MATHLIBANNEX / PROJECT LFH

Every compact operator has a preimage

Back to Project mathematical routes

Scope

One represented rank-one projection yields every rank-one operator using dense orbits. Closed-range and compact
approximation arguments put all compact operators in the image of the original algebra.

3 direct Cards + 16 reused prerequisites = 19 unique Cards. This count is a selected Card closure, not a source-
declaration count.

Route reading PDF - Preserved source exploration

Cards in this route

» Key result: Compact operators lie in a singleton representation range

« Key result: Every rank-one operator has an algebra preimage

Read this route with prerequisites

Dependency-first reading route

Read selected Card prerequisites before their uses. Levels are recomputed from the selected reachability-preserving
projection; omitted source helpers remain traceable in the source exploration.
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https://exactmathematics.org/mathlibannex/projects/rosenberg/index.html#route-r04
https://exactmathematics.org/mathlibannex/projects/rosenberg/routes/r04/project.pdf
https://exactmathematics.org/mathlibannex/projects/rosenberg/source-exploration/index.html
https://exactmathematics.org/mathlibannex/cards/0edd904a8f54cb2f656607289f4094b52459b64013e28ed399e00bc0acd454d8/versions/lfh188-c5a991fcc3702ef3/index.html
https://exactmathematics.org/mathlibannex/cards/155676cd74606a102aa274be40c9fb294971cfef6df06897084c9fc89322f2cb/versions/lfh188-c43c80915a3d4c00/index.html

Level 0 (4 Cards)

Level O
An isolated point in a countable Baire
space

Applies the Baire property to the closed cover by
singletons.

MathlibAnnex.Topology.exists_isOpen_singleton

Immediate Card prerequisites: None in this selected scope

Used by in this scope: An isolated character away from the
scalar character

Open Declaration Card Read exact source

Level O

Pure states as real extreme points

Defines purity inside the normalized positive state
space.

MathlibAnnex.Analysis.CStarAlgebra.IsPureState

Immediate Card prerequisites: None in this selected scope

Used by in this scope: The GNS representation of a pure state

is irreducible - A character extends to a pure state

Open Declaration Card Read exact source

Level 0

Maximal abelian x-subalgebras

Defines maximality by inclusion among commutative
unital x-subalgebras.

MathlibAnnex.Analysis.CStarAlgebra.IsMaximalAbelia
n

Immediate Card prerequisites: None in this selected scope

Used by in this scope: A maximal abelian subalgebra

containing a self-adjoint element

Open Declaration Card Read exact source

Level O
Representations without a unit-
preservation requirement

Names x-representations of a complex ¢*-algebra on a
Hilbert space when no unit equation is required.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR

epresentation

Immediate Card prerequisites: None in this selected scope

Used by in this scope: Nonzero irreducibility without a unit

assumption - Unitary equivalence of two representations

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/9c5012403e7138fc2010b82937c3665b67957413b75f52e1a4527ad36e819be4/versions/lfh188-03bb5b5dee3d606c/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/9b0a08f09d09a6f0162fb7cf/index.html#L18
https://exactmathematics.org/mathlibannex/cards/005d767a3193a30c065ad807166f2e150c8ac3bbd28de67fd113b74463f676eb/versions/lfh188-ec8bd9fd950baad6/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/5da3306ca722c07aeb592714/index.html#L25
https://exactmathematics.org/mathlibannex/cards/2407611b2e8f0ff07b7d50cc8edfa17f744337c5a9ad013cf63d5ddb1eeb8840/versions/lfh188-bca6f7f29653abec/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/0a00f8541b7d81653c0d6a56/index.html#L35
https://exactmathematics.org/mathlibannex/cards/fe5eb271ebd53bcf76dd017a38916fe9f0357061b245cae8d78921e5470ce824/versions/lfh188-963b601c12dce03f/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/a410a2faa67f0d3a539e337b/index.html#L22

Level 1 (6 Cards)

Level 1

The GNS representation of a pure state
is irreducible

Applies the cyclic pure-state criterion to the space and
vector constructed from the same state.

MathlibAnnex.Analysis.CStarAlgebra.isIrreducible_p
ureState_gnsStarAlgHom

Immediate Card prerequisites: Pure states as real extreme

points

Used by in this scope: Faithfulness from a unique irreducible

class - A character becomes a joint unit eigenvector

Open Declaration Card Read exact source

Level 1
Unitary equivalence of two
representations

Defines equivalence by one surjective isometry
intertwining all algebra actions.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR

epresentation.UnitaryEquivalent

Immediate Card prerequisites: Representations without a unit-
preservation requirement

Used by in this scope: A representative of the unique

irreducible class

Open Declaration Card Read exact source

Level 1

A character extends to a pure state

Chooses an extreme state in the compact face of all
extensions of one prescribed character.

MathlibAnnex.Analysis.CStarAlgebra.exists_pureStat
e_extension

Immediate Card prerequisites: Pure states as real extreme

points

Used by in this scope: A pure state detects a nonzero square -
A character becomes a joint unit eigenvector

Open Declaration Card Read exact source

Level 1

An isolated character away from the
scalar character

Finds an isolated point in the open complement of the
distinguished scalar character.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR
epresentation.exists_isolated_character_ne_infinit
y

Immediate Card prerequisites: An isolated point in a countable
Baire space

Used by in this scope: A nonzero projection with scalar corner

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/68395281a7478e8c956a7482013ed5dd68c4d3f2107f38cf4f8e9117a8a99a4a/versions/lfh188-757260b037bfce98/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/5bfe368c739eae1277b2d187/index.html#L127
https://exactmathematics.org/mathlibannex/cards/f7ac96c3bcdff8225f7123d411c404580fab1d79b3975d601484f61837409226/versions/lfh188-f19000a4c8e26467/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/dd8e639d11d1661be81d0943/index.html#L231
https://exactmathematics.org/mathlibannex/cards/caeef92045d974a18cb5eb41cd4c36b68c457337d1569671d296e8f3c437fec6/versions/lfh188-e377a53c4708e423/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/de6a5196b38d8c340deb4e90/index.html#L43
https://exactmathematics.org/mathlibannex/cards/f13185dafb7e72e6ddc0775a43c0210faf488dbee88282e3fdd08359cc7d6ad9/versions/lfh188-64965216c54aea39/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/ad2f97153d9542696e96f256/index.html#L34

Level 1

Nonzero irreducibility without a unit
assumption

Requires nonzero action as well as the absence of
proper closed reducing subspaces.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR
epresentation.IsIrreducible

Immediate Card prerequisites: Representations without a unit-

preservation requirement

Used by in this scope: A representative of the unique
irreducible class

Open Declaration Card Read exact source

Level 2 (2 Cards)

Level 2

A representative of the unique
irreducible class
Defines when one nonzero irreducible *-representation

represents the sole unitary-equivalence class of such
representations.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR

epresentation.IsSingletonIrreducibleModel

Immediate Card prerequisites: Nonzero irreducibility without a
unit assumption - Unitary equivalence of two representations

Used by in this scope: Faithfulness from a unique irreducible
class - A character becomes a joint unit eigenvector

Open Declaration Card Read exact source

Level 1

A maximal abelian subalgebra containing
a self-adjoint element

Starts with the algebra generated by the given element
and extends it by inclusion-maximality.

MathlibAnnex.Analysis.CStarAlgebra.exists_maximalA
belian_containing_isSelfAdjoint

Immediate Card prerequisites: Maximal abelian *-subalgebras

Used by in this scope: A nonzero projection with scalar corner

Open Declaration Card Read exact source

Level 2

A pure state detects a nonzero square

Detects a nonzero element through its positive square
without an algebra separability assumption.

MathlibAnnex.Analysis.CStarAlgebra.exists_pureStat
e_nonzero_on_star_mul_self

Immediate Card prerequisites: A character extends to a pure
state

Used by in this scope: Faithfulness from a unique irreducible
class

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/c6768fb635e387f90ed7c53fa90f5b4dfebcf526a42da7af360fbfdefc2284b6/versions/lfh188-f1163d4b627ae091/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/5d68c7ab94086fdcba778df9/index.html#L40
https://exactmathematics.org/mathlibannex/cards/d4a5a6c0e99f5d6af2aa8ac954e42542f163c769257b313f68d69c5f1c0993e5/versions/lfh188-aee1512224f50681/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/1a9d17ccaed5b4df517a64d2/index.html#L53
https://exactmathematics.org/mathlibannex/cards/15b02dd39a6c9afbc2cc1f023c8e4b29cc806759b53b21c82065a410d00117ff/versions/lfh188-c7b4a0cde6e596f7/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/d2e393f56bce18ffb70b0029/index.html#L23
https://exactmathematics.org/mathlibannex/cards/23a70d1e81d7c3d1ed7932a2de55be2e240d36d087130ed0dd8e21ce1e3d7013/versions/lfh188-5cba2327ad22f188/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/7130c10fed77cd05bd965769/index.html#L27

Level 3 (2 Cards)

Level 3

A character becomes a joint unit
eigenvector

Transfers a normalized GNS eigenvector to the given
representation through a unitary with a specified
direction.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR
epresentation.exists_unit_eigenvector_of_character
_ne_infinity

Immediate Card prerequisites: A representative of the unique

irreducible class - The GNS representation of a pure state is

irreducible - A character extends to a pure state

Used by in this scope: The full character space is countable

Open Declaration Card Read exact source

Level 4 (1 Card)

Level 4

The full character space is countable

Uses separated unit eigenvectors to count the non-
scalar characters, then restores the one scalar
character.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR
epresentation.countable_characterSpace_of_nonUnita

1 _singleton

Immediate Card prerequisites: A character becomes a joint
unit eigenvector

Used by in this scope: A nonzero projection with scalar corner

Open Declaration Card Read exact source

Level 3

Faithfulness from a unique irreducible
class

Uses a pure state on the unitization to detect any
hypothetical nonzero element of the kernel.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR
epresentation.injective_of_singleton

Immediate Card prerequisites: A representative of the unique
irreducible class - A pure state detects a nonzero square - The
GNS representation of a pure state is irreducible

Used by in this scope: A projection represented by a rank-one

operator

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/7a1b136b8464e6029397491d4d05fa22de45ecb383b3384c4e0c2fcf7df3150a/versions/lfh188-bde888bc81504635/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/2bb4381550d957e780a58db7/index.html#L85
https://exactmathematics.org/mathlibannex/cards/66a6654fa9d1e8607b27f931148203017898635ae004e222a22fd8c88c82d2f2/versions/lfh188-6d66671d6d1c5fb2/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/4ad3bbd17742ba222e9c62c2/index.html#L33
https://exactmathematics.org/mathlibannex/cards/ff5886cf6420336dbe578275731ad0361f521340e5e9760ec098cd284273b584/versions/lfh188-2ecf0e57b5c62679/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/b7f4c01c000f8e817b52bf07/index.html#L93

Level 5 (1 Card)

Level 5

A nonzero projection with scalar corner

Constructs a projection in the original algebra from an
isolated non-scalar character of a unitization
subalgebra.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR
epresentation.exists_nonzero_projection_scalar_cor

ner

Immediate Card prerequisites: A maximal abelian subalgebra

containing a self-adjoint element - An isolated character away
from the scalar character - The full character space is
countable

Used by in this scope: A projection represented by a rank-one
operator

Open Declaration Card Read exact source

Level 6 (1 Card)

Level 6

A projection represented by a rank-one
operator

Obtains all projection, normalization, image and
compactness conditions on the same witnesses.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR
epresentation.exists_nonzero_projection_rankOne_ma

p

Immediate Card prerequisites: Faithfulness from a unique
irreducible class - A nonzero projection with scalar corner

Used by in this scope: Every rank-one operator has an
algebra preimage

Open Declaration Card Read exact source
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https://exactmathematics.org/mathlibannex/cards/964e8b0b51be9a3fc80a3f61b3bcb1b8cf70461ce4137aed6128c4ced9074130/versions/lfh188-160fb8cbe20f6d2d/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/b06e4ab91664f699b75c2400/index.html#L102
https://exactmathematics.org/mathlibannex/cards/c4c4491fa52a7fbdbfde28f3dd9f46756ece7e43d6d9f8b3afb346db83d351e4/versions/lfh188-ea84d18aa982d455/index.html
https://exactmathematics.org/mathlibannex/sources/lfh188/828e79d1b76274d598d7596e/index.html#L76

Level 7 (1 Card)

Level 7
Every rank-one operator has an algebra
preimage

Turns one represented rank-one projection into every
rank-one operator using dense orbits and a closed
range.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR
epresentation.exists_preimage_rankOne_of_singleton

Immediate Card prerequisites: A projection represented by a

rank-one operator

Used by in this scope: Compact operators lie in a singleton
representation range

Open Declaration Card Read exact source

Level 8 (1 Card)

Level 8

Compact operators lie in a singleton
representation range

Obtains the inclusion of all compact operators in the
image of the original algebra.

MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCStarR
epresentation.exists_preimage_of_compact_singleton

Immediate Card prerequisites: Every rank-one operator has

an algebra preimage

Used by in this scope: None in this selected scope

Open Declaration Card Read exact source
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