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Abstract

This note gives a detailed reconstruction of the ordered-tree and finite-switching
argument in OpenAl’s preprint on nonexpansive fixed points in reflexive Banach spaces.
The proof is organized through root responses of a completed tree: local changes of leaf
data are propagated to the root, where exact parent—child additivity produces a bounded
convex tree after normalization. We make explicit the fixed-node weak compactness used
in the limiting argument and record that the final step can be completed by a small-slice
argument. In this formulation, the same mechanism yields the weak fixed point property
for Banach spaces with the Radon—Nikodym property. No priority claim is made for this

observation.
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1. The theorem and the root-response mechanism

OpenAl’s preprint [10] proves that every real reflexive Banach space has the fixed point
property for nonexpansive mappings in its original norm. The purpose of this note is to
reconstruct the mechanism of that proof in a form that exposes the roles of the ordered tree,
finite switching, and the root-response calculation. We first state the slightly more general
formulation obtained by carrying the same mechanism through a fixed-node compactness
argument and a final small-slice contradiction.

A map F : C — C is nonezpansive if || F(a) — F(b)|| < |la — b]| for all a,b € C. The weak fixed
point property concerns such maps on nonempty weakly compact convex sets; the fixed point
property concerns all nonempty closed bounded convex sets. These two domain conditions
coincide in reflexive spaces, but not in general.

Theorem 1.1. Let X be a real Banach space with the Radon—Nikodym property, and let
C C X be nonempty, weakly compact, and convex. Every nonexpansive selfmap F : C — C
has a fized point.

The map and all distances are measured in the given norm. There is no renorming and no
weak-continuity assumption on F.

Corollary 1.2 (The reflexive-space conclusion). Let X be a real reflexive Banach space. Every
nonexpansive selfmap of a nonempty closed bounded convexr subset of X has a fized point.

Derivation from Theorem 1.1. A reflexive space has the Radon-Nikodym property [9, Corol-
lary 2.11], and each of its closed bounded convex subsets is weakly compact. Thus Theorem 1.1
applies. ]

The expository target is Corollary 1.2. The anchor, ordered tree, and finite-switching construc-

tion in Sections 2 to 6 reconstruct the argument in the cited OpenAl preprint. The fixed-node
compactness step in Section 7 and the slice argument in Section 8 record the same mechanism
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in the RNP setting, replacing the source proof’s final use of weak compactness of the entire
unit ball. This origin boundary is kept visible throughout the note.

Kirk’s classical theorem derives fixed points from normal structure on weakly compact convex
sets [6]. Related RNP-based fixed-point conclusions are known in more specialized settings,
including preduals associated with locally compact groups [7]. Wisnicki’s nonlinear Ryll—
Nardzewski theorem treats nonexpansive, norm-distal dynamical systems on RNP sets [11]; the
additional distality hypothesis makes that result different from the arbitrary single nonexpansive
selfmap considered here. We record the present argument in this slightly more general form
and make no priority claim for the RNP observation.

Reading guide. Section 1 states the target and explains the root-response viewpoint.
Sections 2 and 3 collect the fixed-point reduction and construct the anchor. Sections 4 and 5
define and build the ordered tree, while Section 6 contains the common-endpoint switching
calculation. Readers following the extension should then continue through the fixed-node
diagonal limit in Section 7 and the exact slice contradiction in Section 8. None of those
mechanisms is abbreviated in this presentation.

1.1 The geometric obstruction supplied by the RNP

For a nonempty bounded set D C X, a functional g € X*, and € > 0, write

S(D,g,¢e) = {dED:g(d) >sggg(z)—s}. (1.1)

We use the standard dentability characterization of the Radon—Nikodym property: every
nonempty closed bounded convex set in an RNP space has slices of arbitrarily small norm
diameter [9, Remark 2.2 and Theorem 2.5]. In the form needed below,

X has the RNP, D C X is nonempty, closed, bounded, and convex (1.2)
= for every n > 0 there is a nonempty slice S C D with diam .S < 7. .

Starting from a fixed-point-free map, we shall construct a particular closed bounded convex
set all of whose nonempty slices have diameter at least one. That will contradict (1.2).

1.2 The exact convex tree we want at the end

The final object is not the original tree of nonexpansive maps. It is a bounded family of vectors
(dy) on all nodes and functionals (f,) on the nonroot nodes of the same tree, in the normalized
counterexample space Y introduced in Subsection 2.3. Let L; be the finite level of depth k. If
v is a child of u, write vT = u. Each edge carries a local coefficient a, > 0 with

Zavzl.

vT=u

The path weights are

W, =1, Wy = W, > W, =1
vELy

We shall obtain

dy= ) avdy, ldll <1, fll 1 (0 #£7). (1.3)

vT=u
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The same functionals will have two apparently opposing properties. For every fixed d € Y,

?GaLf\fv(d)! — 0, (1.4)

whereas on the vectors moving with the level,

> W1 = fo(dy)) — 0. (1.5)

vELy

Thus every fixed vector eventually becomes invisible to all functionals at level k, while the
weighted average of the values f,(d,) tends to one.

The last two properties alone are not contradictory: an orthonormal sequence and its coordinate
functionals already exhibit a similar “moving vector versus fixed vector” phenomenon. The
decisive extra condition is the exact convex decomposition (1.3). If a slice of the closed convex
hull contains one d,,, that identity forces a fixed positive proportion of the deeper descendant
mass to remain in the same slice. On a slice of diameter less than one, (1.4) applied to the fixed
vector d,, then keeps those descendants’ values f,(d,) uniformly below one. This contradicts
(1.5). The complete calculation appears in Section 8.

1.3 Why the proof keeps looking at the root

Most tree constructions are first imagined from the root towards the leaves. The decisive
calculation here runs in the opposite direction. Once one tree has been completed, a finite
level is treated as an input layer. At every internal node we take the convex average of its
child values and apply a fixed nonexpansive map:

Hy=Gy| Y ayH, | . (1.6)

vT=u
Prescribing values at the leaves therefore determines one value H, at the root. The root is the
output port of this nonlinear finite computation.

Now fix a depth N and a node v. We do not alter the nodes, edges, maps, or coefficients. We
change only the values assigned to the depth-N leaves below v: their labels are replaced by
one common point by. All internal values are then recomputed upwards by the same rule
(1.6). Denote the root value before the whole block is changed by U, and the root value after
it is changed by V,,. The datum attached to v is the root response

AN .= U, -V, (1.7)

Thus a node specifies a local block of inputs, while A1()N) records the global effect of changing
that block.

All blocks at the same depth are read from one right-to-left switching sequence and use the
same point by. A parent’s leaf block is the consecutive union of the blocks below its children.
Hence the intermediate root values cancel in a telescoping sum and give the exact identity

AN = 5 A, (1.8)

vT=u

This is not linearity of the maps G; it is additivity of differences of actual root outputs in
one common switching experiment. Nonexpansiveness also gives

IATD] < W (1.9)
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fixed rules
above

fixed rules
above change the leaf block

AN —u, —v,

before after

Figure 1: Schematic root-response experiment. The omitted ancestors, the tree, and all upward
rules are fixed. Only the depth-N leaf values below v are changed. The vector assigned to v is
the resulting change in the root output, not the value at the internal node v.

For W, > 0, the normalized response dM =AM /W, lies in the unit ball, and (1.8) becomes
dM = 3" ad™.

vT=u

Weak compactness at each fixed node, followed by one diagonal subsequence, then makes the
finite-depth vectors simultaneous over all nodes and produces (1.3).

The approximation machinery has a different role. It does not create the exact addition law:
that law already follows from the common switching sequence. The error estimates are used
to arrange

fv(AgN)) > W, — be,y

with a summable error budget. After normalization and passage to the fixed- node limits, this
yields the average detection property (1.5) without ever requiring e, /W, to be small.

1.4 How the remaining sections build the two trees

Section 2 reduces a counterexample to a separable minimal invariant set of diameter one and
proves the separation lemma used later. Section 3 constructs one anchor point and arbitrarily
accurate images returning to it in convex combinations. Section 4 defines the upward evaluation
of a completed tree and proves its weighted sensitivity estimate. Section 5 chooses the maps,
labels, coefficients, and functionals; its parameterized comparison family handles coefficients
that are not yet known. Section 6 performs the one common switching experiment at each
finite depth and records every block response. Section 7 turns those responses into the exact
convex tree, and Section 8 gives the slice contradiction.

2. Classical preparation and the normalized counterexample

We use Hahn—Banach separation, weak lower semicontinuity of the norm, and the Eberlein—
Smulian theorem in their usual Banach-space forms [8]. Write @64 for the norm-closed convex
hull and A" for weak closure. Weak convergence is denoted by u,, — u, meaning f(u,) — f(u)
for every continuous linear functional f. The closed unit ball of a space Z is By.

2.1 The Goebel-Karlovitz diameter lemma

Lemma 2.1 (Goebel-Karlovitz). Let K be a nonempty weakly compact convexr subset of a
real Banach space, and let T : K — K be nonexpansive. Suppose K has no proper nonempty
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closed conver T-invariant subset and diam K = d > 0. For every sequence (u,) C K with
| Tun — upl| — 0,
|lup — w| — d (w e K).

Proof. This is the diameter lemma of [4, 5]. Put H = ¢oT'(K). The inclusions
T(K) C K, HCK, T(H)CT(K)CH
follow from invariance and closed convexity of K. Thus H is a nonempty closed convex
invariant subset, and minimality gives
K =¢coT(K). (2.1)

For 2z € K define

s(z) = supllz—wll,  r(z) = limsup|lz - uy.
weK n

The triangle inequality gives
iz —wl < 2 = 2/l + | — wl.

Taking the supremum over w, or setting w = u,, and taking the limsup, then interchanging
z, 7', yields

s(z) =s(2) < Nz =#ll,  Ir(z) —r(Z) < [lz = 2]
Both functions are also convex. For r, take the limsup in
[tz + (1= 1)z —un]| <tz —unll + A = )[2" —unll  (0<t < 1);

for s, take the supremum in the same inequality with wu,, replaced by w.

To use (2.1), recall the elementary convex-hull calculation

a — Z)\iw,-

§Z)\i|]a—wi|\§sup||a—w|| w; € W, )\iZO,Z)\izl .
4 weW i

Continuity in the second argument then gives sup,,cew|la — w|| = sup,ewlla — w||. Conse-
quently,
s(Tz) =sup||[Tz—w| = sup || Tz—w|
weK wecoT(K)

sup |7 — w]| = sup||T= — Tul < sup|lz — ul] = s(2),
weT (K) ucK ueK

r(Tz) = limsup||Tz — uy,||
n
< limsup(||Tz — Tup|| + | Tun — up||) <limsupllz — uy|| = 7(2).
n n

Here the last line uses both nonexpansiveness and ||Tu,, — u,| — 0. Every nonempty sublevel
set of s or r is therefore closed, convex, and invariant. A value strictly between two values
of either function would define a proper such subset. Minimality forces both functions to be
constant. Since supy s = d, write

s =d, r=R<d.

By Eberlein-Smulian, up; — a € K along a subsequence. For every w € K, weak lower
semicontinuity gives

|w — al| < lminf|lw — up, || < limsup|jw — u,[| = R.
J n
Taking the supremum over w gives d = s(a) < R < d, so R = d. This reasoning applies to any
subsequence, since its fixed point defects also tend to zero. If the asserted limit failed at w,

some subsequence would satisfy ||u,, —w| < d —n for a fixed > 0, contradicting its limsup
d. O
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2.2 One functional for a compact set of comparison points

Lemma 2.2 (Simultaneous separation). Let K, T satisfy the hypotheses of Lemma 2.1, with
diam K = 1, and let Z be their ambient Banach space. Fix a nonempty norm-compact set
E C K ande > 0. There is § > 0 such that

yeK, [[Ty—yl|<d =

2.2
dfy € Bz fy(y—2)>1—¢ for every z € E. (22)

Thus & works for every eligible y. The functional is chosen after y, but the same f, works for
all z € E.

Proof. Choose an ¢/2-net ay,...,a, in E and set a, = m~ 1Y " a; € K. By Lemma 2.1,

some 0 > 0 satisfies .

Ty—y||<d — —ax|| 21— —. 2.3
1Ty —yll < ly —aull 21 =5 (2.3)
Indeed, otherwise for each n we could choose y, € K with [Ty, — yn|| < 1/n and |y, — as| <
1 —¢/(2m), contradicting Lemma 2.1 with w = a.
Fix y satisfying (2.3). Take a norming functional f, € Bz« for y — a,. Since y,a; € K and
diam K =1,

1- fy(y —a;) > 0.
Their sum is controlled by (2.3):

m

Z(l — fyly — ai)) =m —mfy(y — ax)

=1

=m(l—y—a.) <

| ™

Each nonnegative summand is at most /2, so f,(y — a;) > 1 —¢/2 for every i. For z € E,
take a; with ||z — a;|| < /2. Then

fly=2) = fly—a) + fylasi—2) 21— - —flai—2l| 2 1 —e. 0

2.3 Reduction without assuming reflexivity

Suppose Theorem 1.1 fails, with a fixed-point-free nonexpansive map F' : C' — C on a nonempty
weakly compact convex set in an RNP space X. Starting at a € C, define

Co={a}, Cns1=00(CLUF(Cyn)), C'=JCn.

These are increasing subsets of C. Each C, is separable: this is true of Cj, continuous images
preserve separability, and finite rational convex combinations of a countable dense set give
a countable dense subset of its convex hull. Hence C’ is separable, closed, bounded, and
convex. Since F(C),) C Cp41 and F is norm-continuous, F'(C’) C C’. Closed convexity makes
C" weakly closed; as C' C C, it is weakly compact. Only the weak compactness of C, not
reflexivity of X, is used.

A decreasing chain of nonempty closed convex invariant subsets of C’ has nonempty intersection,
by compactness and the finite intersection property. Zorn’s lemma gives a minimal such subset
K. Its diameter d is positive, since a singleton invariant set is a fixed point. Choose ag € Ky
and set

F(ag + dy) — agp
d

Ko —ag

Y = span(Ky — Kp), K T T(y) =

(ye K). (2.4)
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Now K C Y because ag € Ky, and for y,y’ € K,

F(ag+dy) — F(ag + dy’

Ty —Tv| =
Ty —Ty|| y <

Also Ty = y would mean F(ag + dy) = ag + dy, which is impossible. Translation and
multiplication by 1/d preserve weak compactness, convexity, and minimal invariance. We
henceforth use the following setting:

Y is a separable real Banach space with the RNP,
K C Y is nonempty, weakly compact, and convex, diam K =1, (2.5)

Y =span(K — K), T :K — K is nonexpansive and K is minimal invariant.

The RNP passes to the closed subspace Y: a nonempty closed bounded convex subset of Y is
also such a subset of X, and a small slice supplied by (1.2) is unchanged when its functional is
restricted to Y.

Fix once and for all a norm-dense sequence (z;);>1 in K. Then
span{z; — zj 14,7 > 1} =Y. (2.6)

All functionals used below belong to Y*. We do not assume that Y* is separable or that By is
weakly compact. The construction through Section 7 will use the weak compactness of K; the
RNP is used at the end in Section 8.

3. An anchor for convex combinations of resolvent images

Throughout this section K,T,Y satisfy (2.5); in particular diam K = 1. We seek one point
x € K that is approximable by convex combinations of images with arbitrarily small fixed
point defect. The same x must work when the required accuracy is increased after earlier
choices.

3.1 Resolvents and the two estimates that will be reused

For n > 1 and a € K, the map
1
uv—>a+<1—>Tu
n n

is a contraction of the complete set K into itself. Banach’s contraction principle supplies its
unique fixed point R, (a):

Ry (a) = % + (1 - i) TRy (a). (3.1)

For n = 1 this reads Rj(a) = a. Comparing (3.1) at a,a’ and using nonexpansiveness of T
gives

1Rafa) = Rul@)] < o=+ (1= =) [Rala) = Ro(a)]

Subtract the last term and multiply by n to obtain ||R,(a) — Ry, (a')|| < ||a — a’||. Thus every
R, is nonexpansive.

For uw = Ry, (a), (3.1) also gives
Tu—a

1
Tu—u= , u—az(l—)(Tu—a).
n

n
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Since T'u,a € K, the first identity yields || Tu — u|| < 1/n. For the second one,
1
lu —alf < {1~ ) (ITu~Tal| + || Ta - af)

< (1= ) (Ju=al + |Ta —a]).

Rearranging gives the two estimates

1T Rn(a) = Rn(a)|| < % [Bn(a) —all < (n = 1)|[Ta—a] (acK). (3.2)

The first makes an approximate fixed point; the second says how little R, moves a point that
already has small defect.

Let G be the family generated by Idx and all R, under finite composition and pointwise finite
convex combinations. These operations preserve nonexpansiveness and the range K. For every
G € G there is a finite constant ¢g > 0 such that

1G(a) —al| < cg||Ta—a|  (acK). (3.3)

Here is the verification for the generating operations. For the generators, (3.2) permits ciqg = 0,
cr, =n — 1. For a convex combination G =}, \;Gj,

1G(a) —all = |

Z )\Z(Gz(a) — (L)

<3 i, |Ta — al.
7

For a composition G o H,
|G(H(a)) — al| < [|G(H(a)) — G(a)|| + [|G(a) — a
< [[H(a) — al| + [|G(a) — al| < (cu + ca)|Ta - a.

This proves (3.3). Fix one such cg for each G. Related semigroups of asymptotically invariant
nonexpansive maps occur in [2].

For m > 1 define

Hm ={Rp,oG:n>m, GeG} CG. (3.4)
These nonempty families decrease as m increases. If h = R, o G € H,y, apply (3.2) at G(a) to
obtain ] 1
ITh(a) — h(a)|| < - < oy (h € Hp, a € K). (3.5)
Also, for H € G,
(RhooG)oH =R, 0(GoH) € Hyp, HimoG C Hp. (3.6)

The defect estimate (3.5) is asserted for members of #,,, not for their convex combinations or
weak limits.

3.2 Finite simultaneous approximation
Give KX the topology of pointwise weak convergence:
hy Z% b = hy(a) = h(a) (a€K).
As a product of copies of weakly compact K, this is a compact Hausdorff space. Write B""

for closure in this product topology.
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Lemma 3.1. Let B be a nonempty convex family of nonexpansive selfmaps of K, and let
h € BP™. Then h is nonexpansive. Moreover, for ai, ... yaq € K and n > 0 there is a single
g € B such that
;) — h(a; :
max [lg(ai) — has)|| <7

Proof. Take a net h, € B converging pointwise weakly to h. For fixed a,b, the differences
converge weakly, and the norm is weakly lower semicontinuous. Hence

1h(a) = h(b)|| < lim inf[[2y(a) — hy(B)]] < [la = bl.
For simultaneous approximation use the convex set
V={(glar),-..,9aq)) : g € BY Y (1, -, yq) |00 = max]yi].

Pointwise weak convergence puts (h(a1),...,h(aq)) in the weak closure of V. On a finite
product the weak topology is the product of the weak topologies, and the weak and norm
closures of a convex set agree. Thus

(h(a1), ..., h(ag)) € V¥ =V =,

A point of V' at distance less than n gives the required one map g. O

3.3 A compact semigroup and the anchor point

Lemma 3.2 (Ellis). A nonempty compact Hausdorff semigroup in which every right translation
h — hp is continuous contains an tdempotent.

Proof. This is [3, Lemma 1], with the right-translation convention. Compactness and Zorn’s
lemma give a minimal nonempty compact subsemigroup Sg. Fix p € Sg. The set Spp is
compact by continuity, and

(ap)(bp) = (apb)p € Sop ~ (a,b € Sp).

It is therefore a nonempty compact subsemigroup, so Sop = Sp. In particular Ap = p for some

h € Sp. Consequently E = {h € Sy : hp = p} is nonempty and compact. If h,k € E, then

(hk)p = h(kp) = hp = p, so E is a subsemigroup. Minimality gives F = Sp; thus p € E' and
2

p- =D ]

Proposition 3.3 (The anchor point). There is x € K such that

Dy = () {h(z) :h € Hp)" (3.7)

m>1
is nonempty and weakly compact, and
x € coDy. (3.8)

Proof. Put
Ap=coHn'", A=) An.

m>1

The A,, are nonempty compact sets and decrease with m, so their intersection A is nonempty.
By Lemma 3.1, their members are nonexpansive. We next check closure under composition.
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Since coH,, C G, the right-composition rule (3.6) gives the algebraic inclusions
(coHm) o (coHm) C (coHpm) oG Cco(HmoG) C coHpy,. (3.9)

The middle inclusion uses the exact identity

(Z )\ihi> ok =Y Xi(hiok).

Only precomposition is distributed over the outer convex combination.

To pass to Ay, fix h,k € A,,, arguments ay,...,a, € K, and n > 0. By Lemma 3.1 choose
ko, ho € coH,, such that

max||ko(a;) — k(ai)ll <n,  max|ho(k(a:)) — h(k(a))|l < -
The second application uses the fixed arguments k(a;). Nonexpansiveness of hg gives

[[ho(ko(ai)) = h(k(ai)ll < [lho(ko(ai)) = ho(k(ai))|l + [[ho(k(ai)) — h(k(a:))]]
< [|ko(ai) = k(ai)[l + [lho(k(ai)) — h(k(ai))|| < 2.

The composition hg o kg belongs to co H,, by (3.9). Since the arguments and 1 were arbitrary,
these finite simultaneous norm approximations give hok € A,,. Thus A is a compact semigroup.

For a fixed k € A, right translation is continuous. Indeed, if h, — h pointwise weakly, then
forae K and f € Y*,

f((hy 0 k)(a)) = f(hy(K(a))) — f(h(k(a))) = f((h o k)(a)).

The argument k(a) is fixed; no weak continuity of k is assumed. By Lemma 3.2 there is P € A
with Po P = P. Choose a € K and set = P(a). Then

This is a fixed point of P, not yet a fixed point of T'.

For this z let By, = {h(x): h € Hy} . The sets B,, are nonempty, weakly compact, and
decreasing, so D, = (,,, By, is nonempty and weakly compact. Evaluation at z is continuous
for pointwise weak convergence. Using P € A,, and equality of weak and norm closures of a
convex set gives

x=Px)e{gx):gecotm}
= co{h(zx) : h € Hpy}  =cof{h(x):h € Hp} C OB,

(3.10)

Fix ¢ € Y*. The inclusion x € @B, in (3.10) gives ¢(z) < maxp,, ¢ for every m. Let
t = inf,, maxp, ¢. The nonempty compact sets By, N {z : £(z) > t} decrease, so their
intersection contains a point of D,. Hence

max{ >t = infr%axﬁ > (x).

T

If + ¢ coD,, Hahn-Banach separation would give an ¢ with ¢(x) > supp_¢, a contradiction.
This proves (3.8). O
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Fix the x of Proposition 3.3 for the rest of the proof. The definition (3.7) gives the following
useful selection rule:
de D;, m>1, U aweak neighborhood of d in K

(3.11)
= 3G € H,, such that G(z) € U.

The concrete recursive choices using this rule are made in Section 5, after their comparison
sets are defined.

We also fix one common sequence. By (3.2) and (3.3),
1 ca
bj =Rj(x),  ||Tb;—b;| < 7 1G(bs) — bsll < cal|Th; —bj]| < R (3.12)

The last bound holds for every fixed G € G. Thus any fixed finite collection of these maps
nearly fixes the same sufficiently late b;.

4. One fixed tree, evaluated from the leaves upwards

There are two directions to distinguish. We construct the nodes, their maps, and their
coefficients from the root towards the later levels. Once these are fixed, we compute values
in the opposite direction: prescribe a level, then work upwards to the root. The latter finite
calculation is what we call a working tree. It does not change the underlying tree.

4.1 The parent relation and the two kinds of weight

The root is 7, and Ly is the finite, nonempty level of depth k, with Ly = {r}. Each node u has
a finite, nonempty ordered list of children, which we may write as u1, ..., Up(y,). Our notation
for the parent is

vl =u <= wvisa child of u.

Thus ) ,+_,, is a sum over the children of u; no separate symbol for the set of children is
needed. The lists of children are placed consecutively in the order of their parents. Write
h <p v for the resulting left-to-right order in L, and write u < v for proper ancestry. We
write © < v when u = v is also allowed.

At the edge leading to each nonroot node v, put a coeflicient «,. The local coefficients and the
path weights satisfy

ay >0, > =1 W, =1, W, = Wt (4.1)

vT=u

For a binary tree with equal local coefficients, W, = 27% on Lj. We allow any finite number
of children, including one, and allow zero coefficients. A zero coefficient means that a node is
retained in the list but contributes no weight. It does not require a second record of deleted
candidates.

A parent’s weight is exactly the sum of its children’s weights:
ST We=Wu Y ay =W,
vT=u vT=u
Consequently, passing from one level to the next preserves total weight:

dooWe=Dd Y Wy=) W,=1

UELj+1 uGL]- 'UT:u UELJ‘
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Applying the same identity only to the descendants of v gives
> We=W, (vE€Ly N>k). (4.2)

s€Llpn, v=s

These descendants form one consecutive block in the ordered level L. This is immediate for
children; replacing each node of an interval by its consecutive child list preserves the interval
property at the next level.

4.2 Prescribed values at one level; determined values above it

Each node carries a fixed nonexpansive map G,, : K — K, with G, = Idg. Fix a depth k. Use
the single symbol H, for the value at node u in this finite calculation:

u € Ly : H, € K is prescribed;
: . . (4.3)
ue€ L, j<k: H,=G, Z ayH, | is then determined.
vT=u
The rule is applied at levels k—1,k—2,...,0, in that order. The cutoff values are not renamed.

In particular, G, is not applied to H, at the cutoff level L. Convexity and G, (K) C K ensure
that every computed value also belongs to K.

The notation ®;, records only the resulting root value:

(I)k((Hv>v€Lk) = Hm (I)O(Hr) = H’I")

i ((Ho)very) = Ph1 (Gu ( > avHv)) (k>1). (4.4)
ueLlp_1

vT=u

Thus ®;, uses maps strictly above L and coefficients down to L. It does not use maps at Ly,
or any data below it. If a working tree starts at a deeper level Ly, its calculated values on Ly
can instead be treated as the inputs for the remaining calculation. The rule (4.3) above Ly,
has not changed. Consequently,

N ((Hs)sery) = Hy = @u((Hpper,)  (0< k< N). (4.5)

Here the values Hy on Ly are the ones actually calculated from the original depth-N inputs.
This identity is the justification for comparing a deeper working tree at an intermediate cutoff.
For example, let L1 = {u1,us} and let their respective children be v11,v12 and va1, vaa. Set

parent ‘ r Ul U9
child coefficients | (\,1 = X) (1 —p) (v,1—v).

The full calculation from Lo to the root consists of three equations:
Hy, = Gy, (MHUII +(1- :U)va)?
Hy, = Gy, (Vva +(1- V)Hv22>’
H, = Hy,, + (1 — \)Hy,.
Equivalently,

@2((HW)UGL2) = AGy, (MHU11 +(1— M)va)

+ (1= NGy (VHyy, + (1 = v)Hyy,). (4.6)

For nonlinear maps this expression cannot be flattened into a convex combination of the four
cutoff values.
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A =A1—p) =(1-XAv =1-MN1-v)

Figure 2: The values at Lo are prescribed; the arrows show the order of computation. Local
coefficients belong to edges. Path weights are their products and will control the effect of a
cutoff change on the root.

Lemma 4.1 (Propagation of cutoff errors). Let H, H' be two assignments on Ly, extended
upwards by (4.3). Then

@ (Ho)very) — Pu((Hver,) || < Y WollHy — Hy. (4.7)
vELY

Thus changing only the value at v changes the root by at most W, | H, — H,||. If every cutoff
error is at most i, then the root error is at most 1.

Proof. For k = 0 the assertion is equality. Assume k& > 1. At a node u one level above the
cutoff, the calculation is

UT =Uu ’UT =Uu

|Hy — H)|| = |Gu| > awHy | = Gul| D auH, H

<|[Y aw(Hy = H)| < 3 o Hy — HY.

When k > 2, at p € Li_5 the next step is substitution into this same inequality, now at p:
1H, — Hyl| < > ol Hy — Hy

uT=p
< Z Z g ||Hy — HL||.
ut=povt=u

This displays the two successive factors on a path. To carry the calculation through all levels
without writing an increasingly nested sum, multiply the one-node inequality by W, and sum
over u € L;:

Z Wl Hy — H;H < Z Z Wayow||Hy — Hz/;H
u€L; uEL; vT=u

= >, WolH,—HJl  (0<j<k).

UELj+1

Here each v occurs under exactly one parent, and W,a, = W,,. Using W, =1 from (4.1) and
applying the preceding inequality at j = 0,1,...,k — 1 gives the chain

|H, — H < Y WllH, - HJ|<---< Y W,|H, - H|.
uely VE Ly
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For uniform cutoff error, (4.2) with v = r gives 37, W, = 1, so the last sum is at most
n- O

4.3 Fixed labels and two useful one-node estimates

The maps to be constructed lie in G from Section 3, and y, = G, (x) is a fixed label. In
contrast, H, is a value calculated by (4.3). Suppose for the moment that the child labels
satisfy

>y —a

vT=u

<7 (we Ly). (4.8)

The numbers 7; and these child choices will be supplied by Proposition 5.1. The average in
(4.8) is near x, not near y,. After applying the parent map we get

Gy ( Z avyv) — Yu Gy ( Z avyv) - Gu(x)

UT =Uu q)T =Uu

< Tk.

For values calculated from a deeper cutoff, recall both definitions at this node:

H, =G, ( Z avHv) , Yu = Gu(l')

vT=u

Their difference is therefore bounded by

[Hy = yull = ||Gu ( Z avHv) — Gy(z)

vT=u
< Z o, Hy — x
vT=u
= Z av(Hv _yv) + Z Yy — T
vT=u vT=u
< Z avHHv - yUH + 7. (49)
vT=u

Nonexpansiveness is used in the second line; the last line uses the triangle inequality and (4.8).

For comparison with one common point b € K, the same node rule gives

[ Hy — 0l = Gu(z ayHy | —b

vT=u

vT=u
<[> au(Hy = b)|| + [|[Gu(b) - b
vT=u
< Y al[Hy = b]l + [|Gu(b) = bl (4.10)
vT=u

The third line uses Y ,+_, o, = 1 from (4.1). Thus a parent error is bounded by the convex
average of the child errors, plus its own error. The finite inductions in Subsection 6.3 will sum
these one-node estimates over the whole subtree, with the leaf values stated explicitly.

Expository Note = Version 1 15/35



Exact Mathematics with Al — Expository Note FPP / Version 1

5. Constructing a tree before its new coefficients are known

We now construct the maps, labels, coefficients, and functionals. Once chosen, they will not be
changed. What depends on the future coefficients is a calculated root output. We must control
that output before choosing the current functional. The solution is to collect all possible
coefficient choices in one norm-compact set of comparison limits and apply Lemma 2.2 to that
set.

5.1 The comparison output and the compactness used here

For a completed level Ly and v € Ly, let I, = {h € Ly : h <} v}. For b € K define a particular
working tree:

Yh, h € Ivv

H;, = U, (b) = @k ((Hp)ner,)- (5.1)

b, hGLk\Iv,

The values are prescribed at level k& and then computed upwards by (4.3). Thus v and all
nodes to its right have value b, whereas the earlier nodes have their labels. A deeper working
tree will approximate this assignment; the approximation is not part of its definition.

This is why even the children of one parent must be selected in order. For three children
v1, 2, v3 of the root, switching from right to left changes their values as follows:

(yvl y Yva s yv3) — (yv1 y Yva s b) — (y’U1) b7 b) — (b7 ba b)

For example,
Wy (b) = Yoy + (1 — auy ).

The earlier sibling label y,, is needed to form this comparison; its coefficient may still be
unknown. We therefore select labels one at a time, parameterize their coefficients, and choose
a finite list of coefficients only after the needed labels and functionals have been obtained.

Two compactness facts will be used in this construction. First, the weak topology on K is
metrizable. To see this without assuming Y™ separable, take a norm-dense sequence (u;) in the
unit sphere of the separable space Y, and choose g; € By« with g;(u;) = 1. These functionals
separate points of Y: if |ul| = 1 and ||u — u;|| < 1/2, then

gi(u) = gj(ug) — |lu —u;l| > 1/2.

The map K — RY, 2+ (g;(2));, is therefore a continuous injection from weakly compact K
into a Hausdorff space, hence a homeomorphism onto its image. We may fix the compatible
metric

p(a,b) :ZQ*jmin{l,\gj(a—b)\} (a,b € K). (5.2)
i>1

Only the weak topology on K, not on every bounded subset of Y, is being metrized.

Second, fix a free ultrafilter &/ on N. For bounded scalars,

limt;=t <<= {j:|t;j—t|<eteld (¢>0).

j—=uU

These limits exist and preserve finite linear combinations. The filter contains each cofinite set
and is closed under finite intersections; none of its members is empty. For (w;) C K, weak
compactness gives a unique weak U/-limit w € K, characterized by

w=w-limw; <= f(w)=Ilim f(w;) (feY"). (5.3)
j—U Jj—U
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In bidual terms, L(f) = lim;j_y f(wj) is linear and |L(f)| < supg/||z| | f|l, so L € Y**. The
canonical image Jy (K) is weak-star compact: Jy identifies the weak topology of K with the
weak-star topology on that image. For any finite list of functionals, the corresponding scalar
limit conditions hold on a finite intersection of members of ¢/. Thus L belongs to the weak-star
closure of Jy (K), which is Jy (K) itself. Consequently L = Jy (w) for some w € K, proving
(5.3). This does not assert surjectivity of Jy : Y — Y™**; reflexivity is not used. The notation
denotes a limit in the ordinary weak topology.

5.2 The construction and all its choices

Recall precisely the inputs from Proposition 3.3, (3.7), and (3.12):

zecwD,, D,c{Gx):GeMn} (m>1),

N _ (5.4)
bj = R;(x), ITb; — byl <5, 1G(bj) = bjll <ca/j (G€G).

The point z, the set D,, and the sequence (b;) are fixed for the entire construction.

Proposition 5.1. There is one infinite ordered finitely branching tree with G, = Idg, G, € G,
Yo = Gy(x), and the coefficients and weights of (4.1). For every nonroot v there are e, > 0
and f, € By« such that

1
d ey < —. (5.5)
el 128
Define
1
= 1 = —k-1 > = —. .
Pi = min ey, T =200 (k=1), m=3 (5.6)
The following estimates hold:
> oy — || < T (u € Ly), (5.7)
vT=u
ZHGP(%)) - yv“ < ey (U e T)’ (5'8)
p<v
folyy — 2i) > 1 — e, (veLg 1<i<k), (5.9)
lim fv(yv_\l'v(bj)) >1l—ey (v #1). (5.10)
j—=U

Here (z;) is the norm-dense sequence fized in (2.6), and ¥, is the comparison output defined
in (5.1).

Proof. We construct Lj, after the levels Ly, ..., Ly_1 have been fixed. Within L; we visit the
parents in their left-to-right order. For one parent we first construct candidate labels and
functionals, and then take a finite initial list and its coefficients. All members of that finite list
are retained, including ones assigned coefficient zero.

1. Fix a parent and its approximation targets.

Let u € Li_q be the current parent. Its maps and those above it are fixed, as are all coefficients
down to level £ — 1. Thus

1, (GppeLy_1» (Wp)peL_s>» Te—1 >0
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are known. The children of all parents preceding u have already been chosen, together with
their coefficients. Using x € ¢oD,, in (5.4), choose

(5.11)

The point d, and the coefficients \; are now fixed for this parent; they will not be reselected.
They are not the eventual child coefficients av,.

With the metric p in (5.2), we shall choose candidate children vy, vg, ... so that
t(i) =1+ ((¢ — 1) mod q), P(Yu; > dyiy) < 1/i. (5.12)

The next three steps specify every additional requirement at stage i. The finite length M is
not specified in advance; it is obtained in Step 5.

2. Form the comparison family using the earlier labels.

Suppose the candidates v1,...,v;—1 of u have been chosen and v = v; is next. The earlier list
is
I, = U {h:hT:p} U {v1,...,v-1}. (5.13)
pP<k—1u

It is finite and every yp, with h € I, is known. This is the list of earlier nodes that will occur
n (5.1). The current y, and its sibling coefficients are not known. Later children are placed
to the right, so they do not change I,.

For any eventual completion of the level, the assignment (5.1) sets Hp =y, on I, and Hp, = b
off I,,. Since each parent’s coefficients sum to one, its input satisfies

Z apHy = Z apyp + Z apb

hT=p hT=p

= Z apyp + | 1 — Z ap | b. (5.14)

hel, hel,

hT=p hT=p
Thus the individual later labels and coefficients have disappeared. Only coefficients on the
fixed finite list I, remain. We allow these to vary over

O, =30¢€[0,1]": > 6, <1 forevery p€ Ly_1 . (5.15)
hel,
hT=p
This is a compact subset of a finite cube. If I, is empty, the cube consists of one empty tuple.
Allowing even the earlier completed groups’ coefficients to vary only enlarges the family and
includes the eventual choice.
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For p € Lj_1 define

avp(:0) = > Opyn+ | 1= > O, | b

hel, hel,
o i (5.16)
=b+ > Oulyn—b) € K.
hely,
hT=p

The first line is a convex combination, by (5.15). The root output of this parameterized
working tree is

Uy (5;0) = D1 ((Gplawp(:0))),cp, ) - (5.17)

The inputs here are at level k — 1, after applying the parent maps. The evaluation ®;_1 uses
only the fixed maps above that level, as specified in (4.4). Neither G, nor y, occurs.

In the depth-two example (4.6), consider the fourth candidate v = vag, so I, = {v11, V12, V21 }.
The formulas are

Hu1 = Gu1 (60113/1)11 + 01}123/012 + (1 - 9”11 o 9v12)b)’
Hu2 - Gu2 (evgly’ugl + (1 - 0U21)b)’
Wy (b;0) = AHy, + (1 — A\)Hy,.

The constraints are 6,,, + 0,,, <1 and 0,,, < 1. For deeper levels, the next upward step is

H, =G, Z apGp(au,p(b; 9))) (q € Li—2),

followed by the remaining fixed rules above Lj_o.

3. Obtain a norm-compact set of comparison limits.

Subtract (5.16) for 6,1 € ©,:

avp(b;0) = avp(b;n) = > (Oh — ) (yn — b),

hel,
hT=p

lawp(5;0) = avp(B;)l < Y 10h — malllyn — bl < D 10h — 1nl-
hel, hel,
hT=p hT=p

The last inequality uses yp,b € K and diam K = 1. Apply Lemma 4.1, namely (4.7), to the
parent outputs in (5.17), and then use nonexpansiveness:

[y (b;0) = Wy(b;n)|| < Z Wyl|Gplawp(b;0)) — Gplawp(b;n))l
pELK_1

< ST Wyllawp(®:0) — avp(bin)]
pELR_1

< D> Wlbh —

pELk_1 hel,
h=p

= > Witloh —nal < D 6 — mal- (5.18)
hel, hel,
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Each h € I, has exactly one parent, and 0 < W+ <1 by (4.1). If no child of p lies in I,, its
sums are empty, a,,(b;0) = b = a,,(b;n), and its contribution to the output difference is
Gp(b) — Gp(b) = 0.
Recall from (3.12) that the one fixed sequence is

bj = Rj(x), || Tbj —bsll <1/j.
All values W, (bj; ) lie in weakly compact K, so (5.3) defines

Zy(0) = w- liLr{n U, (bj;0) € K. (5.19)

J—

For f € By+, linearity of scalar ultralimits and (5.18) give

|f(Zu(0) = Zu(n))| = }g%f(qjv(bj?e) - ‘Pv(ban))

<> 10h — mal.

hel,

Taking the supremum over f € By« yields

1Z0(8) = Zo(m)l < D 6 — nl- (5.20)
hel,
Thus Z, is norm-continuous on the compact finite-dimensional set ©,. The points z1,..., 2z

in the next formula are the first k£ terms of the norm-dense sequence fixed in (2.6); they are
not chosen during this induction. We may now set

By ={z1, ..., 26} UZy(,) C K. (5.21)

It is nonempty and norm-compact, so it satisfies the set hypothesis of Lemma 2.2. It was
defined before G, ., fr» and covers all future coeflficient choices. The weak limit was taken
after evaluating the entire output in (5.17); no limit was moved through a nonlinear G).

4. Choose the map and then the functional.

Let n be the number of nonroot nodes retained before starting the current parent’s list. For

its ¢th candidate v assign
e, — 2—(n+i)—8
v = .

Apply Lemma 2.2 with ambient space Y, E = E,, from (5.21), and € = e,,. It gives d, > 0 such

that
y€K7 HTy—yHS(S'U —

(5.22)
df € By fly—z)>1—e, (z€FE,).

All proper ancestor maps are already fixed. Recall their estimates from (3.3):
1Gp(a) —al| <cg,|[Ta—al  (a€ K, p=<v).

There are finitely many ancestors, so their constants have a finite sum. Choose m > 1 with

1
< by, — > ca, < e (5.23)

1
m p=<v

Since dy(;) € Dy, (3.11) applied to its p-ball of radius 1/7 gives

Gy € Hm, Yo = GU(£)7 p(ymdt(i)) < 1/Z (524)
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Membership in H,, has a separate role from the weak approximation: by (3.4), G, = Ryo G
for some ¢ > m and G € G. Consequently, by (3.2),

1 1
ITyo = yoll = ITRA(G(2)) = Re(G(2))| < 5 = — < b, (5.25)
Apply (3.3) to each ancestor at a = y,, then use (5.25) and (5.23):
D oIGo() = woll < 3 cq, I Tye = wol
p=<v p=<v
1
<= < ey 5.26
< — I;)CGP <e (5.26)

This proves the required ancestor bound (5.8) for this candidate. Its own unknown constant
cg, was not used in choosing m.

By (5.25), the hypothesis of (5.22) holds at y = y,. We can now choose
fu € By+, folyp —2) > 1—e, (2 € Ey). (5.27)

In particular this proves (5.9), since z1,...,2r € E,. The finite comparison list and all
requirements for the next candidate are now defined. The order is

I, — V,(-;0) — E, — 6yym — Gy, 4 —> [fo.
No sibling coefficients have yet been selected.

5. Extract a finite list and choose its coefficients.

Steps 2—4 give a sequence of possible children of u. For each fixed ¢t € {1,..., ¢}, the target
condition (5.24) gives

P(yvqﬁta dt) < (] > 0)7 Yugjre — dy.

qj +1t

Here metric convergence is weak convergence by (5.2). The set C, = co{y,, : © > 1} is weakly
closed, being norm closed and convex, and contains each term of those subsequences. Hence

q
deC, (1<t<yq), di =Y Mdy € Cy.
t=1

This is the same point d, fixed in (5.11); recall its distance bound ||d, — z|| < 7,_1/2. Since
d, € C, choose a finite convex combination of the candidates at distance less than 75_1/2
from d,. Let M be its largest index and set unused coeflicients to zero. Thus

M M
Thk—1
ay, > 0, Zavi =1, Zaviyyi —d|| < - (5.28)
=1 =1
The two errors now have their stated sources:
M M
Zaviyw — || < Zaviyw —dy|| + Hd* - xH
i=1 i=1
< % + % = Th-1 by (5.28) and (5.11).
This is (5.7) for the parent u. Retain all vy,. .., vy, including zero-weight ones. For a retained
v;, (5.13) involves only preceding parents and vy, ...,v;_1, so ignoring the tail ¢ > M changes

none of its comparison sets or chosen maps and functionals.
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Proceed to the next parent, increasing n by M. There are only finitely many parents in Lg_1,
and every retained list is finite and nonempty. Thus Ly, is finite and nonempty. Define uy, 7%
by (5.6); their minimum is over finitely many positive errors. This completes the induction to

the next level. The retained nonroot nodes have successive indices £ = 1,2,..., so
1 1
2= 2 = Sy
vET >1

We have proved (5.5), (5.7), (5.8), and (5.9).

6. Insert the actual coefficients and verify the remaining estimate.

Fix a completed level Ly and v € Lj. Its list is still I, = {h € Ly : h <t v}. The restriction
a1, = (an)ner, belongs to ©,, since

ahZO, Zahg Zah:1 (pELk_l).
hT=p

For the ideal values Hj, = yp, on I, and Hj, = b elsewhere, (5.14) and (5.16) give at each parent

Z apHp =b+ Z an(yn — b) = ayp(b; alr,).
hi—p hel,

The definition (5.1), the recursion (4.4), and then the family definition (5.17) therefore yield

Uy (b) = x((Hn)nery,)

ht=p pELR_1

= 01 ((Gplavp(bsalr)) ep, ) = Tulbialr,). (5.29)

This is an equality of finite calculations, not an approximation. Use (5.29) at the fixed sequence
bj = Rj(x), and then the weak-limit definition (5.19):

'hHZ}l fv(yv - \I’v(bj)) = fv(yv) - IIHZ}{ fv(\llv(bﬁahv))
J— J—
= fv(yv - Zv(a‘lv)) >1—ey.

The last inequality is (5.27), because Z,(«|s,) € E, by (5.21). This proves (5.10) and completes
the construction. O

All maps, labels, coefficients, errors, and functionals are now fixed. The parameterized families
were used only to establish Proposition 5.1. The finite calculations below use its four estimates
(5.7)—(5.10) and the one-argument comparison output (5.1).

6. Finite switching and the differences of all blocks

Fix the single infinite tree of Proposition 5.1. Its maps, labels, coefficients, functionals, and
errors remain unchanged from now on. For an integer N > 1, write

Tn =LoU---U Ly, By(w)={se€Ly:v=s} (veTn). (6.1)

The set By (v) is the consecutive block of depth-N leaves below v. By (4.2), its total weight is
W,. We retain the change in the root value for every block. This will preserve a parent—child
addition identity for use in Section 7.
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6.1 One common input for each fixed depth

Fix N. Recall the single sequence b; = R;(z) in (3.12). For every nonroot v € Ty, the estimate
(5.10) of Proposition 5.1 says

jlgrzl/[fv(yv - \I/v(bj)) >1—ey.

Since e, > 0, the open interval (1 — 2e,,c0) contains that limit. The definition of a scalar

ultralimit in Subsection 5.1 and closure of a filter under supersets imply

Ay i =A{j: folyy — Uy(bj)) > 1 —2e,} €U.
There are only finitely many such conditions: each Lj is finite, N is fixed, and

N

#(Tv \{r}) = D #Li < oo

k=1
The individual A, are subsets of N; it is their number, not their cardinality, that is finite here.
Also, (3.12) gives the finite sum estimate
1
D NGu(by) = bill < = >~ ea, — 0.
uETN uETN

The number py from (5.6) is positive. Choose J so that the last sum is at most puy whenever
j > J. A free ultrafilter contains {j : j > J} and is closed under finite intersections, so

e#{j:j=Jtn [ A.€U.
veTN\{r}

Choose jy in this intersection and put by = bj, . For the rest of this section abbreviate b = by.
We have proved, for this one b, the simultaneous estimates

fo(yo — ¥y(D)) > 1 2e, (veTn\{r}), (6.2)
Yo = |Gu(®) = 0ll,  Dni= Y < pw (6.3)
u€Tn

The choice by may change with N; for a fixed N it is shared by all blocks and all switching
states.

6.2 The switching states and what their root values mean

List Ly = {s1,...,snm} from left to right. For 0 < i < M, prescribe the leaf values and
calculate the values above them by (4.3):

Hs[i.]:{isf" =
Y ] >Z7

Hg] :Gu< Z awHB]> (ueTn\ Ln), (64)

wlh=uy
Si = Oy ((H)sery) = HI.

The superscript [i] specifies one assignment, not a level of the tree. The first i leaves have
their labels; all later leaves have the common value b. In particular, switching from right to
left produces

Snv, Svm—1, -+, So.
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Every value in (6.4) lies in K, by convexity and G, (K) C K.
If By(v) = {Say---,Sc}, define

Uy:=S.=H  Vy:=8,,=H1 AN .=y, -V, (6.5)

Thus the subscript v on U,, V,, names the block; these are values at the root r, not values at v.
Their assignments can be read directly from (6.4):

‘Sjaj<a sj, a<j<c 3j,j>C‘ root
[C] ij ij b U’U = ',[10]
la—1]| v b b Vv, = g,

Only the block below v changes. At the root, By(r) = Ly, so A,(aN) = Sy — Sp. For every
block the consecutive differences telescope:

AN =8, — Sy
= (Sc - Sc—l) + (Sc—l - SC—Q) +---+ (Sa - Sa—l)

C

= 37(Si - Si-1).

i=a

(6.6)

These are differences of actual points of K. No nonlinear map is being distributed over a sum.

6.3 The errors in a uniformly assigned subtree

The point b = by and the numbers ~,, Dy remain the ones fixed in (6.3). We need the
following two estimates at intermediate levels before comparing the block endpoints.

Lemma 6.1. Let h € L, 0 < k < N, and compute values H, from depth-N leaf values by
(4.3). If every leaf s € By(h) is assigned Hy = ys, then

N-1

|Hp — yull < eenv =) 7. (6.7)
d=k
For k > 1 this error satisfies
ek, N < 27y, < ey for every v € Ly,. (6.8)

If instead every leaf s € By(h) is assigned Hs = b, then

|Hy =0l < > 7 <Dy <pn. (6.9)
uETN\LN
h=u

All these estimates also hold when some path weights are zero.

Proof. 1. All leaf values are labels.

At depth N the prescribed value is Hy = ys, so its error is zero. At u € Ly_1, using y, = Gy ()
and the return estimate (5.7) of Proposition 5.1,

[ Hy = yull = < < TN_1.

Z QslYs — T

sT=u

Gu ( Z asys) - Gu(m)

sT=u
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If N > 2, at the next level p € Ly_o the definitions give

[ Hp — ypll = ||Gp ( Z O‘uHu) — Gyp(z)

ut=p

IN

Z o Hy —

< Z || Hy — yull +

ult =p

Z Yy — T

uT:p

< TN-1 Z Qy +TN-2 = TN-1 + TN-2.
ut=p

The last line uses the first-level bound just proved, (5.7) at p, and Y ay, =1 from (4.1).

ut=p

For the general induction, assume every child w of h € L has error at most Zé\;ﬂl 74. The
one-node calculation (4.9), with (5.7), gives

1 = ynll < awllHo = yull + 7

wh=h
N-1 N-1
< Z aw( Z Td)+7k= ZTd-
wh=h d=k+1 d=k

The induction starts at the leaves with an empty sum equal to zero, proving (6.7). For k > 1,

the schedule (5.6) gives 74 = 279 g and pg < pp < e, for d > k and v € Ly. Hence
N-1 0o
Ek,N = Z 27 gy < Z 27l =27y <e,.
d=k d=k

This proves (6.8). In particular, the budget e, of one node bounds the untouched error at any
node h of the same level.

2. All leaf values are the common point.

Now Hs = b at every leaf below h, so ||Hs — b|| = 0 there. Recall v, = |G, (b) — b|| from (6.3).
The one-node calculation (4.10) reads

[y = b < + Yu

Gu( Z awHw) — Gy(b)

wh=u

(6.10)

IN

> ol Hew = bl + Y-

wh=u

At depth N — 1 its sum is zero because Hs; = b at each child leaf; thus ||H, — b|| < 7y. One
level higher it gives

[Hp = bl <%+ D awru <+ D Yue
ut=p ut=p

For all depths the induction statement is precisely

IHy =0l < >

UETN\LN
h=<u
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At a leaf both sides are zero. If it holds at the children w of an internal node h, substitution
into (6.10) yields

[Hp =0l <3n+ Y owlHy =0
wT=h

<Mt D, w D, T

w=u
St D D W= ) e
wT:hUETN\LN UETN\LN
w=u h=u

The second inequality is the induction hypothesis. The third uses 0 < a,, < 1 and ~, > 0.
The last equality uses the disjoint partition

{ueTn\Ln:h=u}={h} U |_| {ueTn\Ly:w=u}.
wt=h

Each proper descendant of h belongs to exactly one child subtree. This proves the induction.
The sum obtained is over a subset of Ty, and every summand is nonnegative. Using the
definition and bound in (6.3),

IHy=b < > < > yu=Dy<pun.

weTN\LN u€TN
h=<u
No path weight has been divided out, so zero weights cause no exception. O

6.4 Bounds and exact addition for the block differences

Proposition 6.2. For every N > 1, the differences Ag,N) defined by (6.5), using the one
common by of Subsection 6.1, satisfy

AN e K —-K,  |AM]<w, (v e Tw), (6.11)
Fo(AM)Y > W, — 5e, (ve T\ {r}), (6.12)
AN =57 A (ue Ty \ Ly). (6.13)

vT=u

Proof. Fix N and b = by as in Subsection 6.1. For v € Ly, write By (v) = {sq,...,Sc}. The
root values before and after the block are, by (6.4) and (6.5),

Up=Se=H, — V,=8,1=H"".
We first compare each of these root values with a point used by f,.

1. The root value before the block.

Assume v # 1, so k > 1. All leaves below v have their labels in assignment [¢]. Thus Lemma 6.1,
specifically (6.7) and (6.8), gives

1HY =yl < ern < e (6.14)
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Let po = 7, p1,...,px = v be the path to v. At p;, separate the on-path child p;1; from the
other children in the node rule (6.4):

+ HG z(y'l)) - yv“

1) =y, < G( M ahH}ﬂ> — Gi(y0)

ht=p;

IN

Cpups (HEL, = 90) + D an(H? = )|| + Gy () — wa
h#pit1
< api+1 HHI[J?H - va + (1 - O‘pi-ﬂ) + HGPi (yv) - va'

The second line uses nonexpansiveness and the coefficient sum one in (4.1). For the third line,
each off-path value H ,Ec] and y, lies in the diameter-one set K, so || H. }[lc} -yl < 1.

Multiply by W), and use Wy, o, , = Wp,,, from (4.1):

szHHE] - va - Wpi+1||Hch} - va < Wpi - Wpi+1 =+ WPiHGPi(yU) - yv”'

i+1
Sum over ¢ = 0,...,k — 1. Both differences telescope. Since W, = 1 and I—LLC] = U, by (6.5),

we obtain
k—1

HUv - yv” < WUHH’I[JC] - va +1- WU + Z szHG z(y’l)) - yv” (6'15)
1=0

Here are the two previously established bounds being substituted:

Wl HS — || < Wey < e, by (6.14) and W, < 1,
k—1
> W llGp, (yo) = poll <D 11Gp(w0) — ol < € by (5.8).
=0 p<v

Substitution into (6.15) gives
WUy — ol <ep+1—=Wy+e,=1—W, + 2e¢,. (6.16)

Thus 1—W,, comes from the off-path weights; the two e, terms have different sources, displayed
just above.

2. The root value after the block.

Continue to assume v # r. The assignment after this block is [a — 1], not a newly chosen
working tree. Its root is gt = s, =V, by (6.4) and (6.5). At depth k, the list
I, = {h € L : h <j v} identifies the untouched subtrees; all other depth-k subtrees have

switched completely. For comparison with the ideal input in (5.1),

h € Ly ‘ input for U, (b) ‘ computed error in [a — 1]
h e I,
h ¢ I,

—1
Un IH T — gl < exn <en
b HH;EG_” = b < pun < pk < eyp.

The first bound is (6.7)—(6.8) of Lemma 6.1. The second is (6.9), followed by uny < pr < e,
from (5.6). By the cutoff consistency identity (4.5), the actual root value after the block can
be evaluated from the calculated values on Ly:

Vy = o (HE WY ser ) = O ((H V) her,).
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The ideal comparison output in (5.1) is

idea. idea Yn he Iv’
Uy (b) = Ok ((Hyner,),  Hy™ = {b heLp\I

Both root values are therefore obtained by applying the same map ®;, to two level-k assignments.
Apply the propagation estimate (4.7) of Lemma 4.1, then split the sum according to I,:

Ve = o)l = || @ (™ Dner,) — @r((Hher,)

< 3" Wi |HEY - Hid)

heLy
a—1 a—1
=Y Wil =gl walE Y b
hel, heLi\I,
< éEpN Z Wi, + pun Z Wi,
hel, heLg\I,
< ey (Z Wi+ Y Wh)
hel, heLi\Iy
= ey Z Wy, = ey. (6.17)
heLy

The two error bounds are (6.7)—(6.8) and (6.9); the penultimate inequality also uses uy <
ur < e, from (5.6). The last equality is total mass one, (4.2) with the root as ancestor.

3. The functional detects the block difference.
The definition (6.5) and the identity
Uy = Vo = (o = W (b)) + (Us = 90) = (Vo = Wu (D))
allow us to use all three estimates at once. Since ||f,|| <1 in Proposition 5.1,
JoA) 2 fulyo = Bu(0) = 10 = goll = IV = Tu(0)]
> (1—2e,) — (1 =W, +2e,) — e, =W, — 5ey,.
The three substituted bounds are respectively (6.2), (6.16), and (6.17). This proves (6.12).

4. The norm bound and the parent—child identity.

Both U,, V, belong to K, so AS,N) € K — K. The two leaf assignments in (6.5) agree outside

By (v) and change each leaf in that block from ys to b. Recall from (6.5) that AN v, — v,
By Lemma 4.1 and (4.2),

AN = U, = Vil < > Willys—bl < > We=W,.
s€BN(v) s€ByN(v)

Here ys,b € K gives ||ys — b|| < 1. This proves (6.11), including v = r and W,, = 0.

For w strictly above level N, let its children be vq,...,v,, in order. Write By(v;) =
{8a4;5-++18¢;}- These blocks partition By(u) = {sq,...,5.} consecutively:
a; = a, ajr1=c¢j+1(j <m), Cm = C.
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Using the same output sequence S; for all blocks,

m

Z AT()N) = Z(Scj — Sa;-1)

vT=u Jj=1
= (Sq - Sa—l) + (502 - 501) +eeet (Sc - SCm71>
=S.— S84 1 =AM,

This proves (6.13). It is precisely why all blocks at a fixed depth use one by and one switching
experiment. O

7. One exact convex tree from the finite block differences

For every depth N, Proposition 6.2 supplies the differences Aq(,N) = U, — V, of actual root
values, with
AM ek -k, |AM<w,, A =3 AWM.
vT=u
The first two assertions are (6.11); the last is (6.13) for nodes strictly above level N. The tree
and the weights are the same for all N. We now take limits while keeping each node fixed.
This is the additional compactness step that replaces the use of reflexivity in the source proof.

7.1 A weakly compact set for each fixed node

For W, > 0 and N at least the depth of v, define

A K—-K
dN) = 20 C,=Byn . 7.1
v W, Y rw (7.1)

By (6.11), dS)N) € C,. Here C, is weakly compact: K — K is the continuous image of weakly

compact K x K under (a,b) — a — b; multiplication by the fixed scalar 1/W, preserves weak
compactness; and the unit ball By is weakly closed. No weak compactness of By itself is
required.

For N below the depth of v, set dl(,N) = 0. This remains in C, because 0 € K — K. If W, =0,
set dg,N) = 0 for every N. In that case (6.11) also gives AgN) = (0 whenever it is defined. Thus

for every node of depth at most N we have

WodM) = AN 1aM) < 1. (7.2)

v

Although the sets C,, depend on v and 1/W,, may be large, each v has its own fixed weakly
compact set for the entire sequence in N.

7.2 One subsequence for all nodes

The union of the finite levels is countable. Enumerate the nodes of positive weight as
v(1),v(2),.... By Eberlein-Smulian applied to Cy(1), choose an infinite index set A; C N along
which df}](\;)) converges weakly. Within it choose an infinite Ao C A; giving weak convergence at
v(2), and continue. At each stage the earlier convergences are preserved because a subsequence
of a convergent sequence has the same limit.

Choose successively N; € A; with N; > N;_; and N; > j. For fixed m, all N; with j > m
belong to A,,. Thus this one diagonal subsequence gives

dq(,Nj) —d, €C, for every fixed node v with W, > 0. (7.3)
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At zero-weight nodes put d, = 0. Consequently ||d,|| < 1 for all nodes. All limits below use
the same subsequence (7.3).

Proposition 7.1. The limit vectors satisfy

dy = Z Qydy, ldul] <1 for every node u, (7.4)
vT=u
0 < Wy(1 = fu(dy)) < bey (v#r). (7.5)

For a positive-weight node u € Ly and any n > k,

W, W,
o1 dy= S (7.6)
'U%;n Wu 'U%[;n Wu

Proof. 1. Pass the exact parent—child identity to the limit.
Fix u with W,, > 0. For N greater than its depth, (6.13) and (7.2) give

W d = 3" w,d™.

Since W,, = Wy, by (4.1), division by the fixed positive W, gives
dN) =" a,dM.

v
vT=u

The child list {v : v" = u} is finite, all coefficients a, are fixed, and (7.3) uses one common
subsequence for the parent and all its children. Finite linear combinations are weakly continuous,
so we may take the weak limit directly:

d, = w-lim duNj) = w-lim Z o ﬁNj)

Jj—o0 Jj—o0
vT=u
. N,
= Z Qy (w—hmdqg ])> = Z Qydy.
j—)OO

This proves (7.4) at u. No weak limit is being moved through a nonlinear map here; only a
fixed finite linear combination is involved. If W, = 0, every child also has weight zero and all
the corresponding d,, d, were defined as zero. The same equality then holds without division.

2. Pass the detection estimate to the limit.

For a nonroot v of positive weight, (6.12) and (7.2) yield, for all sufficiently large N,
0 < Wo(l = fu(dM)) = W, — f(AM) < 5e,.

The first inequality uses ||f|| < 1 and ||dS,N)H < 1. The functional f, is fixed, so (7.3) lets
us pass to its scalar limit, proving (7.5). At weight zero the left expression is zero, so that
estimate holds as well.

3. Iterate the convex decomposition to deeper levels.

For (7.6), the mass assertion is (4.2) divided by W,, > 0. The vector assertion can be checked
one level at a time without changing any weights. Multiplying (7.4) by W, first gives

Wudy = Y Wyd,.

vT=u

Expository Note = Version 1 30/35



Exact Mathematics with Al — Expository Note FPP / Version 1

At two levels it gives

Wudy = Y Y Waudy =Y Wydy.

Q;T:u u}T:’U wELk+2
u=w

More generally, if the expression at level n equals W,d,,, then

S Wedy= > > Wady

vE Ly, VEL, wl=v
u=v u=v
= E Wopdy.
wELn+1
u=w

The child lists partition the descendants at the next level. Induction and division by W,, prove
(7.6). O

The original labels y, = G,(z) did not form an exact convex tree: their return estimate (5.7)
was only approximate and was centered at x. The new vectors d,, do form one, by (7.4).
Exactness comes from the addition of block differences (6.13), followed by fixed-node weak
limits.

8. A small slice gives the contradiction

We now combine the fixed functionals from Proposition 5.1 with the vectors from Proposition 7.1.
The functionals become small on each fixed vector, but their average deficit on the vectors
at their own level also tends to zero. The exact convex decomposition will make these two
properties incompatible with a small slice.

8.1 Vanishing on fixed vectors and the weighted deficit
Lemma 8.1. For every fired d € Y,

max [fold)| —0 (k= o0). (8.1)

For the limit vectors d, in (7.3) and each k > 1, the nonnegative numbers

G = Wo(l— fuldy)) <5 ) e (8.2)

vELY vELy

satisfy q. — 0.

Proof. Recall the norm-dense sequence (z;) in K fixed in (2.6). For fixed 4, j and k& > max{4, j},
(5.9) of Proposition 5.1 gives, for every v € Ly,

1*€v§fv(yvfzi)§1a 1*6U§fv(y1;*2j)§1.

The upper bounds use || fy|| < 1, Y, 2,25 € K, and diam K = 1. Subtract the two scalar
expressions:

f'u(zi - Zj) = fv(yv - Zj) - fv(yv - Zi)v ’fv(zi - Z])’ < éy.

The budget (5.5) is summable across the levels, so

Z Z ey < 00, max e, < Z ey, — 0. (8.3)

i3
k>1veLy, vELE vely,
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If a =3>1" ct(zi, — 2j,), choose k beyond all the indices occurring in this finite sum. Then

m
< .
max | f,(a)| < (Z ]ct|> vme%),fe” —0

vELy i—

Such vectors a are dense in Y by (2.6). For arbitrary fixed d € Y and n > 0, choose one with
ld — all <. Since [|fo[| <1,

S(d)] < |ld — w(a)].
max|fy(d)] < |d —al| + max| fu(a)]

The limsup is at most 7; let n | 0 to prove (8.1). Finally, summing (7.5) over the finite level
Ly, gives (8.2), and (8.3) gives ¢x — 0. O

8.2 The closed convex hull cannot have a small slice

Proof of Theorem 1.1. Assume a counterexample. The reduction (2.5) gives the RNP space
Y. Proposition 5.1 supplies the maps and functionals; Proposition 6.2 supplies the finite
block differences; Proposition 7.1 gives the limit vectors and their exact convex decomposition.
Define

D =vco{d, : W, > 0} C By. (8.4)

This set is nonempty because W, = 1. It is bounded because ||d,|| < 1, and is closed and
convex by definition. Zero-weight nodes are excluded from the generating set; they never
contribute to a convex decomposition in (7.6).

By the RNP slice property (1.2), choose g € Y* and € > 0 such that the slice

o = sup g(d), a=o0—c¢, S={deD:g(d) > a}, J:=diamS < 1 (8.5)
deD

is nonempty. We will show that a positive fraction of the descendants of one node must stay
in S. On this fraction their functional deficit cannot tend to zero, contradicting (8.2).

1. Choose a node in the slice and fix it.

Since D is the closed convex hull in (8.4),

sup g(d) = sup g(dy).
deD Wy>0

Indeed, a linear functional on any finite convex combination is at most the supremum of its
values on the generating points, and continuity preserves the inequality under norm closure.
As a < o, there is a node u with

dy) —
W,>0, dy€S, n:_g(ga>o. (8.6)

Fix this u, as well as g, ¢, a,d, k, for all that follows. In particular W, is one fixed positive
number, even if it is small.

2. A fixed positive mass of descendants remains in the slice.
Let u € Ly, and n > k. The exact descendant identities (7.6) say

W, W
> 7o =L du= > 7

’UGLn
u=v u=v
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For the descendants lying in S, put

= Wy, (8.7)

UGLTL Wu
u=v, dy €S

Terms of weight zero contribute nothing. Every positive-weight d, lies in D. By (8.5), its
value under g is at most a outside S and at most 0 = a + ¢ inside S. Thus

g(du) = Z 79((11})
vELy Wu
u=v
W, Wy
= Z 9(dy) + Z 9(dy)
vELy Wu vELy Wu
u=v, dy€S u=v, dy¢S

< (G+5)pn +a(1 _pn) =a -+ €Epn.
Rearrange and use the definition of x in (8.6):
g(du) —a
€
The lower bound is independent of n.

DPn > =Kk>0 (n>k). (8.8)

3. A small slice forces a positive deficit on those descendants.

Apply (8.1) of Lemma 8.1 to the fixed vector d,. Since § < 1, there is ng such that

-0
max |fu(d)| < S5 (02 o). (8.9)

If d, € S and n > ny, both d, and d, belong to the set S of diameter d, so ||d, — dy| < 4.
Together with (8.9) and || f,|| < 1, this gives

fv(dv) = fv(dU) + fv(dv - du)

1-9 146
< folda)l + lldy = dull < —— + 0= ——.
Consequently,
1—-90
1— fo(dy) > > 0 (v € Ly, dy, €S, n>nyg). (8.10)

4. Compare with the deficit of the whole level.

Recall ¢, = > ,er, Wo(1 = fu(dy)) — 0 from (8.2). All summands are nonnegative, since
I foll, [[dv]] < 1. For n > k and n > ng, retain only the terms belonging to descendants of u
inside S:

R A %(1—,@(%))

vELy,
u=v, dyES
1-9¢ W, 1-9¢ 1-9¢
>— Y F=——p>—5r>0.
2 veln Wy 2 2
u=v, dy€S
The second inequality is (8.10); the last is (8.8). But g, /W, — 0, because g, — 0 and W,, > 0
was fixed in (8.6). This contradiction proves Theorem 1.1. O

The same argument shows that every nonempty slice of the particular set (8.4) has diameter at
least one. The RNP is used only to exclude such a set. No martingale convergence theorem or
weak compactness of the entire ball By is needed. The role of weak compactness is localized
in the sets C,, of (7.1).
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8.3 The commuting-family consequence

Corollary 8.2. Let X be a real Banach space with the RNP, let C C X be nonempty, weakly
compact, and convex, and let S be a pairwise commuting family of nonexpansive selfmaps of
C. Then

Fix(S)={x € C:T(x) = x for every T € S}

is nonempty and is a nonexpansive retract of C.

Proof. If S is empty, the identity is the required retraction. For the nonempty case we apply
[1, Theorem 1]. Its hypotheses are the fixed point property of C, the conditional fixed point
property of C'; and weak compactness of C'. The first follows from Theorem 1.1. To check the
second, let T': C — C' be nonexpansive and F C C' a nonempty norm-closed bounded convex
T-invariant subset. Being norm closed and convex, F is weakly closed; as a weakly closed
subset of weakly compact C, it is weakly compact. Thus Theorem 1.1 applied to T'|g gives a
fixed point in F. This proves the conditional property, in fact without needing to assume that
T already has a fixed point in C'. Bruck’s theorem gives the nonempty common fixed set and
a nonexpansive retraction onto it. O

Attribution

This note reconstructs the argument in the cited OpenAl preprint and records an RNP
extension; it is not an announcement of an independent solution. The minimal invariant-
set reduction, anchor, ordered-tree construction, finite-switching mechanism, and weighted
block detection are attributed to [10]. The fixed-node compactness formulation, simultaneous
diagonal limit, exact bounded convex tree, and small-slice conclusion are the additional
organization recorded in this note.

Use of ChatGPT

The entire manuscript was drafted and revised using ChatGPT.
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