MATHLIBANNEX / PROJECT LFH

Trace extensions and faithful representations on
a separable space

Fix the same T and «, and first extend the CAR trace 7 to a state ¢ on T'. Existence precedes uniqueness and
traciality. In each trace-realizing cyclic representation, the estimates for f,, and aj(fn) kill the residual
projections on the source-cyclic subspace. Target cyclicity then proves source cyclicity. The fixed-left-hand-side
limit calculation is retained with its full n dependence in the pointed-transport Card.

Pointed transport proves uniqueness among all state extensions. Uniqueness gives invariance under source
unitaries; their span and the actual represented shell limits put all generators in the closed centralizer. This
proves traciality. A different restriction argument then proves uniqueness among all tracial states.

The CAR trace space and the extension-state space are different: the selected unitary pointsas £ : H, — H¢,
and p(t) = E‘1p¢(t)E. This E'is not the capture map W. Faithfulness of a representation is distinct from
faithfulness of its vector state. The Hilbert spaces are separable here; norm separability of T" is not assumed.

Exact Card references

» Extending the CAR trace to the fixed shell target —
MathlibAnnex.CStarAlgebra.CAR.exists_state extension_trace

e Uniqueness among all state extensions of the CAR trace —
MathlibAnnex.CStarAlgebra.CAR.existsUnique_state extension_trace

e The unique trace extension is tracial on the whole target —
MathlibAnnex.CStarAlgebra.CAR .traceExtension_mul_comm

e The fixed shell target has a unique tracial state —
MathlibAnnex.CStarAlgebra.CAR.existsUnique_tracial_state

» The GNS representation of the target trace extension —
MathlibAnnex.CStarAlgebra.CAR.tracialRepresentation

« Faithfulness of the target-state GNS representation —
MathlibAnnex.CStarAlgebra.CAR.tracialRepresentation_injective

e The target represented on the CAR trace GNS space —
MathlibAnnex.CStarAlgebra.CAR.traceModelRepresentation

e Faithfulness of the model on the CAR trace Hilbert space —
MathlibAnnex.CStarAlgebra.CAR.traceModelRepresentation_injective

e Pointed unitary transport between trace-cyclic target representations —
MathlibAnnex.CStarAlgebra.CAR.exists_pointed_unitary of trace of cyclic

Boundary Inputs

The displayed edges preserve dependency paths through omitted helpers. Levels count selected predecessors
within this scope. Mathematical citations remain distinct from formal dependencies.

Exact source and provider boundary - Earlier 466-declaration Project view and PDF

Dependency-first reading route

Levels belong to this reading scope. Follow prerequisites or uses to focus the route.
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https://exactmathematics.org/mathlibannex/cards/38f9dd2dee94e30e47039f5563b5824820090e96460226e5f8062b19b31c285b/versions/n69-707d398151dff952/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/TracialRepresentation.lean#L22-L28
https://exactmathematics.org/mathlibannex/cards/a7a18351b64a5f91df84a76896ea51041aecb8df538a15ac9cb54e956ccbac27/versions/n69-e14c11c65ccfaa24/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/TraceExtensionUnique.lean#L52-L60
https://exactmathematics.org/mathlibannex/cards/e91b9d16b1dc479cabfbf77a25af3492bd670817663d12902ea7a6c683829d5d/versions/n69-ac498d0b64ed15df/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/TraceExtensionTracial.lean#L161-L174
https://exactmathematics.org/mathlibannex/cards/b236c960b8ba284e9d9a4316ce2b081f991bd025a1efb7fb735342b686e38cee/versions/n69-0bd44fead9f058ef/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/TraceState.lean#L70-L79
https://exactmathematics.org/mathlibannex/cards/6377047dab800759a6fd446d06fc7e690f6ff0ac96b487340a81278c7cb42137/versions/n69-28ed6f5a0c1e3bda/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/TracialRepresentation.lean#L68-L71
https://exactmathematics.org/mathlibannex/cards/4584f92dc8d9b60095a3711eeec03fed2358049e92cda4b562ca383ff56817c3/versions/n69-5b192ccbb19e7e60/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/TracialRepresentation.lean#L126-L132
https://exactmathematics.org/mathlibannex/cards/bd015ee41f91bc2a37747d438f714880780826893cb63ee7e84310a987b0611e/versions/n69-7def775971ef9e1b/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/TraceGNSModel.lean#L104-L108
https://exactmathematics.org/mathlibannex/cards/258daaeaf0a6caefd2a19aba5c4244ab2dd8f7cc41e99be671bfe548cc8bf77e/versions/n69-462078ea562693ed/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/TraceGNSModel.lean#L130-L133
https://exactmathematics.org/mathlibannex/cards/c41bda62e5281a979102c633562d73a42b5079e8eeef6d65928a8701f3d3ae23/versions/n69-64d1456f00ba8382/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/TracialTransport.lean#L67-L101
https://exactmathematics.org/mathlibannex/projects/naimark-problem/boundary/index.html
https://exactmathematics.org/mathlibannex/history/public-efb29a8a/naimark-problem/index.html

Level O

LEVEL 0

Extending the CAR trace to the fixed shell target

MathlibAnnex.CStarAlgebra.CAR.exists_state_extension_trace

The source trace first becomes a state on the existing target algebra.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this scope

USED BY IN THIS PROJECT
The GNS representation of the target trace extension

Open Declaration Card Read exact source

LEVEL 0

Pointed unitary transport between trace-cyclic target representations

MathlibAnnex.CStarAlgebra.CAR.exists_pointed_unitary_of_trace_of_cyclic

Source cyclicity and strong shell sums extend the canonical CAR orbit isometry to the whole target.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this scope

USED BY IN THIS PROJECT
The unique trace extension is tracial on the whole target, Uniqueness among all state extensions of the CAR trace

Open Declaration Card Read exact source

Level 1

LEVEL 1

The GNS representation of the target trace extension

MathlibAnnex.CStarAlgebra.CAR.tracialRepresentation
The chosen state on the existing target supplies its cyclic GNS representation.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Extending the CAR trace to the fixed shell target

USED BY IN THIS PROJECT
The target represented on the CAR trace GNS space, Faithfulness of the target-state GNS representation, The unique trace
extension is tracial on the whole target, Uniqueness among all state extensions of the CAR trace

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/38f9dd2dee94e30e47039f5563b5824820090e96460226e5f8062b19b31c285b/versions/n69-707d398151dff952/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/f342049ca344707f21262911/index.html#L22
https://exactmathematics.org/mathlibannex/cards/c41bda62e5281a979102c633562d73a42b5079e8eeef6d65928a8701f3d3ae23/versions/n69-64d1456f00ba8382/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/656590ff986b1cda6d1d36d7/index.html#L67
https://exactmathematics.org/mathlibannex/cards/6377047dab800759a6fd446d06fc7e690f6ff0ac96b487340a81278c7cb42137/versions/n69-28ed6f5a0c1e3bda/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/25a85e745c5af62decfd30db/index.html#L68

Level 2

LEVEL 2

Uniqueness among all state extensions of the CAR trace

MathlibAnnex.CStarAlgebra.CAR.existsUnique_state_extension_trace

Pointed transport identifies arbitrary state extensions before traciality is proved.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The GNS representation of the target trace extension, Pointed unitary transport between trace-cyclic target representations

USED BY IN THIS PROJECT
None in this scope

Open Declaration Card Read exact source

LEVEL 2

The unique trace extension is tracial on the whole target

MathlibAnnex.CStarAlgebra.CAR.traceExtension_mul_comm

Unitary invariance, strong shell sums, and a closed centralizer extend the trace identity beyond the source.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The GNS representation of the target trace extension, Pointed unitary transport between trace-cyclic target representations

USED BY IN THIS PROJECT
The fixed shell target has a unique tracial state

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/a7a18351b64a5f91df84a76896ea51041aecb8df538a15ac9cb54e956ccbac27/versions/n69-e14c11c65ccfaa24/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/e06d81b199cf2e0a1f8eb9d8/index.html#L52
https://exactmathematics.org/mathlibannex/cards/e91b9d16b1dc479cabfbf77a25af3492bd670817663d12902ea7a6c683829d5d/versions/n69-ac498d0b64ed15df/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/29be558c1a75e34f32eb9bc1/index.html#L161

LEVEL 2

Faithfulness of the target-state GNS representation
MathlibAnnex.CStarAlgebra.CAR.tracialRepresentation_injective

The ideal dichotomy of the same target forces the constructed nonzero representation to be injective.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The GNS representation of the target trace extension

USED BY IN THIS PROJECT
Faithfulness of the representation on the CAR trace Hilbert space

Open Declaration Card Read exact source

LEVEL 2

The target represented on the CAR trace GNS space

MathlibAnnex.CStarAlgebra.CAR.traceModelRepresentation

A fixed pointed unitary transports the target action onto the Hilbert space constructed from CAR alone.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The GNS representation of the target trace extension

USED BY IN THIS PROJECT
Faithfulness of the representation on the CAR trace Hilbert space

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/4584f92dc8d9b60095a3711eeec03fed2358049e92cda4b562ca383ff56817c3/versions/n69-5b192ccbb19e7e60/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/5b6999be56b5c3d80180c638/index.html#L126
https://exactmathematics.org/mathlibannex/cards/bd015ee41f91bc2a37747d438f714880780826893cb63ee7e84310a987b0611e/versions/n69-7def775971ef9e1b/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/b66f63b3e7f5984dc19575eb/index.html#L104

Level 3

LEVEL 3

The fixed shell target has a unique tracial state
MathlibAnnex.CStarAlgebra.CAR.existsUnique_tracial_state

Every tracial state is forced back to the CAR trace and hence to its unique extension.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The unique trace extension is tracial on the whole target

USED BY IN THIS PROJECT
None in this scope

Open Declaration Card Read exact source

LEVEL 3

Faithfulness of the representation on the CAR trace Hilbert space

MathlibAnnex.CStarAlgebra.CAR.traceModelRepresentation_injective

Unitary conjugation preserves injectivity of the target-state representation.

IMMEDIATE PREREQUISITES IN THIS PROJECT
The target represented on the CAR trace GNS space, Faithfulness of the target-state GNS representation

USED BY IN THIS PROJECT
None in this scope

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/b236c960b8ba284e9d9a4316ce2b081f991bd025a1efb7fb735342b686e38cee/versions/n69-0bd44fead9f058ef/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/58a5c3244811cec9962dda5b/index.html#L70
https://exactmathematics.org/mathlibannex/cards/258daaeaf0a6caefd2a19aba5c4244ab2dd8f7cc41e99be671bfe548cc8bf77e/versions/n69-462078ea562693ed/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/79e426f58b2a93b941b4b522/index.html#L130

