MATHLIBANNEX / PROJECT LFH

CH and the existence of a counterexample of
norm density aleph one

This separate route has one direct Card: the CH equivalence. It reuses the two density Cards as references; they
remain members of the main route and are not duplicated as new selected Cards.

The forward implication substitutes ¢ = N1 into the continuum-density existence result. The reverse applies the
density obstruction to an arbitrary witness and obtains ¢ < N; < ¢. It does not assume that this witness has a
faithful separable representation. The equivalence itself assumes neither CH nor its negation and is not a forcing
or independence proof.

Exact Card references

e CH and a Naimark counterexample of norm density aleph one —
MathlibAnnex.CStarAlgebra.CAR.continuum_eq_aleph_one_iff existsNaimarkCounterexampleOfDensity

Density references reused from the main route

e Exact norm-density bound —
MathlibAnnex.CStarAlgebra.CAR.hasDensityCharacter_atomicCounterexampleAlgebra

e Counterexample with continuum norm density —
MathlibAnnex.CStarAlgebra.CAR.existsNaimarkCounterexampleOfDensity _continuum

Boundary Inputs

The displayed edges preserve dependency paths through omitted helpers. Levels count selected predecessors
within this scope. Mathematical citations remain distinct from formal dependencies.

Exact source and provider boundary - Earlier 466-declaration Project view and PDF

Dependency-first reading route

Levels belong to this reading scope. Follow prerequisites or uses to focus the route.
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https://exactmathematics.org/mathlibannex/cards/49b78f91c5e53fc7fff64fc366388f4d162fb65ecd6cb16fafe5785a8f2a236c/versions/n69-9b817fdfc02db29e/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/ContinuumHypothesis.lean#L34-L44
https://exactmathematics.org/mathlibannex/cards/e184de0db0422d3780170324fd831e1a89afcbecc672ebf5b54159a4f9478b4f/versions/n69-971e28fa2f885c07/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/Cardinality.lean#L42-L47
https://exactmathematics.org/mathlibannex/cards/9e4fa34878df2ba18cbc8247c4d9da4877ccd5abd32747c76de2e936615fa461/versions/n69-f9aed14a1af813b4/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CAR/ContinuumHypothesis.lean#L18-L32
https://exactmathematics.org/mathlibannex/projects/naimark-problem/boundary/index.html
https://exactmathematics.org/mathlibannex/history/public-efb29a8a/naimark-problem/index.html

Level O

LEVEL 0

Exact norm density of the fixed atomic algebra
MathlibAnnex.CStarAlgebra.CAR.hasDensityCharacter_atomicCounterexampleAlgebra

Combines a cardinality bound from a faithful representation on a separable Hilbert space with a lower bound for every
norm-dense subset.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this scope

USED BY IN THIS PROJECT
A Naimark counterexample of continuum norm density

Open Declaration Card Read exact source

Level 1

LEVEL 1

A Naimark counterexample of continuum norm density

MathlibAnnex.CStarAlgebra.CAR.existsNaimarkCounterexampleOfDensity_continuum

Gives a C*-algebra of norm density ¢ whose nonzero irreducible representations form one unitary-equivalence class,
without an identification with the compact operators.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Exact norm density of the fixed atomic algebra

USED BY IN THIS PROJECT
CH and a Naimark counterexample of norm density aleph one

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/e184de0db0422d3780170324fd831e1a89afcbecc672ebf5b54159a4f9478b4f/versions/n69-971e28fa2f885c07/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/618382edce6d5a6ec3aaebad/index.html#L42
https://exactmathematics.org/mathlibannex/cards/9e4fa34878df2ba18cbc8247c4d9da4877ccd5abd32747c76de2e936615fa461/versions/n69-f9aed14a1af813b4/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/2626991e735e7522f315bf62/index.html#L18

Level 2

LEVEL 2

CH and a Naimark counterexample of norm density aleph one

MathlibAnnex.CStarAlgebra.CAR.continuum_eq_aleph_one_iff_ existsNaimarkCounterexampleOfDensity

Characterizes the continuum hypothesis by the existence of a Naimark counterexample of exact norm density N;.

IMMEDIATE PREREQUISITES IN THIS PROJECT
A Naimark counterexample of continuum norm density

USED BY IN THIS PROJECT
None in this scope

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/49b78f91c5e53fc7fff64fc366388f4d162fb65ecd6cb16fafe5785a8f2a236c/versions/n69-9b817fdfc02db29e/index.html
https://exactmathematics.org/mathlibannex/sources/naimark69/5fd051895ea9edb9b1fb708d/index.html#L34

