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The mathematical goal

Let A be a nonzero complex C*-algebra, not assumed unital, and let π act on a separable
complex Hilbert space H as a representative of the unique unitary-equivalence class of
nonzero irreducible representations of A. Then π is injective, every represented operator is
compact, and every compact operator on H has an exact preimage in A.

Exact source: MathlibAnnex v0.4.0 Project entry · Source manifest

Thirty-three Declaration Card expositions are available. The added density route is source-only and creates no
Card.

Why it matters
The result identifies A, through π, with the compact-operator model in an exact unbundled sense. The Project
exposes the reusable proof route through faithfulness, character eigenvectors, countability, scalar corners, rank-one
preimages and compact approximation.

Hypotheses
A is nonzero and may be genuinely nonunital. H is separable. The representation π is nonzero and irreducible, and
every nonzero irreducible representation of A is unitarily equivalent to π. No separability of A, prior faithfulness or
simplicity is assumed. The unital finite-dimensional consequences have their own exact hypotheses.

Scope limits
The 33 Card explanations have completed source-exposition correspondence review against exact MathlibAnnex
v0.4.0 source. The compact-operator characterization is unbundled; no bundled StarAlgEquiv is supplied. The
original 1953 paper and the Farah book remain unacquired and unreviewed in this record.
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Proof architecture

Faithfulness

A pure state detecting a nonzero kernel element
yields a nonzero irreducible GNS representation.
Because every nonzero irreducible representation
lies in the unique unitary-equivalence class
represented by π, unitary equivalence forces the
kernel element to act nontrivially, a contradiction.

Faithfulness of a representative of the unique
irreducible-representation class

Characters and eigenvectors

A character on a closed star subalgebra of the
minimal unitization extends to a pure state. For a
character distinct from the scalar character, the
restricted GNS representation produces a unit joint
eigenvector with that prescribed character.

Eigenvector for a character distinct from the scalar
character

Countability and a scalar corner

Distinct character eigenvectors are orthogonal.
Separability of H makes the nonscalar character
space countable; an isolated character then yields a
nonzero projection whose corner is scalar.

Countability of the full character space · Scalar corner
from a representative of the unique irreducible-
representation class

Every compact operator has a preimage

A rank-one image and irreducible interpolation give
exact preimages for operators of the form rankOne.
Closed range and finite-rank approximation then
give an exact preimage for every compact operator.

Preimages of every compact operator

Every represented operator is compact

If some represented operator were noncompact, a
character would separate a maximal abelian witness
from the compact-preimage ideal. The resulting
eigenvector conflicts with a rank-one preimage, so
every image operator is compact.

Compact image of a representative of the unique
irreducible-representation class

Unital finite-dimensional consequences

For a unital algebra, the version quantifying
competitors through the nonunital representation
interface yields the same unique-class condition.
Compactness of the identity image forces H to be
finite-dimensional, then injectivity forces A to be
finite-dimensional, giving the stated nonexistence
consequence.

Finite-dimensional algebra from a separable
representative of the unique irreducible-representation
class

Density below the continuum and the
compact-operator model

The compact-operator model route extends from
separable representation spaces to an irreducible
representation space with a norm-dense subset of
cardinality strictly below the continuum. The
nonunital statements retain the ordinary singleton-
model hypotheses. Contrapositively, a singleton
model that is not a compact-operator model forces
every norm-dense subset of its representation
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space, and every norm-dense subset of the algebra,
to have cardinality at least the continuum. This is a
source-only extension of the reviewed 33-Card
route; it creates no additional Cards. These
statements are about the singleton irreducible
model; the lower bound on its Hilbert space does
not apply to arbitrary faithful reducible
representations.

45 selected declarations

isCompactOperatorModel_of_singleton_of_dense ·
isCompactOperatorModel_of_singleton_of_dense_algeb
ra ·
continuum_le_cardinalMk_dense_space_of_singleton_of
_not_isCompactOperatorModel ·
continuum_le_cardinalMk_dense_algebra_of_singleton_
of_not_isCompactOperatorModel

Boundary Inputs
2690 exact Boundary Inputs: EXTERNAL_COMPILED_DECLARATION 2233,
OMITTED_INTERNAL_NATIVE_DECLARATION 457. Selected reachability is retained through every omitted internal
declaration.

Inspect Boundary Inputs

Eq — Compiled external provider used by selected Project declarations.
Membership.mem — Compiled external provider used by selected Project declarations.
PseudoMetricSpace.toUniformSpace — Compiled external provider used by selected Project declarations.
OfNat.ofNat — Compiled external provider used by selected Project declarations.
UniformSpace.toTopologicalSpace — Compiled external provider used by selected Project declarations.
And — Compiled external provider used by selected Project declarations.
Complex — Compiled external provider used by selected Project declarations.
Exists — Compiled external provider used by selected Project declarations.
Semiring.toNonAssocSemiring — Compiled external provider used by selected Project declarations.
Complex.instNormedField — Compiled external provider used by selected Project declarations.
Ring.toSemiring — Compiled external provider used by selected Project declarations.
Semiring.toMonoid — Compiled external provider used by selected Project declarations.
Set — Compiled external provider used by selected Project declarations.
AddCommMonoid.toAddMonoid — Compiled external provider used by selected Project declarations.
AddGroup.toSubNegMonoid — Compiled external provider used by selected Project declarations.

Dependency-first reading route
Levels belong to this Project. Select a level or follow a relation to another declaration tile.

Level 0 16 declarations
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LEVEL 0 density

nonempty_iInter_of_isCompact
CantorScheme.nonempty_iInter_of_isCompact

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
exists_injective_nat_bool_of_isTopologicalBasis_clopens

Read exact source

LEVEL 0 density · rosenberg

A compact-operator model for a
representation
MathlibAnnex.Analysis.CStarAlgebra.IsCompactOper
atorModel

Packages injectivity, compact-valuedness, and
surjectivity onto all compact operators into one
unbundled predicate.

Statement in Project context

Let A be a complex C*-algebra, not assumed unital, H a
complex Hilbert space, and e a nonunital complex star-
algebra homomorphism from A to the bounded operators on
H. The model predicate consists of all three clauses: e is
injective; every represented e(a) is compact; and each
compact bounded operator T on H equals e(a) for some a in
A.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
Compact-operator model from a representative of the
unique irreducible-representation class,
isCompactOperatorModel_of_singleton_of_dense,
Compact-operator model from a unital representative of the
unique irreducible-representation class

Open Declaration Card Read exact source
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Topology/CompactCardinality.lean#L109-L125
http://127.0.0.1:8788/mathlibannex/cards/26c4dc7e5f4912c1494c383fd3d50537f9cb6328e2450925e91201f48c5d8384/versions/lfh188-ed2a0cc573631368/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CompactModel.lean#L26-L33


LEVEL
0

countability-scalar-corner · density · every-compact ·
only-compact · rosenberg · unital-consequences

Maximal abelian *-subalgebras
MathlibAnnex.Analysis.CStarAlgebra.IsMaximalAbel
ian

Defines maximal abelian unital star subalgebras by
commutativity and maximality under inclusion.

Statement in Project context

Let D be a unital star subalgebra of a unital complex C*-
algebra A. D is commutative, and any commutative unital
star subalgebra E containing D is contained in D; thus D is
maximal for inclusion among such subalgebras.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
exists_nonzero_projection_scalar_corner_of_isolated_chara
cter_ne_infinity,
mem_maximalAbelian_of_map_eq_rankOne_of_eigenvecto
r, Finite-dimensional space for a unital representative of the
unique irreducible-representation class

Show 1 more

Maximal abelian subalgebra containing a self-adjoint
element

Open Declaration Card Read exact source

LEVEL
0

characters-eigenvectors · countability-scalar-corner ·
density · every-compact · faithfulness · only-compact ·

rosenberg · unital-consequences

Pure states as real extreme points
MathlibAnnex.Analysis.CStarAlgebra.IsPureState

Defines pure states as the real extreme points of the
state space.

Statement in Project context

Let A be a unital complex C*-algebra and let φ : A → ℂ be a
continuous complex-linear functional. φ is pure exactly when
it belongs to the real extreme points of the normalized
positive state space stateSpace A. Membership in that
extreme-point set includes membership in the state space.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
Pure-state extension of a character, Pure-state GNS
irreducibility

Open Declaration Card Read exact source
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http://127.0.0.1:8788/mathlibannex/cards/005d767a3193a30c065ad807166f2e150c8ac3bbd28de67fd113b74463f676eb/versions/lfh188-ec8bd9fd950baad6/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/MaximalAbelian.lean#L25-L29
http://127.0.0.1:8788/mathlibannex/cards/2407611b2e8f0ff07b7d50cc8edfa17f744337c5a9ad013cf63d5ddb1eeb8840/versions/lfh188-bca6f7f29653abec/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/State/Basic.lean#L35-L38


LEVEL
0

characters-eigenvectors · countability-scalar-corner ·
density · every-compact · faithfulness · only-compact ·

rosenberg

Representations without a unit-
preservation requirement
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation

Names nonunital complex star-algebra
homomorphisms into bounded operators as the
representation type.

Statement in Project context

Let A be a complex C*-algebra, not assumed unital, and H a
complex Hilbert space. A representation of A on H is a
complex-linear nonunital star-algebra homomorphism into
the bounded complex-linear operators on H. It preserves
addition, multiplication, complex scalar multiplication and
involution; neither preservation of a unit nor faithfulness is
built in.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
Nonunital irreducibility, Unitary equivalence of nonunital
representations,
character_apply_eq_one_of_map_eq_rankOne

Show 2 more

exists_character_ne_infinity_annihilating_compact_preimag
e,
mem_maximalAbelian_of_map_eq_rankOne_of_eigenvecto
r

Open Declaration Card Read exact source

LEVEL 0 density

exists_character_ne_infinity_apply_ne_z
ero
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_character_ne_infinity_app
ly_ne_zero

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
exists_isolated_character_ne_infinity_of_cardinalMk_lt_cont
inuum

Read exact source
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http://127.0.0.1:8788/mathlibannex/cards/fe5eb271ebd53bcf76dd017a38916fe9f0357061b245cae8d78921e5470ce824/versions/lfh188-963b601c12dce03f/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/Representation.lean#L22-L27
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LEVEL 0 rosenberg

The scalar character of the unitization
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.infinityCharacter

Defines the distinguished scalar-coordinate character
of the minimal unitization.

Statement in Project context

Let A be a complex C*-algebra, not assumed unital, and
form its minimal unitization Unitization ℂ A. The infinity
character is the character induced by projection onto the
scalar coordinate: it evaluates a unitization element at its ℂ
component. It is a character of Unitization ℂ A, not of A itself.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
None in this Project

Open Declaration Card Read exact source

LEVEL 0 rosenberg · unital-consequences

Singleton condition tested against all
irreducible representations
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.IsSingletonIrreducibleModelAmongNonUnital

Defines the corresponding condition for a unital
representation, with competing nonzero irreducible
representations quantified through the nonunital
representation interface.

Statement in Project context

Let A be a unital complex C*-algebra, H a complex Hilbert
space, and π a unital representation of A on H. The
representation π is a representative of the unique unitary-
equivalence class of nonzero irreducible representations of
A: π is irreducible, and for every nonzero irreducible
representation ρ presented through the nonunital
representation interface, π is unitarily equivalent to the
associated unital representation ρ.toUnital. Faithfulness and
separability are not part of the definition.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
Compact-operator model from a unital representative of the
unique irreducible-representation class, Finite-dimensional
algebra from a separable representative of the unique
irreducible-representation class, Finite-dimensional space
for a separable representative of the unique irreducible-
representation class

Open Declaration Card Read exact source

LEVEL 0 density

inner_eq_zero_of_ne_characters
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.inner_eq_zero_of_ne_characters

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
cardinalMk_nonScalarCharacterSpace_lt_continuum_of_sin
gleton_of_dense

Read exact source

LEVEL 0 density

one_le_dist_of_norm_eq_one_of_inner_
eq_zero
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.one_le_dist_of_norm_eq_one_of_inner_eq_zero

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
cardinalMk_nonScalarCharacterSpace_lt_continuum_of_sin
gleton_of_dense

Read exact source
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http://127.0.0.1:8788/mathlibannex/cards/6cdd5b20c1ae2e69ab7bda0400ecc3876509dbfa7420f6561394f5c962b3509f/versions/lfh188-c3566440ee464d08/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CharacterEigenvector.lean#L25-L28
http://127.0.0.1:8788/mathlibannex/cards/637afab6889bdf11fe07e21325cab3df3d3f88baeb71dff1c973c7e2a3f1a794/versions/lfh188-eaacee0feb82f73f/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/Representation/OrdinarySingleton.lean#L37-L46
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/Representation/CharacterCardinality.lean#L27-L50
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/Representation/CharacterCardinality.lean#L52-L60


LEVEL 0 rosenberg

Full operator image in finite dimension
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.surjective_of_irreducible_of_finiteDimensional

Shows that an irreducible representation on a nonzero
finite-dimensional Hilbert space has full operator
image.

Statement in Project context

Let A be a unital complex C*-algebra, H a nonzero finite-
dimensional complex Hilbert space, and π an irreducible
unital representation of A on H. No singleton hypothesis or
separability assumption on A is made. π is surjective onto all
bounded complex-linear operators on H.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
Compact-operator model from a unital representative of the
unique irreducible-representation class

Open Declaration Card Read exact source

LEVEL 0 density · only-compact · rosenberg

A character separating a closed ideal
MathlibAnnex.Analysis.CStarAlgebra.exists_charac
ter_annihilating_closedIdeal_of_not_mem

Separates an element from a closed ideal of a
commutative C*-algebra by a character vanishing on
the ideal.

Statement in Project context

Let D be a commutative unital complex C*-algebra, J an
ideal whose carrier is norm-closed, and d∈D with d∉J. There
is a character χ of D that vanishes on every x∈J while
χ(d)≠0. Properness follows from d∉J and is not separately
assumed.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
exists_character_ne_infinity_annihilating_compact_preimag
e, Compact image of a representative of the unique
irreducible-representation class

Open Declaration Card Read exact source

LEVEL
0

density · only-compact · rosenberg · unital-
consequences

The preimage ideal of the compact
operators
MathlibAnnex.CStarAlgebra.compactPreimageIdeal

Collects the elements represented by compact
operators into a two-sided algebraic ideal.

Statement in Project context

Let A be a complex C*-algebra, not assumed unital, H a
complex Hilbert space, and ρ a representation of A on H.
compactPreimageIdeal ρ is the two-sided algebraic ideal of
elements whose represented bounded operator is compact.
Norm-closedness is a separate theorem and is not a field of
this returned TwoSidedIdeal.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
exists_character_ne_infinity_annihilating_compact_preimag
e, Compact image of a representative of the unique
irreducible-representation class, Finite-dimensional space
for a unital representative of the unique irreducible-
representation class

Open Declaration Card Read exact source

LEVEL 0 density

denseRange_restrict_of_continuous
MathlibAnnex.Topology.denseRange_restrict_of_con
tinuous

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
exists_dense_cardinalMk_lt_continuum_of_continuous_den
seRange

Read exact source
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http://127.0.0.1:8788/mathlibannex/cards/a6b19f4652225ea9cada7c02f05c27707d0bf713859210f56ebbbf0df233cd00/versions/lfh188-431e6d607c364908/index.html
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/CompactPreimage.lean#L28-L63
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Topology/MetricSpace/DenseCardinality.lean#L72-L87


LEVEL 0 density

exists_injective_into_dense_of_separate
d
MathlibAnnex.Topology.exists_injective_into_dens
e_of_separated

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
cardinalMk_le_cardinalMk_dense_of_separated

Read exact source

LEVEL
0

countability-scalar-corner · every-compact · only-
compact · rosenberg · unital-consequences

An isolated point in a countable Baire
space
MathlibAnnex.Topology.exists_isOpen_singleton

Extracts an isolated point from a nonempty countable
T1 Baire space.

Statement in Project context

Let X be nonempty, countable, T1 and Baire. At least one
singleton {x} is open in X.

IMMEDIATE PREREQUISITES IN THIS PROJECT
None in this Project

USED BY IN THIS PROJECT
Isolated character away from infinity, Finite-dimensional
space for a unital representative of the unique irreducible-
representation class

Open Declaration Card Read exact source

Level 1 13 declarations

LEVEL
1

characters-eigenvectors · countability-scalar-corner ·
density · every-compact · faithfulness · only-compact ·

rosenberg

Nonzero irreducibility without a unit
assumption
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.IsIrreducible

Defines nonunital irreducibility as nonzero action with
no nontrivial closed reducing subspaces.

Statement in Project context

Let A be a complex C*-algebra, not assumed unital, H a
complex Hilbert space, and π a representation of A on H.
The predicate says that π acts nontrivially and every closed
complex submodule L invariant under both π(a) and its
adjoint for every a is either {0} or H.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Possibly nonunital representation

USED BY IN THIS PROJECT
Representative of the unique irreducible-representation
class,
denseRange_apply_of_isIrreducible_of_apply_ne_zero

Open Declaration Card Read exact source

LEVEL
1

characters-eigenvectors · countability-scalar-corner ·
density · every-compact · faithfulness · only-compact ·

rosenberg

Unitary equivalence of two
representations
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.UnitaryEquivalent

Defines unitary equivalence by an onto complex-linear
isometry intertwining the two representations.

Statement in Project context

Let A be a complex C*-algebra, not assumed unital; let π
and ρ be representations of A on complex Hilbert spaces H
and K, respectively. They are unitarily equivalent when an
onto complex-linear isometry U from H to K intertwines
every represented operator at every vector.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Possibly nonunital representation

USED BY IN THIS PROJECT
Representative of the unique irreducible-representation
class

Open Declaration Card Read exact source
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/Representation.lean#L43-L45


LEVEL 1 density

character_apply_eq_one_of_map_eq_ra
nkOne
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.character_apply_eq_one_of_map_eq
_rankOne

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Possibly nonunital representation

USED BY IN THIS PROJECT
isCompactOperator_map_of_isSelfAdjoint_of_singleton_of_
rankOne_preimages

Read exact source

LEVEL 1 density

exists_character_ne_infinity_annihilating
_compact_preimage
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_character_ne_infinity_ann
ihilating_compact_preimage

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Possibly nonunital representation, A character separates a
closed ideal, Algebraic compact-preimage ideal

USED BY IN THIS PROJECT
isCompactOperator_map_of_isSelfAdjoint_of_singleton_of_
rankOne_preimages

Read exact source

LEVEL
1

countability-scalar-corner · every-compact · only-
compact · rosenberg

An isolated character away from the
scalar character
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_isolated_character_ne_inf
inity

Finds an isolated character distinct from the scalar
character in a countable character space.

Statement in Project context

Let A be a complex C*-algebra, not assumed unital. Let D be
a closed commutative unital star subalgebra of Unitization ℂ
A with countable character space, and let 0 ≠ d ∈ D have
zero scalar coordinate. There exists a character χ distinct
from the restricted infinity character for which {χ} is open in
the character space. This theorem itself does not assume
that any representation represents a unique irreducible-
representation class.

IMMEDIATE PREREQUISITES IN THIS PROJECT
An isolated point in a countable Baire space

USED BY IN THIS PROJECT
Scalar corner from a representative of the unique
irreducible-representation class

Open Declaration Card Read exact source

LEVEL 1 density

exists_nonzero_projection_scalar_corne
r_of_isolated_character_ne_infinity
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_nonzero_projection_scalar
_corner_of_isolated_character_ne_infinity

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Maximal abelian star subalgebra

USED BY IN THIS PROJECT
exists_nonzero_projection_scalar_corner_of_singleton_of_d
ense

Read exact source
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CompactImageOfRankOne.lean#L84-L102
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CompactImageOfRankOne.lean#L133-L165
http://127.0.0.1:8788/mathlibannex/cards/f13185dafb7e72e6ddc0775a43c0210faf488dbee88282e3fdd08359cc7d6ad9/versions/lfh188-64965216c54aea39/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/MinimalProjection.lean#L34-L75
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/MinimalProjectionDensity.lean#L77-L113


LEVEL 1 density

mem_maximalAbelian_of_map_eq_rank
One_of_eigenvector
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.mem_maximalAbelian_of_map_eq_ran
kOne_of_eigenvector

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Maximal abelian star subalgebra, Possibly nonunital
representation

USED BY IN THIS PROJECT
isCompactOperator_map_of_isSelfAdjoint_of_singleton_of_
rankOne_preimages

Read exact source

LEVEL
1

countability-scalar-corner · density · every-compact ·
only-compact · rosenberg

A maximal abelian subalgebra containing
a self-adjoint element
MathlibAnnex.Analysis.CStarAlgebra.exists_maxima
lAbelian_containing_isSelfAdjoint

Places a self-adjoint element inside a maximal abelian
unital star subalgebra.

Statement in Project context

Let x be self-adjoint in a unital complex C*-algebra A. There
exists a maximal abelian unital star subalgebra D of A
containing x.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Maximal abelian star subalgebra

USED BY IN THIS PROJECT
Scalar corner from a representative of the unique
irreducible-representation class,
exists_nonzero_projection_scalar_corner_of_singleton_of_d
ense,
isCompactOperator_map_of_isSelfAdjoint_of_singleton_of_
rankOne_preimages

Open Declaration Card Read exact source

LEVEL
1

characters-eigenvectors · countability-scalar-corner ·
density · every-compact · faithfulness · only-compact ·

rosenberg · unital-consequences

A character extends to a pure state
MathlibAnnex.Analysis.CStarAlgebra.exists_pureSt
ate_extension

Extends a character of a closed unital star subalgebra
to a pure state of the ambient algebra.

Statement in Project context

Let A be a nonzero unital complex C*-algebra, D a closed
unital star subalgebra of A, and χ a character of D. There is
a continuous complex-linear functional φ on A in stateSpace
A that is pure and restricts to χ: for every d in D, φ(d)=χ(d).

IMMEDIATE PREREQUISITES IN THIS PROJECT
Pure state as an extreme point

USED BY IN THIS PROJECT
Eigenvector for a character distinct from the scalar
character, Pure state detecting a nonzero square

Open Declaration Card Read exact source

LEVEL
1

characters-eigenvectors · countability-scalar-corner ·
density · every-compact · faithfulness · only-compact ·

rosenberg · unital-consequences

The GNS representation of a pure state
is irreducible
MathlibAnnex.Analysis.CStarAlgebra.isIrreducible
_pureState_gnsStarAlgHom

Turns purity of a state into irreducibility of its canonical
GNS representation.

Statement in Project context

Let A be a unital complex C*-algebra and let φ be a pure
state of A. The canonical GNS star-algebra homomorphism
built from the positive map associated to φ is irreducible.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Pure state as an extreme point

USED BY IN THIS PROJECT
Eigenvector for a character distinct from the scalar
character, Faithfulness of a representative of the unique
irreducible-representation class, Simplicity from a faithful
representative of the unique irreducible-representation class

Open Declaration Card Read exact source
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CompactImageOfRankOne.lean#L57-L82
http://127.0.0.1:8788/mathlibannex/cards/d4a5a6c0e99f5d6af2aa8ac954e42542f163c769257b313f68d69c5f1c0993e5/versions/lfh188-aee1512224f50681/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/MaximalAbelianContaining.lean#L53-L59
http://127.0.0.1:8788/mathlibannex/cards/f7ac96c3bcdff8225f7123d411c404580fab1d79b3975d601484f61837409226/versions/lfh188-f19000a4c8e26467/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/State/Extension.lean#L231-L258
http://127.0.0.1:8788/mathlibannex/cards/68395281a7478e8c956a7482013ed5dd68c4d3f2107f38cf4f8e9117a8a99a4a/versions/lfh188-757260b037bfce98/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/State/Irreducible.lean#L127-L144


LEVEL 1 density

cardinalMk_le_cardinalMk_dense_of_sep
arated
MathlibAnnex.Topology.cardinalMk_le_cardinalMk_d
ense_of_separated

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
exists_injective_into_dense_of_separated

USED BY IN THIS PROJECT
cardinalMk_lt_continuum_of_separated_of_dense

Read exact source

LEVEL 1 density

exists_dense_cardinalMk_lt_continuum_
of_continuous_denseRange
MathlibAnnex.Topology.exists_dense_cardinalMk_lt
_continuum_of_continuous_denseRange

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
denseRange_restrict_of_continuous

USED BY IN THIS PROJECT
exists_dense_cardinalMk_lt_continuum_of_isIrreducible

Read exact source

LEVEL 1 density

exists_injective_nat_bool_of_isTopologi
calBasis_clopens
MathlibAnnex.Topology.exists_injective_nat_bool_
of_isTopologicalBasis_clopens

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
nonempty_iInter_of_isCompact

USED BY IN THIS PROJECT
exists_isOpen_singleton_of_compactSpace_of_cardinalMk_
lt_continuum

Read exact source

Level 2 6 declarations
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Topology/MetricSpace/DenseCardinality.lean#L48-L56
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Topology/MetricSpace/DenseCardinality.lean#L89-L102
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Topology/CompactCardinality.lean#L127-L157


LEVEL
2

characters-eigenvectors · countability-scalar-corner ·
density · every-compact · faithfulness · only-compact ·

rosenberg

A representative of the unique
irreducible class
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.IsSingletonIrreducibleModel

Defines when a nonzero irreducible representation π is
a representative of the unique unitary-equivalence
class of nonzero irreducible representations of A.

Statement in Project context

Let A be a complex C*-algebra, not assumed unital, H a
complex Hilbert space, and π a representation of A on H.
The representation π is a representative of the unique
unitary-equivalence class of nonzero irreducible
representations of A: π is nonzero and irreducible, and every
nonzero irreducible representation of A on any complex
Hilbert space is unitarily equivalent to π. The definition does
not assume faithfulness or separability of A or H.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Nonunital irreducibility, Unitary equivalence of nonunital
representations

USED BY IN THIS PROJECT
Eigenvector for a character distinct from the scalar
character, Faithfulness of a representative of the unique
irreducible-representation class

Open Declaration Card Read exact source

LEVEL 2 density

denseRange_apply_of_isIrreducible_of_
apply_ne_zero
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.denseRange_apply_of_isIrreducibl
e_of_apply_ne_zero

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Nonunital irreducibility

USED BY IN THIS PROJECT
exists_denseRange_apply_of_isIrreducible

Read exact source
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http://127.0.0.1:8788/mathlibannex/cards/15b02dd39a6c9afbc2cc1f023c8e4b29cc806759b53b21c82065a410d00117ff/versions/lfh188-c7b4a0cde6e596f7/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/Singleton.lean#L23-L31
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CyclicDensity.lean#L27-L42


LEVEL 2 rosenberg · unital-consequences

A faithful singleton model forces
simplicity
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.isSimpleCStarAlgebra_of_singleton_of_injective

Converts a faithful representative of the unique
irreducible-representation class into closed-two-sided-
ideal simplicity of the algebra.

Statement in Project context

Let A be a nonzero unital complex C*-algebra, H a complex
Hilbert space, and π a representation of A on H that is a
representative of the unique unitary-equivalence class of
nonzero irreducible representations of A. Assume
additionally that π is injective. No separability assumption on
H is required. A is simple in the exact closed-two-sided-ideal
sense IsSimpleCStarAlgebra A.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Pure-state GNS irreducibility

USED BY IN THIS PROJECT
Finite-dimensional space for a unital representative of the
unique irreducible-representation class

Open Declaration Card Read exact source

LEVEL
2

density · every-compact · faithfulness · only-compact ·
rosenberg · unital-consequences

A pure state detects a nonzero square
MathlibAnnex.Analysis.CStarAlgebra.exists_pureSt
ate_nonzero_on_star_mul_self

Supplies a pure state that detects a* a, enabling
faithfulness arguments without separability of the
algebra.

Statement in Project context

Let A be a nonzero unital complex C*-algebra and let a ∈ A
be nonzero. No separability assumption on A is required.
Some pure state φ in stateSpace A satisfies φ(a* a)≠0.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Pure-state extension of a character

USED BY IN THIS PROJECT
Faithfulness of a representative of the unique irreducible-
representation class, Finite-dimensional space for a unital
representative of the unique irreducible-representation class

Open Declaration Card Read exact source

LEVEL 2 density

cardinalMk_lt_continuum_of_separated_
of_dense
MathlibAnnex.Topology.cardinalMk_lt_continuum_of
_separated_of_dense

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
cardinalMk_le_cardinalMk_dense_of_separated

USED BY IN THIS PROJECT
cardinalMk_nonScalarCharacterSpace_lt_continuum_of_sin
gleton_of_dense

Read exact source

LEVEL 2 density

exists_isOpen_singleton_of_compactSp
ace_of_cardinalMk_lt_continuum
MathlibAnnex.Topology.exists_isOpen_singleton_of
_compactSpace_of_cardinalMk_lt_continuum

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
exists_injective_nat_bool_of_isTopologicalBasis_clopens

USED BY IN THIS PROJECT
exists_isOpen_singleton_of_cardinalMk_lt_continuum

Read exact source

Level 3 5 declarations
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http://127.0.0.1:8788/mathlibannex/cards/106c2e5861a90efa2b3d1125a38099aaae4192ca2a311076da995a4ae3043e03/versions/lfh188-d4814475b4f820e3/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/Representation/Singleton.lean#L29-L55
http://127.0.0.1:8788/mathlibannex/cards/23a70d1e81d7c3d1ed7932a2de55be2e240d36d087130ed0dd8e21ce1e3d7013/versions/lfh188-5cba2327ad22f188/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/Representation/Faithful.lean#L27-L64
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Topology/MetricSpace/DenseCardinality.lean#L58-L70
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Topology/CompactCardinality.lean#L159-L173


LEVEL 3 density

exists_denseRange_apply_of_isIrreduci
ble
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_denseRange_apply_of_isIrr
educible

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
denseRange_apply_of_isIrreducible_of_apply_ne_zero

USED BY IN THIS PROJECT
exists_dense_cardinalMk_lt_continuum_of_isIrreducible

Read exact source

LEVEL
3

characters-eigenvectors · countability-scalar-corner ·
density · every-compact · only-compact · rosenberg

A character becomes a joint unit
eigenvector
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_unit_eigenvector_of_chara
cter_ne_infinity

Produces a unit joint eigenvector whose eigenvalue
character is the prescribed character distinct from the
scalar character.

Statement in Project context

Let A be a nonzero complex C*-algebra, not assumed unital;
let H be a complex Hilbert space; let π be a representation
of A on H that is a representative of the unique unitary-
equivalence class of nonzero irreducible representations of
A; let D be a closed unital star subalgebra of Unitization ℂ A;
and let χ be a character of D distinct from
infinityCharacterOn D. No separability assumption on H is
required. There is a unit vector η in H such that
π.unitization(d)η=χ(d)η for every d in D.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Representative of the unique irreducible-representation
class, Pure-state extension of a character, Pure-state GNS
irreducibility

USED BY IN THIS PROJECT
cardinalMk_nonScalarCharacterSpace_lt_continuum_of_sin
gleton_of_dense, Countability of the full character space,
isCompactOperator_map_of_isSelfAdjoint_of_singleton_of_
rankOne_preimages

Open Declaration Card Read exact source
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CyclicDensity.lean#L44-L57
http://127.0.0.1:8788/mathlibannex/cards/7a1b136b8464e6029397491d4d05fa22de45ecb383b3384c4e0c2fcf7df3150a/versions/lfh188-bde888bc81504635/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CharacterEigenvector.lean#L85-L197


LEVEL
3

density · every-compact · faithfulness · only-compact
· rosenberg

Faithfulness from a unique irreducible
class
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.injective_of_singleton

Shows that a representative of the unique irreducible-
representation class of a nonzero C*-algebra is faithful.

Statement in Project context

Let A be a nonzero complex C*-algebra, not assumed unital,
H a complex Hilbert space, and π a representation of A on H
that is a representative of the unique unitary-equivalence
class of nonzero irreducible representations of A. No
separability assumption on H is required. Then π is injective.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Representative of the unique irreducible-representation
class, Pure state detecting a nonzero square, Pure-state
GNS irreducibility

USED BY IN THIS PROJECT
A represented rank-one projection from a representative of
the unique irreducible-representation class,
exists_norm_eq_one_and_map_eq_rankOne_of_singleton_
of_dense,
isCompactOperator_map_of_isSelfAdjoint_of_singleton_of_
rankOne_preimages

Open Declaration Card Read exact source

LEVEL 3 rosenberg · unital-consequences

A unital singleton model acts in finite
dimension
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.finiteDimensional_space_of_singleton

Shows that the Hilbert space of a separably acting
unital representative of the unique irreducible-
representation class is finite-dimensional.

Statement in Project context

Let A be a nonzero unital complex C*-algebra, H a
separable complex Hilbert space, and π a representation of
A on H that is a representative of the unique unitary-
equivalence class of nonzero irreducible representations of
A. H is finite-dimensional over ℂ. The conclusion is
conditional on the unique-class hypothesis, not a statement
about all unital irreducible representations.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Maximal abelian star subalgebra, Simplicity from a faithful
representative of the unique irreducible-representation
class, Pure state detecting a nonzero square

Show 2 more

Algebraic compact-preimage ideal, An isolated point in a
countable Baire space

USED BY IN THIS PROJECT
Compact-operator model from a unital representative of the
unique irreducible-representation class, Finite-dimensional
algebra from a separable representative of the unique
irreducible-representation class, Finite-dimensional space
for a separable representative of the unique irreducible-
representation class

Open Declaration Card Read exact source
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http://127.0.0.1:8788/mathlibannex/cards/66a6654fa9d1e8607b27f931148203017898635ae004e222a22fd8c88c82d2f2/versions/lfh188-6d66671d6d1c5fb2/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/Singleton.lean#L33-L94
http://127.0.0.1:8788/mathlibannex/cards/956f7a6ee326f4d3fe0fff3198e6dde0fb0903ec6f51cfb6ad39f61c2663e298/versions/lfh188-3b62eb608f3e0b07/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/Representation/FiniteDimension.lean#L24-L66


LEVEL 3 density

exists_isOpen_singleton_of_cardinalMk_
lt_continuum
MathlibAnnex.Topology.exists_isOpen_singleton_of
_cardinalMk_lt_continuum

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
exists_isOpen_singleton_of_compactSpace_of_cardinalMk_
lt_continuum

USED BY IN THIS PROJECT
exists_isolated_character_ne_infinity_of_cardinalMk_lt_cont
inuum

Read exact source

Level 4 8 declarations

LEVEL 4 density

cardinalMk_nonScalarCharacterSpace_lt
_continuum_of_singleton_of_dense
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.cardinalMk_nonScalarCharacterSpa
ce_lt_continuum_of_singleton_of_dense

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Eigenvector for a character distinct from the scalar
character, inner_eq_zero_of_ne_characters,
one_le_dist_of_norm_eq_one_of_inner_eq_zero

Show 1 more

cardinalMk_lt_continuum_of_separated_of_dense

USED BY IN THIS PROJECT
exists_nonzero_projection_scalar_corner_of_singleton_of_d
ense

Read exact source

LEVEL
4

countability-scalar-corner · every-compact · only-
compact · rosenberg

The full character space is countable
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.countable_characterSpace_of_nonU
nital_singleton

Shows that the full character space of a closed
unitization subalgebra is countable when π is a
separably acting representative of the unique
irreducible-representation class.

Statement in Project context

Let A be a nonzero complex C*-algebra, not assumed unital;
let H be a separable complex Hilbert space; let π be a
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A; and let D be a closed unital star
subalgebra of Unitization ℂ A. The entire character space of
D is countable, including the distinguished scalar character.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Eigenvector for a character distinct from the scalar character

USED BY IN THIS PROJECT
Scalar corner from a representative of the unique
irreducible-representation class

Open Declaration Card Read exact source
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Topology/CompactCardinality.lean#L175-L198
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CharacterCardinality.lean#L25-L43
http://127.0.0.1:8788/mathlibannex/cards/ff5886cf6420336dbe578275731ad0361f521340e5e9760ec098cd284273b584/versions/lfh188-2ecf0e57b5c62679/index.html
https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CharacterCountable.lean#L93-L114


LEVEL 4 density

exists_dense_cardinalMk_lt_continuum_
of_isIrreducible
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_dense_cardinalMk_lt_conti
nuum_of_isIrreducible

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
exists_denseRange_apply_of_isIrreducible,
exists_dense_cardinalMk_lt_continuum_of_continuous_den
seRange

USED BY IN THIS PROJECT
isCompactOperatorModel_of_singleton_of_dense_algebra

Read exact source

LEVEL 4 density

exists_isolated_character_ne_infinity_of
_cardinalMk_lt_continuum
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_isolated_character_ne_inf
inity_of_cardinalMk_lt_continuum

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
exists_character_ne_infinity_apply_ne_zero,
exists_isOpen_singleton_of_cardinalMk_lt_continuum

USED BY IN THIS PROJECT
exists_nonzero_projection_scalar_corner_of_singleton_of_d
ense

Read exact source

LEVEL 4 density

isCompactOperator_map_of_isSelfAdjoi
nt_of_singleton_of_rankOne_preimages
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.isCompactOperator_map_of_isSelfA
djoint_of_singleton_of_rankOne_preimages

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
character_apply_eq_one_of_map_eq_rankOne,
exists_character_ne_infinity_annihilating_compact_preimag
e, Eigenvector for a character distinct from the scalar
character

Show 3 more

Faithfulness of a representative of the unique irreducible-
representation class,
mem_maximalAbelian_of_map_eq_rankOne_of_eigenvecto
r, Maximal abelian subalgebra containing a self-adjoint
element

USED BY IN THIS PROJECT
isCompactOperator_map_of_singleton_of_rankOne_preima
ges

Read exact source

LEVEL 4 rosenberg

Compact-operator conclusion for the
unital singleton condition
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.faithful_and_compactOperatorModel_of_singleton
_amongNonUnital

Shows that a separably acting unital representative of
the unique irreducible-representation class is faithful
and has image exactly K(H).

Statement in Project context

Let A be a nonzero unital complex C*-algebra, H a
separable complex Hilbert space, and π a unital
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A. π is injective; its underlying nonunital
star homomorphism is injective, maps every a∈A to a
compact operator, and represents every compact operator
on H.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Unbundled compact-operator model, Unital representative of
the unique irreducible-representation class, Finite-
dimensional space for a unital representative of the unique
irreducible-representation class

Show 1 more

Full operator image in finite dimension

USED BY IN THIS PROJECT
None in this Project

Open Declaration Card Read exact source
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LEVEL 4 rosenberg · unital-consequences

Finite-dimensional algebra in the unital
singleton case
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.finiteDimensional_algebra_of_singleton_amongNo
nUnital

Shows that a nonzero unital C*-algebra is finite-
dimensional when it has a representative of its unique
irreducible-representation class on a separable Hilbert
space.

Statement in Project context

Let A be a nonzero unital complex C*-algebra, H a
separable complex Hilbert space, and π a unital
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A. Then A is finite-dimensional over ℂ;
finite dimension of A is the conclusion, not an initial
hypothesis.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Unital representative of the unique irreducible-
representation class, Finite-dimensional space for a unital
representative of the unique irreducible-representation class

USED BY IN THIS PROJECT
No separably acting representative of all nonzero irreducible
representations

Open Declaration Card Read exact source

LEVEL 4 rosenberg

Finite-dimensional representation space
in the unital singleton case
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.finiteDimensional_space_of_singleton_amongNonU
nital

Shows that the Hilbert space of a separably acting
representative of the unique irreducible-representation
class is finite-dimensional.

Statement in Project context

Let A be a nonzero unital complex C*-algebra, H a
separable complex Hilbert space, and π a unital
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A. Then H is finite-dimensional over ℂ.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Unital representative of the unique irreducible-
representation class, Finite-dimensional space for a unital
representative of the unique irreducible-representation class

USED BY IN THIS PROJECT
None in this Project

Open Declaration Card Read exact source

Level 5 4 declarations

LFH · private candidate · 19 / 27
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LEVEL
5

countability-scalar-corner · every-compact · only-
compact · rosenberg

A nonzero projection with scalar corner
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_nonzero_projection_scalar
_corner

Produces a nonzero projection with one-dimensional
corner from a separably acting representative of the
unique irreducible-representation class.

Statement in Project context

Let A be a nonzero complex C*-algebra, not assumed unital,
H a separable complex Hilbert space, and π a
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A. There is a nonzero star projection p in
A whose every corner p a p is a complex scalar multiple of
p.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Countability of the full character space, Isolated character
away from infinity, Maximal abelian subalgebra containing a
self-adjoint element

USED BY IN THIS PROJECT
A represented rank-one projection from a representative of
the unique irreducible-representation class

Open Declaration Card Read exact source

LEVEL 5 density

exists_nonzero_projection_scalar_corne
r_of_singleton_of_dense
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_nonzero_projection_scalar
_corner_of_singleton_of_dense

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
cardinalMk_nonScalarCharacterSpace_lt_continuum_of_sin
gleton_of_dense,
exists_isolated_character_ne_infinity_of_cardinalMk_lt_cont
inuum,
exists_nonzero_projection_scalar_corner_of_isolated_chara
cter_ne_infinity

Show 1 more

Maximal abelian subalgebra containing a self-adjoint
element

USED BY IN THIS PROJECT
exists_norm_eq_one_and_map_eq_rankOne_of_singleton_
of_dense

Read exact source
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LEVEL 5 density

isCompactOperator_map_of_singleton_o
f_rankOne_preimages
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.isCompactOperator_map_of_singlet
on_of_rankOne_preimages

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
isCompactOperator_map_of_isSelfAdjoint_of_singleton_of_
rankOne_preimages

USED BY IN THIS PROJECT
isCompactOperatorModel_of_singleton_of_dense

Read exact source

LEVEL 5 rosenberg

An infinite-dimensional unital algebra
has no separable singleton model
MathlibAnnex.Analysis.CStarAlgebra.Representatio
n.not_singleton_amongNonUnital_of_infiniteDimens
ional

Shows that, for an infinite-dimensional unital C*-
algebra, no representation on a separable Hilbert
space is a representative of the unique unitary-
equivalence class of all nonzero irreducible
representations.

Statement in Project context

Let A be a nonzero infinite-dimensional unital complex C*-
algebra, H a separable complex Hilbert space, and π a
unital representation of A on H. The representation π is not a
representative of the unique unitary-equivalence class of
nonzero irreducible representations of A. Equivalently, π is
not both irreducible and unitarily equivalent to every nonzero
irreducible representation of A. This does not rule out
separable irreducible representations in general.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Finite-dimensional algebra from a separable representative
of the unique irreducible-representation class

USED BY IN THIS PROJECT
None in this Project

Open Declaration Card Read exact source

Level 6 2 declarations
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/Representation/OrdinarySingleton.lean#L105-L114


LEVEL 6 every-compact · only-compact · rosenberg

A projection represented by a rank-one
operator
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_nonzero_projection_rankOn
e_map

Produces a nonzero projection whose represented
image is a compact rank-one orthogonal projection.

Statement in Project context

Let A be a nonzero complex C*-algebra, not assumed unital,
H a separable complex Hilbert space, and π a
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A. There are a nonzero star projection
p∈A and a unit vector e∈H with π(p)=rankOne e e; the
represented operator π(p) is compact. Minimality is not an
explicit clause of this theorem type.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Scalar corner from a representative of the unique
irreducible-representation class, Faithfulness of a
representative of the unique irreducible-representation class

USED BY IN THIS PROJECT
Preimages for all operators of the form rankOne

Open Declaration Card Read exact source

LEVEL 6 density

exists_norm_eq_one_and_map_eq_rank
One_of_singleton_of_dense
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_norm_eq_one_and_map_eq_ra
nkOne_of_singleton_of_dense

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
exists_nonzero_projection_scalar_corner_of_singleton_of_d
ense, Faithfulness of a representative of the unique
irreducible-representation class

USED BY IN THIS PROJECT
exists_preimage_rankOne_of_singleton_of_dense

Read exact source

Level 7 2 declarations
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http://127.0.0.1:8788/mathlibannex/cards/c4c4491fa52a7fbdbfde28f3dd9f46756ece7e43d6d9f8b3afb346db83d351e4/versions/lfh188-ea84d18aa982d455/index.html
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https://github.com/r-tanaka-math/mathlib-annex/blob/437e6e46228bbb8e91211ebded349d7a30020e73/MathlibAnnex/Analysis/CStarAlgebra/NonUnital/CompactModelDensity.lean#L26-L42


LEVEL 7 every-compact · only-compact · rosenberg

Every rank-one operator has an algebra
preimage
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_preimage_rankOne_of_singl
eton

Provides preimages for every operator of the form
rankOne ℂ x y, the rank-at-most-one generators used
to obtain all compact operators.

Statement in Project context

Let A be a nonzero complex C*-algebra, not assumed unital;
let H be a separable complex Hilbert space; and let π be a
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A. For every pair x,y∈H, including zero
vectors, there exists a∈A with π(a)=rankOne ℂ x y; this
operator has rank at most one.

IMMEDIATE PREREQUISITES IN THIS PROJECT
A represented rank-one projection from a representative of
the unique irreducible-representation class

USED BY IN THIS PROJECT
Preimages of every compact operator, Compact image of a
representative of the unique irreducible-representation class

Open Declaration Card Read exact source

LEVEL 7 density

exists_preimage_rankOne_of_singleton_
of_dense
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_preimage_rankOne_of_singl
eton_of_dense

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
exists_norm_eq_one_and_map_eq_rankOne_of_singleton_
of_dense

USED BY IN THIS PROJECT
isCompactOperatorModel_of_singleton_of_dense

Read exact source

Level 8 3 declarations
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http://127.0.0.1:8788/mathlibannex/cards/155676cd74606a102aa274be40c9fb294971cfef6df06897084c9fc89322f2cb/versions/lfh188-c43c80915a3d4c00/index.html
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LEVEL 8 every-compact · rosenberg

Compact operators lie in a singleton
representation range
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.exists_preimage_of_compact_singl
eton

Establishes the inclusion K(H) ⊆ π(A) by giving a
preimage for every compact operator.

Statement in Project context

Let A be a nonzero complex C*-algebra, not assumed unital;
let H be a separable complex Hilbert space; let π be a
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A; and let T be a compact bounded
operator on H. There exists a∈A with π(a)=T. This is the
inclusion K(H)⊆π(A); compactness of each π(a) is proved
separately.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Preimages for all operators of the form rankOne

USED BY IN THIS PROJECT
Compact-operator model from a representative of the
unique irreducible-representation class

Open Declaration Card Read exact source

LEVEL 8 density

isCompactOperatorModel_of_singleton_
of_dense
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.isCompactOperatorModel_of_single
ton_of_dense

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Unbundled compact-operator model,
exists_preimage_rankOne_of_singleton_of_dense,
isCompactOperator_map_of_singleton_of_rankOne_preima
ges

USED BY IN THIS PROJECT
continuum_le_cardinalMk_dense_space_of_singleton_of_n
ot_isCompactOperatorModel,
isCompactOperatorModel_of_singleton_of_dense_algebra

Read exact source
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LEVEL 8 only-compact · rosenberg

Every operator in a singleton image is
compact
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.isCompactOperator_map_of_singlet
on

Shows that every operator in the image of a separably
acting representative of the unique irreducible-
representation class is compact.

Statement in Project context

Let A be a nonzero complex C*-algebra, not assumed unital,
H a separable complex Hilbert space, and π a
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A. No simplicity assumption is made.
Every operator π(a), a∈A, is compact.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Preimages for all operators of the form rankOne, A character
separates a closed ideal, Algebraic compact-preimage ideal

USED BY IN THIS PROJECT
Compact-operator model from a representative of the
unique irreducible-representation class

Open Declaration Card Read exact source

Level 9 3 declarations
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LEVEL 9 density

continuum_le_cardinalMk_dense_space
_of_singleton_of_not_isCompactOperato
rModel
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.continuum_le_cardinalMk_dense_sp
ace_of_singleton_of_not_isCompactOperatorModel

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
isCompactOperatorModel_of_singleton_of_dense

USED BY IN THIS PROJECT
None in this Project

Read exact source

LEVEL 9 rosenberg

A singleton model is faithful and exactly
compact-valued
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.faithful_and_compactOperatorMode
l_of_singleton

Shows that a representative of the unique irreducible-
representation class on a separable Hilbert space is
faithful and has image exactly K(H).

Statement in Project context

Let A be a nonzero complex C*-algebra, not assumed unital,
H a separable complex Hilbert space, and π a
representation of A on H that is a representative of the
unique unitary-equivalence class of nonzero irreducible
representations of A. No separability of A, prior faithfulness,
or simplicity is assumed. π is injective and satisfies the full
unbundled compact-operator model: every π(a) is compact
and every compact T on H has an exact preimage in A.

IMMEDIATE PREREQUISITES IN THIS PROJECT
Unbundled compact-operator model, Preimages of every
compact operator, Compact image of a representative of the
unique irreducible-representation class

USED BY IN THIS PROJECT
None in this Project

Open Declaration Card Read exact source

LEVEL 9 density

isCompactOperatorModel_of_singleton_
of_dense_algebra
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.isCompactOperatorModel_of_single
ton_of_dense_algebra

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
exists_dense_cardinalMk_lt_continuum_of_isIrreducible,
isCompactOperatorModel_of_singleton_of_dense

USED BY IN THIS PROJECT
continuum_le_cardinalMk_dense_algebra_of_singleton_of_
not_isCompactOperatorModel

Read exact source

Level 10 1 declaration
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LEVEL 10 density

continuum_le_cardinalMk_dense_algebr
a_of_singleton_of_not_isCompactOperat
orModel
MathlibAnnex.Analysis.CStarAlgebra.NonUnitalCSta
rRepresentation.continuum_le_cardinalMk_dense_al
gebra_of_singleton_of_not_isCompactOperatorModel

Exact source-only density bridge declaration; no
Declaration Card is created.

IMMEDIATE PREREQUISITES IN THIS PROJECT
isCompactOperatorModel_of_singleton_of_dense_algebra

USED BY IN THIS PROJECT
None in this Project

Read exact source
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