MATHLIBANNEX / PROJECT LFH

Rosenberg mathematical routes

Scope

Six mathematical routes through the 33 approved Rosenberg Cards. Shared Cards are reused across routes and
count once in the Catalog. The source-only density extension is separate.

Mathematical routes

Representations, irreducibility and
equivalence

Representations without a unit equation, nonzero
irreducibility and unitary equivalence set the
language of the theorem. The singleton condition
names one representative of the unique nonzero
irreducible class.

4 direct Cards + 0 reused prerequisites = 4 unique
Cards. Shared Cards count once in this route.

» Key definition: A representative of the
unique irreducible class
» Key definition: Representations without a

unit-preservation requirement

Read this route with prerequisites

Characters, eigenvectors and a scalar
corner

Characters of a maximal abelian subalgebra of the
unitization extend to pure states. A character distinct
from the scalar character yields a joint unit
eigenvector in the singleton model. Countability and
an isolated non-scalar character then give a
nonzero scalar-corner projection and its rank-one
image.

11 direct Cards + 8 reused prerequisites = 19
unique Cards. Shared Cards count once in this
route.

Pure states and faithfulness

A pure state detects a hypothetical nonzero kernel
element and its GNS representation is irreducible.
Unitary equivalence to the singleton representative
then contradicts that kernel element, giving
faithfulness and the related simplicity consequence.

5 direct Cards + 5 reused prerequisites = 10 unique
Cards. Shared Cards count once in this route.

» Key result: Faithfulness from a unique

irreducible class
» Key result: A faithful singleton model forces
simplicity

Read this route with prerequisites

Every compact operator has a preimage

One represented rank-one projection yields every
rank-one operator using dense orbits. Closed-range
and compact approximation arguments put all
compact operators in the image of the original
algebra.

3 direct Cards + 16 reused prerequisites = 19
unique Cards. Shared Cards count once in this
route.

o Key result: Compact operators lie in a
singleton representation range
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https://exactmathematics.org/mathlibannex/cards/15b02dd39a6c9afbc2cc1f023c8e4b29cc806759b53b21c82065a410d00117ff/versions/lfh188-c7b4a0cde6e596f7/index.html
https://exactmathematics.org/mathlibannex/cards/15b02dd39a6c9afbc2cc1f023c8e4b29cc806759b53b21c82065a410d00117ff/versions/lfh188-c7b4a0cde6e596f7/index.html
https://exactmathematics.org/mathlibannex/cards/fe5eb271ebd53bcf76dd017a38916fe9f0357061b245cae8d78921e5470ce824/versions/lfh188-963b601c12dce03f/index.html
https://exactmathematics.org/mathlibannex/cards/fe5eb271ebd53bcf76dd017a38916fe9f0357061b245cae8d78921e5470ce824/versions/lfh188-963b601c12dce03f/index.html
https://exactmathematics.org/mathlibannex/projects/rosenberg/routes/r01/index.html#reading-route
https://exactmathematics.org/mathlibannex/cards/66a6654fa9d1e8607b27f931148203017898635ae004e222a22fd8c88c82d2f2/versions/lfh188-6d66671d6d1c5fb2/index.html
https://exactmathematics.org/mathlibannex/cards/66a6654fa9d1e8607b27f931148203017898635ae004e222a22fd8c88c82d2f2/versions/lfh188-6d66671d6d1c5fb2/index.html
https://exactmathematics.org/mathlibannex/cards/106c2e5861a90efa2b3d1125a38099aaae4192ca2a311076da995a4ae3043e03/versions/lfh188-d4814475b4f820e3/index.html
https://exactmathematics.org/mathlibannex/cards/106c2e5861a90efa2b3d1125a38099aaae4192ca2a311076da995a4ae3043e03/versions/lfh188-d4814475b4f820e3/index.html
https://exactmathematics.org/mathlibannex/projects/rosenberg/routes/r02/index.html#reading-route
https://exactmathematics.org/mathlibannex/cards/0edd904a8f54cb2f656607289f4094b52459b64013e28ed399e00bc0acd454d8/versions/lfh188-c5a991fcc3702ef3/index.html
https://exactmathematics.org/mathlibannex/cards/0edd904a8f54cb2f656607289f4094b52459b64013e28ed399e00bc0acd454d8/versions/lfh188-c5a991fcc3702ef3/index.html

« Key result: A character becomes a joint unit
eigenvector

« Key result: A projection represented by a
rank-one operator

Read this route with prerequisites

Every represented operator is compact

The preimage ideal of compact operators and a
separating character exclude a noncompact
represented image. The contradiction uses the
same projection while forcing the character to take
both zero and one.

7 direct Cards + 14 reused prerequisites = 21
unique Cards. Shared Cards count once in this
route.

« Key result: Every operator in a singleton
image is compact

¢ Key definition: The preimage ideal of the
compact operators

Read this route with prerequisites

« Key result: Every rank-one operator has an
algebra preimage

Read this route with prerequisites

Compact-operator models and unital
consequences

Faithfulness and both compact-image inclusions
identify the nonunital compact-operator model in an
unbundled sense. In the unital singleton case the
identity becomes compact, yielding finite dimension
and the exact full-operator image consequences.

12 direct Cards + 20 reused prerequisites = 32
unique Cards. Shared Cards count once in this
route.

« Key result: A singleton model is faithful and
exactly compact-valued

« Unital consequence: Finite-dimensional
algebra in the unital singleton case

Read this route with prerequisites
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https://exactmathematics.org/mathlibannex/cards/7a1b136b8464e6029397491d4d05fa22de45ecb383b3384c4e0c2fcf7df3150a/versions/lfh188-bde888bc81504635/index.html
https://exactmathematics.org/mathlibannex/cards/7a1b136b8464e6029397491d4d05fa22de45ecb383b3384c4e0c2fcf7df3150a/versions/lfh188-bde888bc81504635/index.html
https://exactmathematics.org/mathlibannex/cards/c4c4491fa52a7fbdbfde28f3dd9f46756ece7e43d6d9f8b3afb346db83d351e4/versions/lfh188-ea84d18aa982d455/index.html
https://exactmathematics.org/mathlibannex/cards/c4c4491fa52a7fbdbfde28f3dd9f46756ece7e43d6d9f8b3afb346db83d351e4/versions/lfh188-ea84d18aa982d455/index.html
https://exactmathematics.org/mathlibannex/projects/rosenberg/routes/r03/index.html#reading-route
https://exactmathematics.org/mathlibannex/cards/155676cd74606a102aa274be40c9fb294971cfef6df06897084c9fc89322f2cb/versions/lfh188-c43c80915a3d4c00/index.html
https://exactmathematics.org/mathlibannex/cards/155676cd74606a102aa274be40c9fb294971cfef6df06897084c9fc89322f2cb/versions/lfh188-c43c80915a3d4c00/index.html
https://exactmathematics.org/mathlibannex/projects/rosenberg/routes/r04/index.html#reading-route
https://exactmathematics.org/mathlibannex/cards/be93429f16421fb0cf8eb8bb91861473c1fd7b52af3892ee1ff2d10e1fb20c85/versions/lfh188-7b3ab78606660c7b/index.html
https://exactmathematics.org/mathlibannex/cards/be93429f16421fb0cf8eb8bb91861473c1fd7b52af3892ee1ff2d10e1fb20c85/versions/lfh188-7b3ab78606660c7b/index.html
https://exactmathematics.org/mathlibannex/cards/9355a7df6defbdd54a898d97fa5d5ff61ac59614adb1ceee96df088d9c1a66b6/versions/lfh188-2a6a6f0d27f895c8/index.html
https://exactmathematics.org/mathlibannex/cards/9355a7df6defbdd54a898d97fa5d5ff61ac59614adb1ceee96df088d9c1a66b6/versions/lfh188-2a6a6f0d27f895c8/index.html
https://exactmathematics.org/mathlibannex/projects/rosenberg/routes/r05/index.html#reading-route
https://exactmathematics.org/mathlibannex/cards/4448c461ec5cd20bf403d08c42baa0de790b14987f7d2ab766036cdccc4b7537/versions/lfh188-fe2376bd8763c888/index.html
https://exactmathematics.org/mathlibannex/cards/4448c461ec5cd20bf403d08c42baa0de790b14987f7d2ab766036cdccc4b7537/versions/lfh188-fe2376bd8763c888/index.html
https://exactmathematics.org/mathlibannex/cards/f34adabc1cac70dceb32acb212d5f7c0b85c259c2c330087932a6f3fe9f5e8a9/versions/lfh188-8f197716a6fafc9e/index.html
https://exactmathematics.org/mathlibannex/cards/f34adabc1cac70dceb32acb212d5f7c0b85c259c2c330087932a6f3fe9f5e8a9/versions/lfh188-8f197716a6fafc9e/index.html
https://exactmathematics.org/mathlibannex/projects/rosenberg/routes/r06/index.html#reading-route

