIS PROJECT
Structural properties of one shell-generated C*-algebra

Open Declaration Card Read exact source
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Level 4

LEVEL 4

Structural properties of one shell-generated C*-algebra
MathlibAnnex.CStarAlgebra.CAR.shellFamilyEndpoint

Collects the proved properties of a single generated algebra, keeping the shell-family input separate from its
consequences.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The shell-generated algebra is not an algebra of all compact operators, Closed-ideal simplicity of the shell-generated algebra,
Unitary equivalence without an initial unitality assumption

USED BY IN THIS PROJECT
None in this scope

Open Declaration Card Read exact source
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