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Abstract

We develop Lipschitz-free spaces from their definition and linearization property to the
theorem that the free space over a real Hilbert space contains no linearly isomorphic copy
of c0. A common principle organizes the proofs: a summable family of scalar Lipschitz tests
defines one operator into ℓ1, where Schur’s property controls weak convergence. We use
this principle to prove compact reduction for weakly null sequences and to treat compact
convex subsets of Hilbert spaces through explicit square-root approximations, finite Hilbert
averages, and multiplicative damping. All estimates in this part are obtained from algebraic
identities and finite sums, without using derivatives or integrals. Nearest-point retractions
and the Bessaga–Pełczyński theorem then give the result for the whole Hilbert space. The
exposition specializes existing arguments to these conclusions and supplies the free-space
background for a companion account of Lipschitz homeomorphic, linearly non-isomorphic
Banach spaces.
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1. Introduction

A Lipschitz-free space turns Lipschitz maps into bounded linear operators. Starting from a
metric space M with a distinguished point 0, one forms a Banach space F(M) generated by
an isometric image of M . Every Lipschitz map from M into a Banach space that sends 0
to 0 then has a unique bounded linear extension to F(M), with operator norm equal to the
Lipschitz constant. This construction makes methods from Banach space theory available for
studying Lipschitz maps. It also raises a structural question: what can the geometry of M tell
us about the Banach space F(M)?
We develop the basic tools needed to answer one particular instance of that question. Our
final result is that, for every real Hilbert space H,

F(H) contains no linearly isomorphic copy of c0. (1.1)

Here c0 is the space of real sequences tending to zero, with the supremum norm. A linearly
isomorphic copy of a Banach space E in a Banach space Y means the range of a bounded
linear map S : E → Y for which there exists b > 0 such that

∥Sx∥ ≥ b ∥x∥ (x ∈ E).

We also write E ↪→ Y when such a map exists. All spaces in this note are real.
The proof of (1.1) has two stages. We first show that weakly null sequences in a free space
can be approximated on one compact set. More precisely, if M is complete and µn ⇀ 0 in
F(M), then for every τ > 0 there exists a compact set K ⊂ M containing 0 such that

sup
n

dist(µn,F(K)) < τ. (1.2)

The notation F(K) ⊂ F(M) will be justified by the extension theorem for real-valued Lipschitz
functions. The compact set in (1.2) depends on the sequence and on τ , and approximates
every term of the sequence simultaneously.
We then prove that F(C) contains no copy of c0 when C is a compact convex subset of a Hilbert
space. To pass from this result to (1.1), suppose that S : c0 → F(H) were an embedding.
Apply compact reduction to the weakly null sequence (Sen), where (en) is the usual unit
vector sequence of c0. The closed convex hull of the resulting compact set is still compact.
Its nearest-point retraction induces a projection of free spaces, and the Bessaga–Pełczyński
theorem then gives the contradiction. The details of this transfer are proved in Section 6.
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1.1 A common method for the two compactness arguments

Both stages use families of real-valued Lipschitz functions to test vectors in a free space. The
useful estimate is ∑

j≥1
|fj(x) − fj(y)| ≤ Ld(x, y) (x, y ∈ M), (1.3)

where each fj vanishes at 0. It says that x 7→ (fj(x))j≥1 is an ℓ1-valued Lipschitz map. After
linearization, the same family defines a bounded operator

A : F(M) → ℓ1, Aµ = (⟨fj , µ⟩)j≥1.

Here δM (x) denotes the canonical image of x in F(M). The pairing is first defined by
⟨f, δM (x)⟩ = f(x) and then extended linearly and continuously. Its construction is given in
Section 2.1. If µn ⇀ 0, Schur’s property of ℓ1 gives ∥Aµn∥1 → 0. Thus a family satisfying
(1.3) cannot have pairings bounded away from zero along a weakly null sequence. There is a
corresponding uniform tail estimate for weakly Cauchy sequences.
The two main arguments obtain (1.3) in different ways. In compact reduction, the functions are
arranged to have disjoint nonzero sets. On a compact convex subset of a Hilbert space, their
nonzero sets can overlap. Instead, explicit approximations and Hilbert averages control linear
coefficients of their increments, with quadratic errors. Finite products make the coefficient
bounds telescope, and subdivision of line segments removes the quadratic errors. This gives
the same increment estimate using finite sums. The operator argument is proved once in
Section 3, so that the later proofs can concentrate on constructing the appropriate functions.

1.2 Scope and sources

Section 2 develops free-space duality, linearization, and the inclusion of the free space of a
subset. Section 3 proves the summable-test principle and the elementary cutoff estimates.
Section 4 proves compact reduction for weakly null sequences. Section 5 treats compact convex
subsets of Hilbert spaces, and Section 6 passes to the whole Hilbert space.
Our proof of compact reduction is tailored to sequences and follows Aliaga–Noûs–Petitjean–
Procházka [1]. The argument for compact convex subsets uses the averaging and damping
method of Kochanek–Pernecká [5], whose theorem proves weak sequential completeness in
a more general setting. Here we develop the part needed to exclude c0. Section 5 gives
a self-contained algebraic reconstruction of the approximation and segment estimates: its
square-root formulas and finite-subdivision calculations are proved here, not quoted as formulas
from that paper. The nearest-point retraction used in the final transfer also appears in the
proof of Theorem C of Aliaga–Pernecká–Quero [2]. These are existing results and methods;
the purpose of this note is to give a detailed route through the special forms needed here.
The choice of material is motivated by OpenAI’s construction of Lipschitz homeomorphic
separable Banach spaces that are not linearly isomorphic [8]. A companion exposition will treat
that construction using the results proved here. The present note can be read independently:
its goal is (1.1), and all arguments leading to that goal are developed below.
We assume standard Banach space theory, including Hahn–Banach, Schur’s property of ℓ1,
and the Bessaga–Pełczyński theorem on unconditional series. The operator consequence of the
last theorem is derived explicitly in Section 6.1. We also use basic Hilbert space geometry,
finite sums, and finite nets in compact metric spaces. The Lipschitz-free space constructions,
the square-root approximation, and the specific compactness arguments are proved in the text.
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2. Lipschitz functions and free spaces

We begin with the evaluation of scalar Lipschitz functions. The resulting norm gives both
the isometric inclusion of the metric space and the linearization of Banach-valued maps. The
extension theorem then identifies the free space of a subset as a closed subspace, which will be
needed when we approximate vectors on compact sets.

2.1 From a Lipschitz function to a linear functional

Let (M,d, 0) be a pointed metric space. The point 0 is distinguished, but M need not be a
vector space. For f : M → R, write

Lip(f) = sup
x ̸=y

|f(x) − f(y)|
d(x, y) , Lip0(M) = {f : M → R : f(0) = 0, Lip(f) < ∞}.

The supremum over no pairs is zero. The norm on Lip0(M) is Lip(f). It is a norm, rather
than a seminorm, because a function of Lipschitz constant zero is constant and here must
vanish at 0. For every x ∈ M , evaluation is a bounded linear functional because

|f(x)| = |f(x) − f(0)| ≤ Lip(f)d(x, 0).

We denote this functional by δM (x), so that δM (x)(f) = f(x), and define

F(M) = span{δM (x) : x ∈ M} ⊂ Lip0(M)∗. (2.1)

The closure is in the dual norm. Thus F(M) is a Banach space. In particular, every element
can be approximated in norm by a finite sum of evaluations. The norm of such a sum is∥∥∥∥∥∥

m∑
j=1

ajδM (xj)

∥∥∥∥∥∥ = sup
f(0)=0

Lip(f)≤1

∣∣∣∣∣∣
m∑

j=1
ajf(xj)

∣∣∣∣∣∣ . (2.2)

The evaluation map preserves distance.

Since every function in the supremum is 1-Lipschitz,

∥δM (x) − δM (y)∥ = sup
f(0)=0

Lip(f)≤1

|f(x) − f(y)| ≤ d(x, y).

For the reverse inequality, fix y and define fy(t) = d(t, y) − d(0, y). The reverse triangle
inequality gives |fy(s) − fy(t)| = |d(s, y) − d(t, y)| ≤ d(s, t), and fy(0) = 0. This particular
function satisfies fy(x) − fy(y) = d(x, y). Hence

δM (0) = 0, ∥δM (x) − δM (y)∥ = d(x, y). (2.3)

For a normed-space domain, the right side is ∥x− y∥.
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Linearity takes place in the free-space variable.

For f ∈ Lip0(M) and a finite evaluation sum, set〈
f,
∑

j

ajδM (xj)
〉

=
∑

j

ajf(xj). (2.4)

This is the action of the element of Lip0(M)∗ on f . Formula (2.2) gives∣∣∣∣∣∣
∑

j

ajf(xj)

∣∣∣∣∣∣ ≤ Lip(f)

∥∥∥∥∥∥
∑

j

ajδM (xj)

∥∥∥∥∥∥ .
It therefore extends continuously to F(M), with |⟨f, µ⟩| ≤ Lip(f) ∥µ∥. This does not assert
linearity of f on M ; it asserts linearity in µ ∈ F(M).
Conversely, given ℓ ∈ F(M)∗, define fℓ(x) = ℓ(δM (x)). Then fℓ(0) = 0, and

|fℓ(x) − fℓ(y)| ≤ ∥ℓ∥ ∥δM (x) − δM (y)∥ = ∥ℓ∥ d(x, y).

On finite evaluation sums, ℓ(
∑
ajδM (xj)) =

∑
ajfℓ(xj). Density shows that ℓ is the functional

associated with fℓ. The two norm inequalities just proved give

F(M)∗ = Lip0(M) isometrically. (2.5)

These are the standard evaluation and duality descriptions of free spaces; see [4].
For a Lipschitz function not vanishing at 0, our convention is

⟨f, µ⟩ = ⟨f − f(0), µ⟩, ⟨f, δM (x)⟩ = f(x) − f(0).

In particular, constants have zero pairing.

2.2 Vector-valued linearization and subsets

Proposition 2.1 (Linearization). Let E be a real Banach space and F : M → E a Lipschitz
map with F (0) = 0. There is a unique bounded linear operator F̂ : F(M) → E satisfying
F̂ δM (x) = F (x) for every x ∈ M , with

∥∥∥F̂∥∥∥ = Lip(F ).

Proof. The prescribed values force the formula

F̂

∑
j

ajδM (xj)

 =
∑

j

ajF (xj).

We must first check that two representations of a free-space vector give the same result. If
e∗ ∈ E∗ and ∥e∗∥ ≤ 1, the function e∗ ◦ F vanishes at zero and has Lipschitz constant at most
Lip(F ). Consequently, ∥∥∥∥∥∥

∑
j

ajF (xj)

∥∥∥∥∥∥ = sup
∥e∗∥≤1

∣∣∣∣∣∣
∑

j

aje
∗(F (xj))

∣∣∣∣∣∣
≤ Lip(F )

∥∥∥∥∥∥
∑

j

ajδM (xj)

∥∥∥∥∥∥ .
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If the input sum is zero, its proposed image is zero. Subtracting two representations proves
well-definedness. The same inequality extends the linear map to the norm closure, since E is
complete, and gives

∥∥∥F̂∥∥∥ ≤ Lip(F ).
For any x, y ∈ M , the defining formula now gives

∥F (x) − F (y)∥ =
∥∥∥F̂ (δM (x) − δM (y))

∥∥∥
≤
∥∥∥F̂∥∥∥ ∥δM (x) − δM (y)∥ =

∥∥∥F̂∥∥∥ d(x, y).

Thus Lip(F ) ≤
∥∥∥F̂∥∥∥. Finally, any two bounded linear operators with the prescribed values

agree on the evaluation span and therefore on its closure.

For a pointed Lipschitz map r : M → N between metric spaces, the Banach-valued map to
linearize is δN ◦ r : M → F(N). Its resulting operator is

r̂ : F(M) → F(N), r̂δM (x) = δN (r(x)), ∥r̂∥ = Lip(r).

The equality of constants follows because δN preserves distance. This is the version used later
for a nearest-point retraction.

McShane extension and the free space of a subset.

Let 0 ∈ K ⊂ M and f ∈ Lip0(K), with Lip(f) ≤ L. For L > 0, the McShane extension [7] is

f̃(x) = inf
z∈K

(
f(z) + Ld(x, z)

)
, x ∈ M. (2.6)

The expression is finite. Indeed, z = 0 gives the upper bound Ld(x, 0), while, for every z ∈ K,

f(z) + Ld(x, z) ≥ −Ld(z, 0) + Ld(x, z)
≥ −Ld(x, 0).

For x ∈ K, the Lipschitz inequality gives

f(z) + Ld(x, z) ≥ f(x) (z ∈ K),

and z = x gives equality. Thus f̃ |K = f .
For arbitrary x, y ∈ M and z ∈ K, the triangle inequality gives

f(z) + Ld(x, z) ≤ f(z) + Ld(y, z) + Ld(x, y).

Taking the infimum over z yields

f̃(x) ≤ f̃(y) + Ld(x, y).

Interchanging x and y, we obtain

|f̃(x) − f̃(y)| ≤ Ld(x, y).

For L = 0 the function is zero and its zero extension suffices.
The inclusion of evaluations from K into F(M) is isometric. For a finite sum

ν =
∑

j

ajδK(xj), xj ∈ K,
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restriction of functions gives
∥ν∥F(M) ≤ ∥ν∥F(K) .

Extension by (2.6) gives the opposite inequality:

sup
f∈Lip0(K)
Lip(f)≤1

∣∣∣∣∣∣
∑

j

ajf(xj)

∣∣∣∣∣∣ ≤ sup
g∈Lip0(M)
Lip(g)≤1

∣∣∣∣∣∣
∑

j

ajg(xj)

∣∣∣∣∣∣ .
The resulting identification is

F(K) = span{δM (x) : x ∈ K} ⊂ F(M).

In particular, for a Lipschitz f on M ,

|⟨f, ν⟩| ≤ Lip(f |K) ∥ν∥ (ν ∈ F(K)). (2.7)

Only the restriction to K matters in this pairing.
We shall also use the following characterization:

µ ∈ F(K) ⇐⇒ ⟨f, µ⟩ = 0 for every f ∈ Lip0(M) with f |K = 0. (2.8)

The forward implication follows on evaluations and then by continuity. For the reverse
implication, if µ is outside the closed subspace F(K), Hahn–Banach gives ℓ ∈ F(M)∗ vanishing
on that subspace but not at µ. The corresponding function f(x) = ℓ(δM (x)) vanishes on K
and contradicts the right side.

Two consequences used later.

If M is separable, take a countable dense subset containing 0. By (2.3), rational finite linear
combinations of its evaluations are dense in F(M). Thus F(M) is separable.
Suppose fn ∈ Lip0(M), Lip(fn) ≤ L, and fn(x) → f(x) at every point. Taking the limit
in |fn(x) − fn(y)| ≤ Ld(x, y) shows Lip(f) ≤ L and f(0) = 0. For µ ∈ F(M) and a finite
evaluation sum ν =

∑m
j=1 ajδM (xj),

|⟨fn − f, µ⟩| ≤ |⟨fn − f, ν⟩| + 2L ∥µ− ν∥

≤
m∑

j=1
|aj | |fn(xj) − f(xj)| + 2L ∥µ− ν∥ .

Choose ν close to µ first; the finite sum then tends to zero. This proves

⟨fn, µ⟩ −→ ⟨f, µ⟩ (µ ∈ F(M)). (2.9)

3. Summable Lipschitz tests

To exploit weak convergence we shall combine a family of scalar Lipschitz functions into one
map with values in ℓ1. We first prove the estimate that makes this possible and its consequences
for weakly null and weakly Cauchy sequences. We then construct such families by cutting off
functions and separating their nonzero sets.
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3.1 One operator for a family of scalar tests

The next lemma gives four equivalent ways to control a family of Lipschitz functions. The
point-pair formulation is convenient for construction; the operator formulation is convenient
for weak convergence.

Lemma 3.1 (Summable tests). Let fj ∈ Lip0(M) for j ≥ 1, and let C ≥ 0. The following
conditions are equivalent.

(i) For all x, y ∈ M , ∑
j≥1

|fj(x) − fj(y)| ≤ Cd(x, y). (3.1)

(ii) For every finite F ⊂ N and real coefficients |aj | ≤ 1,

Lip

∑
j∈F

ajfj

 ≤ C. (3.2)

(iii) The formula
f : M → ℓ1, f(x) = (fj(x))j≥1 (3.3)

defines a map with Lip(f) ≤ C.

(iv) The formula
A : F(M) → ℓ1, Aµ = (⟨fj , µ⟩)j≥1 (3.4)

defines a bounded linear operator with ∥A∥ ≤ C.

The last two conditions include that the sequences belong to ℓ1.

Proof. (i) implies (ii). For every allowed finite sum,∣∣∣∣∣∣
∑
j∈F

ajfj(x) −
∑
j∈F

ajfj(y)

∣∣∣∣∣∣ ≤
∑
j∈F

|fj(x) − fj(y)| ≤ Cd(x, y).

(ii) implies (i). For fixed x, y choose σj ∈ {−1, 1} so that σj(fj(x) − fj(y)) = |fj(x) − fj(y)|.
Then ∑

j∈F

|fj(x) − fj(y)| =

∣∣∣∣∣∣
∑
j∈F

σj(fj(x) − fj(y))

∣∣∣∣∣∣ ≤ Cd(x, y).

Increasing F = {1, . . . , N} gives the infinite sum.
(i) is equivalent to (iii). Setting y = 0 in (i) gives∑

j

|fj(x)| ≤ Cd(x, 0),

so f(x) ∈ ℓ1. Moreover,
∥f(x) − f(y)∥1 =

∑
j

|fj(x) − fj(y)|.

This equality proves both implications.
(iii) implies (iv). Since f(0) = 0, its linearization f̂ has norm at most C. For a finite evaluation
sum, (

f̂
∑

k

akδM (xk)
)

j

=
∑

k

akfj(xk) =
〈
fj ,
∑

k

akδM (xk)
〉
.

Expository Note • Version 1 8 / 45



Exact Mathematics with AI — Expository Note Lipschitz-free / Version 1

For a fixed j, the jth coordinate functional on ℓ1 and the functional represented by fj on
F(M) are continuous. If finite evaluation sums µm converge to µ, then

(f̂µ)j = lim
m

(f̂µm)j = lim
m

⟨fj , µm⟩ = ⟨fj , µ⟩.

Define A = f̂ . Its values already belong to ℓ1 by vector-valued linearization, and the last
equality proves the coordinate formula in (iv), with ∥A∥ ≤ C.
(iv) implies (i). The displayed coordinate formula gives A(δM (x) − δM (y)) = (fj(x) − fj(y))j .
Consequently,∑

j

|fj(x) − fj(y)| = ∥A(δM (x) − δM (y))∥1 ≤ C ∥δM (x) − δM (y)∥ = Cd(x, y).

We write xn ⇀ x in a Banach space E when e∗(xn) → e∗(x) for every e∗ ∈ E∗. A sequence
is weakly Cauchy when every scalar sequence (e∗(xn))n is Cauchy. By (2.5), in a free space
these conditions are tested against all f ∈ Lip0(M). Bounded linear operators preserve weak
convergence and weak-Cauchy sequences. More explicitly, for a bounded linear operator
T : E → Y and y∗ ∈ Y ∗, y∗(Txn) = (T ∗y∗)(xn), where T ∗y∗ ∈ E∗. Thus the required scalar
convergence, or scalar Cauchy property, follows from the corresponding assumption on (xn).

Corollary 3.2. Suppose (fj) satisfies Lemma 3.1.

(i) If µn ⇀ 0 in F(M), then ∑
j

|⟨fj , µn⟩| −→ 0. (3.5)

(ii) If (µn) is weakly Cauchy, then

lim
J→∞

sup
n

∑
j≥J

|⟨fj , µn⟩| = 0. (3.6)

In particular, supn |⟨fj , µn⟩| → 0 as j → ∞.

Proof. By Lemma 3.1, the operator

A : F(M) −→ ℓ1, Aµ = (⟨fj , µ⟩)j≥1,

is bounded. Put xn = Aµn. If µn ⇀ 0, then for each ϕ ∈ (ℓ1)∗,

ϕ(xn) = ϕ(Aµn) = (A∗ϕ)(µn) −→ 0,

since A∗ϕ ∈ F(M)∗. Hence xn ⇀ 0 in ℓ1, and Schur’s property gives∑
j

|⟨fj , µn⟩| = ∥xn∥1 −→ 0.

Now suppose (µn) is weakly Cauchy. We first show that (xn) is norm Cauchy. Otherwise
there are η > 0 and increasing pairs of indices nk < mk < nk+1 such that ∥xnk

− xmk
∥1 ≥ η.

For every ϕ ∈ (ℓ1)∗, the scalar sequence (ϕ(xn))n is Cauchy, so ϕ(xnk
− xmk

) −→ 0. Schur’s
property applied to these weakly null differences gives ∥xnk

− xmk
∥1 → 0, a contradiction.

Completeness yields xn → x in ℓ1 for some x = (xj)j ∈ ℓ1.
Fix η > 0. Choose n0 so that

∥xn − x∥1 <
η

2 (n ≥ n0).
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Since only finitely many indices n < n0 remain, choose J so that∑
j≥J

|xj | < η

2 ,
∑
j≥J

|(xn)j | < η (1 ≤ n < n0).

For n ≥ n0, ∑
j≥J

|(xn)j | ≤ ∥xn − x∥1 +
∑
j≥J

|xj | < η.

This proves the uniform tail estimate for all n. If j ≥ J , then

|(xn)j | ≤
∑
k≥J

|(xn)k|,

which gives the individual-coordinate estimate.

Condition (3.2) is the bounded-finite-sums description of a weakly unconditionally Cauchy
series in Lip0(M). We shall use the concrete estimate rather than this terminology. It is
much weaker than

∑
j Lip(fj) < ∞: the functions may each have a large Lipschitz constant,

provided their variations do not add without bound at the same pair of points.

3.2 Cutoffs and functions with disjoint nonzero sets

Lemma 3.3 (Cutoff products). For z ∈ M and r > 0, define

χz,r(x) = max {0,min {1, 2 − 2d(x, z)/r}} .

It takes values in [0, 1], equals one when d(x, z) ≤ r/2, equals zero when d(x, z) ≥ r, and has
Lipschitz constant at most 2/r. If f(z) = 0 and Lip(f) ≤ L, then

Lip(χz,rf) ≤ 3L, Lip((1 − χz,r)f) ≤ 3L. (3.7)

Proof. Let
θ(s) = max{0,min{1, s}} (s ∈ R).

This scalar truncation is 1-Lipschitz, so

|θ(s) − θ(t)| ≤ |s− t| (s, t ∈ R).

The cutoff is the composition

χz,r(x) = θ

(
2 − 2d(x, z)

r

)
.

Applying the scalar inequality to the two inputs and then using the reverse triangle inequality
gives

|χz,r(x) − χz,r(y)| ≤
∣∣∣∣(2 − 2d(x, z)

r

)
−
(

2 − 2d(y, z)
r

)∣∣∣∣
= 2
r

|d(x, z) − d(y, z)| ≤ 2
r
d(x, y).

The stated values follow by substituting d(x, z) ≤ r/2 and d(x, z) ≥ r into its formula.
Let χ denote either χz,r or 1 − χz,r. If χ(x) = χ(y), then

|f(x)χ(x) − f(y)χ(y)| = |χ(x)| |f(x) − f(y)| ≤ Ld(x, y).
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Otherwise at least one endpoint lies in B(z, r): outside that ball the cutoff, and also its
complement, has a constant value. Call that endpoint x. The normalization f(z) = 0 implies
|f(x)| ≤ Lr. Expanding the product difference in the order that uses this endpoint gives

f(x)χ(x) − f(y)χ(y) = χ(y)(f(x) − f(y)) + f(x)(χ(x) − χ(y)),

|f(x)χ(x) − f(y)χ(y)| ≤ Ld(x, y) + Lr
2
r
d(x, y) = 3Ld(x, y).

No global bound on f has been used, and the constant is independent of r.

Lemma 3.4 (Disjoint nonzero sets). Let uj : M → R have pairwise disjoint nonzero sets and
satisfy Lip(uj) ≤ L. Then∑

j

|uj(x) − uj(y)| ≤ 2Ld(x, y) (x, y ∈ M). (3.8)

Consequently the normalized functions uj − uj(0) satisfy Lemma 3.1 with constant 2L.

Proof. At each point at most one function is nonzero. If both points have their nonzero value
in the same function up, then∑

j

|uj(x) − uj(y)| = |up(x) − up(y)| ≤ Ld(x, y).

If up(x) ̸= 0 and uq(y) ̸= 0 with p ̸= q, disjointness gives up(y) = uq(x) = 0. Hence∑
j

|uj(x) − uj(y)| = |up(x)| + |uq(y)|

= |up(x) − up(y)| + |uq(x) − uq(y)| ≤ 2Ld(x, y).

If all functions vanish at one endpoint, at most one difference remains and is at most Ld(x, y).
If they vanish at both endpoints, the sum is zero. These cases exhaust all possibilities.
Subtracting uj(0) does not change any difference in (3.8).

The nonzero sets are considered before subtracting constants. Their closures need not be
disjoint or a positive distance apart.

Lemma 3.5 (Multiplication on a free space). Let h : M → R be bounded and Lipschitz, and
suppose h(x) = 0 whenever d(x, 0) > R. The prescription ShδM (x) = h(x)δM (x) extends to a
bounded linear operator Sh : F(M) → F(M) satisfying

∥Sh∥ ≤ ∥h∥∞ +RLip(h). (3.9)

If h = 1 on a set A containing 0, this operator fixes F(A). Its range lies in span{δM (x) :
h(x) ̸= 0}. Adding the base point to this set of evaluation points does not change the span,
because δM (0) = 0.

Proof. Define Φh : M → F(M) by Φh(x) = h(x)δM (x). It fixes zero because δM (0) = 0. If
h(x) = h(y) = 0, its difference is zero. Otherwise interchange x, y if necessary so that h(y) ̸= 0
and therefore d(y, 0) ≤ R. Then

Φh(x) − Φh(y) = h(x)(δM (x) − δM (y)) + (h(x) − h(y))δM (y),
∥Φh(x) − Φh(y)∥ ≤ |h(x)|d(x, y) + |h(x) − h(y)|d(y, 0)

≤
(
∥h∥∞ +RLip(h)

)
d(x, y).
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Thus Φh is Lipschitz and vanishes at zero, which are precisely the assumptions of Proposition 2.1.
Define Sh = Φ̂h : F(M) → F(M). Its values and norm are

Sh(δM (x)) = Φh(x) = h(x)δM (x), ∥Sh∥ = Lip(Φh) ≤ ∥h∥∞ +RLip(h).

If x ∈ A and h(x) = 1, then ShδM (x) = δM (x); continuity extends this identity to F(A).
Every image of an evaluation is either zero or a scalar multiple of an evaluation at a point
where h ̸= 0. Finite linear combinations and then norm limits give the range assertion.

4. Compact reduction for weakly null sequences

Let M be a complete pointed metric space, and suppose µn ⇀ 0 in F(M). We seek a single
compact set K ∋ 0 such that all the µn are close to F(K). The proof proceeds in three stages.
First we restrict attention to one bounded set. Next we obtain a finite cover at any fixed
positive scale. Finally we combine these covers at successively smaller scales while keeping the
accumulated approximation error small.
The first two stages use functions with disjoint nonzero sets and the uniform tail estimate of
Corollary 3.2. The third uses the multipliers of Lemma 3.5 to preserve weak convergence at
each finite stage. This is the weakly null sequence form of the compact-reduction theorem
of [1].

4.1 First prevent escape to infinity

For a closed set A ⊂ M containing 0, the distance to F(A) can be measured by Lipschitz
functions vanishing on A:

dist(µ,F(A)) = max {⟨f, µ⟩ : f ∈ Lip0(M), Lip(f) ≤ 1, f |A = 0} . (4.1)

Indeed, such a function vanishes on F(A). For every ν ∈ F(A) we therefore have

⟨f, µ⟩ = ⟨f, µ− ν⟩ ≤ |⟨f, µ− ν⟩| ≤ ∥µ− ν∥ .

Taking the infimum over ν proves that each admissible pairing is at most the distance. If the
distance is zero, f = 0 attains this value. Otherwise the closed-subspace form of Hahn–Banach
gives a functional ℓ ∈ F(M)∗ of norm one, vanishing on F(A), such that ℓ(µ) = dist(µ,F(A)).
By free-space duality, f(x) = ℓ(δM (x)) belongs to Lip0(M), has Lipschitz constant one, and
vanishes on A. Its pairing with µ attains the displayed distance. This proves both the equality
and the maximum assertion. Thus a positive distance from F(A) can be detected by one
Lipschitz function vanishing on A.

Lemma 4.1. If µn ⇀ 0 in F(M), then for every η > 0 there exists R < ∞ such that

sup
n

dist(µn,F(B(0, R))) < η.

Proof. Suppose the assertion fails. Decreasing the failed tolerance, we obtain η > 0 such that
every radius leaves some term at distance greater than η. Start with R0 = 1. Suppose Rj−1 is
fixed. Choose nj so that

dist(µnj ,F(B(0, 2Rj−1))) > η.

Equation (4.1) gives a function fj with Lip(fj) ≤ 1, zero on that ball, and ⟨fj , µnj ⟩ > η.
Choose a finite evaluation sum

νj =
Nj∑

k=1
ajkδM (xjk),

∥∥∥µnj − νj

∥∥∥ < η/24.
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The free-space dual norm and Lip(fj) ≤ 1 give

|⟨fj , µnj − νj⟩| ≤ Lip(fj)
∥∥∥µnj − νj

∥∥∥ < η

24 .

Subtracting this error from the pairing greater than η, we get

⟨fj , νj⟩ = ⟨fj , µnj ⟩ − ⟨fj , µnj − νj⟩ > η − η/24 > η/2.

Choose Rj > 2Rj−1 with d(xjk, 0) ≤ Rj for every k. Recall from Lemma 3.3 that

χ0,2Rj (x) = max{0,min{1, 2 − d(x, 0)/Rj}}.

It equals one on B(0, Rj), vanishes outside B(0, 2Rj), and has Lipschitz constant at most
1/Rj . Put uj = χ0,2Rjfj . Since fj(0) = 0 and Lip(fj) ≤ 1, Lemma 3.3 gives Lip(uj) ≤ 3;
also uj(0) = 0. The cutoff equals one at all the evaluation points of νj , so uj = fj there.
Consequently,

⟨uj , µnj ⟩ ≥ ⟨uj , νj⟩ − 3
∥∥∥µnj − νj

∥∥∥
= ⟨fj , νj⟩ − 3

∥∥∥µnj − νj

∥∥∥ > η/2 − 3η/24 > η/4.

The nonzero set of uj lies in {x : 2Rj−1 < d(x, 0) < 2Rj}. These annuli are disjoint as j varies.
Lemma 3.4, applied to these functions with L = 3, gives∑

j

|uj(x) − uj(y)| ≤ 6d(x, y) (x, y ∈ M).

Each uj vanishes at 0, so the last increment estimate is condition (i) of Lemma 3.1 with
constant 6. It defines the bounded linear operator

A : F(M) → ℓ1, Aµ = (⟨uj , µ⟩)j≥1, ∥A∥ ≤ 6.

A weakly null sequence is weakly Cauchy. Corollary 3.2(ii) therefore gives, for these particular
functions,

sup
n

|⟨uj , µn⟩| −→ 0 (j → ∞).

This contradicts the lower bound at nj . The indices nj need not increase, since this conclusion
is uniform over all n.

4.2 Then prevent escape in infinitely many directions

A bounded ball need not be compact. The next lemma says that, at any one positive scale,
finitely many balls suffice for uniform approximation of the sequence. Completeness is still not
needed at this stage. For a nonempty set A, write

d(x,A) = inf
a∈A

d(x, a).

Taking the infimum over a in d(x, a) ≤ d(x, y) + d(y, a), and then interchanging x, y, gives

|d(x,A) − d(y,A)| ≤ d(x, y). (4.2)

In particular, each set {x : d(x,A) ≤ δ} is closed.
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Lemma 4.2. Suppose N is a pointed metric space with d(x, 0) ≤ R for all x ∈ N , where
R > 0, and µn ⇀ 0 in F(N). For every η, δ > 0 there is a finite F ⊂ N containing 0 such that

sup
n

dist(µn,F([F ]δ)) < η, [F ]δ = {x ∈ N : d(x, F ) ≤ δ}.

Proof. Suppose that the conclusion fails for some η0, δ > 0, and set η = η0/2. For every finite
F ⊂ N containing 0, the failure of the asserted bound means that

sup
n

dist(µn,F([F ]δ)) ≥ η0 > η.

Consequently, for every such F there exists an index n for which dist(µn,F([F ]δ)) > η. The
smaller threshold ensures this strict inequality even when the supremum at η0 is not attained.
We shall construct functions with disjoint nonzero sets that retain a positive pairing with
selected terms of the sequence.
Set L = max{1, R/δ} and F0 = {0}. Suppose that the finite set Fj−1 has been chosen and
contains 0 and every evaluation point selected at earlier stages. The failure statement supplies
nj such that

dist(µnj ,F([Fj−1]δ)) > η.

The set [Fj−1]δ is closed by (4.2) and contains 0. Applying the distance formula (4.1) in F(N)
therefore gives fj ∈ Lip0(N) with

Lip(fj) ≤ 1, fj |[Fj−1]δ = 0, ⟨fj , µnj ⟩ > η.

Choose a finite evaluation sum and its set of evaluation points as follows:

νj =
Nj∑

k=1
ajkδN (xjk),

∥∥∥µnj − νj

∥∥∥ < η

16L, Aj = {0, xj1, . . . , xjNj }.

By free-space duality, the error in the pairing is at most Lip(fj)
∥∥∥µnj − νj

∥∥∥. Thus

⟨fj , νj⟩ ≥ ⟨fj , µnj ⟩ − Lip(fj)
∥∥∥µnj − νj

∥∥∥ > η − η

16L ≥ 15η
16 >

η

2 .

We first retain a nonnegative part of fj with a large pairing. For a real number t, write
t+ = max{t, 0} and t− = max{−t, 0}. If s ≤ t, then 0 ≤ t+ − s+ ≤ t − s: when s, t have
the same sign this follows from the defining formula, and when s ≤ 0 ≤ t it is the inequality
t ≤ t−s. Replacing s, t by −t,−s gives the corresponding bound for the negative parts. Define
the pointwise parts by f±

j (x) = (fj(x))±. Then, for every x, y ∈ N ,

|f±
j (x) − f±

j (y)| ≤ |fj(x) − fj(y)| ≤ d(x, y).

Both f+
j and f−

j therefore have Lipschitz constant at most one and vanish on [Fj−1]δ. Since
fj = f+

j − f−
j ,

η

2 < ⟨fj , νj⟩ = ⟨f+
j , νj⟩ − ⟨f−

j , νj⟩ ≤ |⟨f+
j , νj⟩| + |⟨f−

j , νj⟩|.

One of these functions, denoted by gj , satisfies |⟨gj , νj⟩| > η/4. The preceding difference
estimate gives Lip(gj) ≤ 1. Also gj ≥ 0 and gj(0) = 0. Using the hypothesis d(x, 0) ≤ R for
every x ∈ N , we obtain

0 ≤ gj(x) = |gj(x) − gj(0)| ≤ d(x, 0) ≤ R (x ∈ N).
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To preserve its values on Aj while restricting its nonzero set, define uj : N → R by

uj(x) = max
{

0,max
y∈Aj

(
gj(y) − Ld(x, y)

)}
. (4.3)

For x, x′ ∈ N and y ∈ Aj , the triangle inequality gives

gj(y) − Ld(x, y) ≤ gj(y) − Ld(x′, y) + Ld(x, x′) ≤ uj(x′) + Ld(x, x′).

The zero term in (4.3) is also at most the last quantity. Taking the maximum and then
interchanging x, x′ gives |uj(x) − uj(x′)| ≤ Ld(x, x′). Thus Lip(uj) ≤ L. Furthermore, L ≥ 1
and Lip(gj) ≤ 1 imply

gj(y) − Ld(x, y) ≤ gj(x) + (1 − L)d(x, y) ≤ gj(x).

Together with gj ≥ 0, this shows that 0 ≤ uj ≤ gj . For x ∈ Aj , the term y = x gives the
reverse inequality, so uj(x) = gj(x) there. In particular, uj(0) = 0, and the defining formula
for the pairing gives

⟨uj , νj⟩ =
Nj∑

k=1
ajkuj(xjk) =

Nj∑
k=1

ajkgj(xjk) = ⟨gj , νj⟩.

The approximation of µnj and the bound Lip(uj) ≤ L now yield

|⟨uj , µnj ⟩| ≥ |⟨gj , νj⟩| − |⟨uj , µnj − νj⟩|

≥ |⟨gj , νj⟩| − L
∥∥∥µnj − νj

∥∥∥ > η

4 − L
η

16L = 3η
16 .

Set Fj = Fj−1 ∪Aj to complete the induction step.
If uj(x) > 0, the finite maximum in (4.3) provides y ∈ Aj with

Ld(x, y) < gj(y) ≤ R, d(x,Aj) ≤ d(x, y) < R/L ≤ δ.

For k > j, the construction gives Aj ⊂ Fk−1. Hence such an x belongs to [Fk−1]δ, where
gk = 0, and 0 ≤ uk(x) ≤ gk(x) = 0. The functions uj consequently have pairwise disjoint
nonzero sets. Lemma 3.4, with their common Lipschitz bound L, gives∑

j

|uj(x) − uj(y)| ≤ 2Ld(x, y) (x, y ∈ N).

As each uj vanishes at zero, Lemma 3.1 applies and defines the bounded linear operator

A : F(N) → ℓ1, Aµ = (⟨uj , µ⟩)j≥1, ∥A∥ ≤ 2L.

The weakly null sequence (µn) is weakly Cauchy, so Corollary 3.2(ii) gives

sup
n

|⟨uj , µn⟩| −→ 0 (j → ∞).

This contradicts |⟨uj , µnj ⟩| > 3η/16. No increase of the indices nj is needed, because the
convergence is uniform over all n.

The finite maximum in (4.3) has three separate purposes: it preserves the values used in the
selected pairing, keeps one Lipschitz bound, and leaves the previous neighborhoods available
as zero sets for later functions. All three are needed for the disjointness argument.
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4.3 Constructing one compact set at all scales

Theorem 4.3 (Compact reduction for a sequence). Let M be complete and let µn ⇀ 0 in
F(M). For every τ > 0 there is a compact K ⊂ M containing 0 with

sup
n

dist(µn,F(K)) < τ. (4.4)

Proof. The two preceding lemmas control one radius and one scale. We now combine succes-
sively smaller scales without changing choices already made. The approximations are obtained
by bounded linear multipliers; thus at each finite step they still form a weakly null sequence.

1. Put all approximations in one bounded set.

Apply Lemma 4.1 with tolerance τ/16, and enlarge the resulting radius if necessary to obtain
R ≥ 1 with

sup
n

dist(µn,F(B(0, R))) < τ/16.

Set K0 = B(0, 2R) and, recalling Lemma 3.3, define

h0(x) = χ0,2R(x) = max{0,min{1, 2 − d(x, 0)/R}}.

This function equals one on B(0, R), vanishes when d(x, 0) ≥ 2R, and has Lipschitz constant
at most 1/R. Lemma 3.5 therefore defines T0 = Sh0 : F(M) → F(K0) and gives

∥T0∥ ≤ ∥h0∥∞ + 2RLip(h0) ≤ 1 + (2R)(1/R) = 3.

The same lemma shows that T0 fixes F(B(0, R)). For each n, choose

ζn ∈ F(B(0, R))

with ∥µn − ζn∥ < τ/16. Since T0ζn = ζn,

∥T0µn − µn∥ = ∥(T0 − I)(µn − ζn)∥ ≤ 4 ∥µn − ζn∥ < τ/4.

All these free spaces are identified with their isometric subspaces of F(M). In particular, the
difference T0 − I in this estimate is taken in F(M).

2. Keep the sets nested while reducing their scale.

For m ≥ 1, put δm = 2−m and em = τ 2−m−2. Suppose a closed set Km−1 ⊂ K0 containing
zero and a bounded linear operator Tm−1 : F(M) → F(Km−1) have been constructed. The
sequence Tm−1µn is weakly null in F(Km−1): for every f ∈ Lip0(Km−1), the composite
µ 7→ ⟨f, Tm−1µ⟩ is a bounded linear functional on F(M) and hence tends to zero at µn. All
points of Km−1 are at distance at most 2R from 0. Apply Lemma 4.2 on the pointed metric
space Km−1, with radius bound 2R, scale δm, and tolerance em/(2 + 2R/δm). It gives a finite
set Fm ⊂ Km−1 containing 0 and, for every n, a vector ξm,n ∈ F([Fm]δm) such that

∥Tm−1µn − ξm,n∥ < em

2 + 2R/δm
(n ≥ 1).

Here the neighborhood is taken inside Km−1. On that same metric space define

hm(x) = max {0,min {1, 2 − d(x, Fm)/δm}} , Km = {x ∈ Km−1 : d(x, Fm) ≤ 2δm}.

Recall the scalar truncation from Lemma 3.3:

θ(s) = max{0,min{1, s}}, |θ(s) − θ(t)| ≤ |s− t|.
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Here the defining formula is
hm(x) = θ

(
2 − d(x, Fm)

δm

)
.

For x, y ∈ Km−1, apply the scalar inequality and then (4.2) to obtain

|hm(x) − hm(y)| ≤
∣∣∣∣(2 − d(x, Fm)

δm

)
−
(

2 − d(y, Fm)
δm

)∣∣∣∣
= 1
δm

|d(x, Fm) − d(y, Fm)|

≤ 1
δm
d(x, y).

Thus Lip(hm) ≤ 1/δm. Every point of Km−1 has distance at most 2R from the base point.
Lemma 3.5 therefore gives

∥Shm∥ ≤ ∥hm∥∞ + 2RLip(hm) ≤ 1 + 2R
δm

.

On [Fm]δm we have hm = 1, so Shmξm,n = ξm,n. The function is zero whenever d(x, Fm) ≥ 2δm,
so its multiplier has range in F(Km). We may therefore regard the multiplier as a bounded
linear map Shm : F(Km−1) → F(Km) and define Tm = Shm ◦ Tm−1 : F(M) → F(Km). To
compare it with Tm−1, we may subtract ξm,n inside Shm − I because that vector is fixed. Thus

∥Tmµn − Tm−1µn∥ = ∥(Shm − I)(Tm−1µn − ξm,n)∥

≤ (2 + 2R/δm) ∥Tm−1µn − ξm,n∥ <
(

2 + 2R
δm

)
em

2 + 2R/δm
= em. (4.5)

The final substitution explains the denominator in the chosen tolerance. The set

Km = {x ∈ Km−1 : d(x, Fm) ≤ 2δm}

is closed in M : the set Km−1 is closed and the function x 7→ d(x, Fm) is continuous by (4.2).
Also Km ⊂ Km−1, and 0 ∈ Km because 0 ∈ Fm. Since Fm is finite, the distance to Fm is
attained, so

Km ⊂
⋃

y∈Fm

B(y, 2δm).

This is the required finite cover at scale 2δm.
For p > m, telescoping and (4.5) give

sup
n

∥Tpµn − Tmµn∥ ≤
p∑

k=m+1
sup

n
∥Tkµn − Tk−1µn∥

≤
p∑

k=m+1
ek ≤ τ

∞∑
k=m+1

2−k−2 = τ 2−m−2.

Completeness of F(M) therefore gives limits νn satisfying

sup
n

∥νn − Tmµn∥ ≤ τ 2−m−2.

In particular, the convergence is uniform in n. Since∑
m≥1

em = τ

4 ,

these limits satisfy

sup
n

∥νn − µn∥ ≤ sup
n

∥T0µn − µn∥ +
∑
m≥1

em ≤ τ/2 < τ. (4.6)

For fixed m, all Tpµn with p ≥ m lie in the closed subspace F(Km), so νn ∈
⋂

m F(Km).
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3. Understand the intersection of the supporting sets.

Set K =
⋂

m≥0Km. It contains zero and is closed in the complete space M . For every m it has
a finite cover by balls of radius 2δm, and δm → 0. Hence it is totally bounded and therefore
compact. We also need the stronger fact

sup
x∈Km

d(x,K) −→ 0. (4.7)

Suppose instead that mj → ∞ and xj ∈ Kmj satisfy d(xj ,K) ≥ a > 0. Given any scale ρ > 0,
choose m with 2δm < ρ/2. All sufficiently late xj lie in Km, so the range of this tail has a
finite cover by balls of radius less than ρ/2. Adding a ball for each of the finitely many earlier
points shows that the whole sequence has totally bounded range. For each k ≥ 1, cover this
range by finitely many balls of radius 2−k−2. At least one ball contains infinitely many of the
indices retained at the preceding step; retain those indices. Choose j1 < j2 < · · · with jk in
the infinite set retained at step k. For ℓ > k, both selected points lie in the ball retained at
step k, and hence

d(xjk
, xjℓ

) < 2 · 2−k−2 < 2−k.

Thus (xjk
) is Cauchy. Completeness of M gives a limit xjk

→ x ∈ M . For each fixed m,
eventually mjk

≥ m, so xjk
∈ Kmjk

⊂ Km. Closedness of Km gives x ∈ Km. This holds for
every m, so x ∈ K. But then

a ≤ d(xjk
,K) ≤ d(xjk

, x) −→ 0,

a contradiction.

4. Pass from the intersection of free spaces to F(K).

This last step is not automatic from set inclusion. Let ν ∈
⋂

m F(Km) and let f ∈ Lip0(M)
vanish on K. Put L = Lip(f). Since f(y) = 0 for every y ∈ K,

|f(x)| = |f(x) − f(y)| ≤ Ld(x, y) (y ∈ K), |f(x)| ≤ Ld(x,K).

Equation (4.7) consequently gives

bm := sup
x∈Km

|f(x)| ≤ L sup
x∈Km

d(x,K) −→ 0.

Define a scalar function and its composition by

ϑb(t) =


t− b, t > b,

0, |t| ≤ b,

t+ b, t < −b,
fm = ϑbm ◦ f.

The slopes of ϑb on its three linear pieces are 1, 0, 1. Splitting an interval at −b and b when
necessary shows that 0 ≤ ϑb(t) − ϑb(s) ≤ t − s for s ≤ t. Its defining formula also gives
ϑb(0) = 0 and |ϑb(t) − t| ≤ b. Therefore

|fm(x) − fm(y)| ≤ |f(x) − f(y)| ≤ Ld(x, y), |fm(x) − f(x)| ≤ bm.

Thus Lip(fm) ≤ L, fm(0) = 0, and fm → f pointwise. On Km we have |f | ≤ bm, so fm = 0
there. Since ν ∈ F(Km), this gives ⟨fm, ν⟩ = 0. The hypotheses of the bounded-pointwise
pairing result (2.9) are now satisfied, and it yields

⟨f, ν⟩ = lim
m

⟨fm, ν⟩ = 0.
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This holds for every f ∈ Lip0(M) vanishing on K. The annihilator characterization (2.8), with
this closed set K, therefore gives ν ∈ F(K). In particular,

νn ∈ F(K) (n ≥ 1).

Equation (4.6) proves the required distance bound.

This is the sequence version required here, not the full assertion of [1, Theorem 2.3]. The
intersection argument was proved for the particular nested sets we constructed; no general
theorem about supports of free-space elements has been assumed.

5. Free spaces over compact convex subsets of Hilbert spaces

We now prove that F(C) contains no copy of c0 when C is a compact convex subset of a
real Hilbert space H and 0 ∈ C. The result follows from the stronger theorem of Kochanek–
Pernecká [5]. The proof below uses the Hilbert averaging and multiplicative damping from
that argument, but obtains all estimates from square-root identities and finite sums.
The final contradiction has the same form as in Section 3. A putative copy of c0 supplies a
bounded weakly Cauchy sequence (νm) in F(C). We shall construct functions gk ∈ Lip0(C)
such that ∑

k≥1
|gk(x) − gk(y)| ≤ 2 ∥x− y∥ (x, y ∈ C), ⟨gk, νmk

⟩ > b

4 (k ≥ 1) (5.1)

for a fixed b > 0 and suitable indices mk. The first estimate gives an operator into ℓ1;
Corollary 3.2(ii) then makes the second estimate impossible.
The preparation has three parts. Explicit approximations give a vector coefficient for each
small increment of a function, with a quadratic error. Hilbert averages make these coefficients
small at finitely many points. Finally, differences along subdivided line segments telescope;
the quadratic errors add up to a quantity tending to zero. No measure on the segments or
integration formula is needed.

5.1 Approximation by square-root formulas

The elementary upper approximants f(a) + ∥x− a∥ suggest the construction. We replace the
distance by

√
∥x− a∥2 + δ2, whose increment has an explicit linear term, and then combine

finitely many such functions. The next lemma provides every estimate needed later.

Lemma 5.1 (Approximation with an explicit linear term). Let C ⊂ H be compact, with 0 ∈ C,
and let f : C → R satisfy f(0) = 0 and Lip(f) ≤ 1. For every ε > 0 there are a function
g : H → R, a map Γg : H → H, and finite constants Kg,Mg ≥ 0 such that

g(0) = 0, Lip(g) ≤ 1, sup
x∈C

|g(x) − f(x)| < ε, (5.2)

and, for all x, y ∈ H,

∥Γg(x)∥ ≤ 1, ∥Γg(y) − Γg(x)∥ ≤ Kg ∥y − x∥ , (5.3)
|g(y) − g(x) − ⟨Γg(x), y − x⟩| ≤ Mg ∥y − x∥2 . (5.4)

Thus Γg(x) is the coefficient of a linear approximation to the increment at x. Both g and Γg

will be given by finite formulas.
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Proof. 1. A single square root.

Fix a ∈ H and δ > 0, and define

r(x) =
√

∥x− a∥2 + δ2, Γr(x) = x− a

r(x) .

These expressions are defined everywhere because r(x) ≥ δ. In the Hilbert space H ⊕2 R, the
reverse triangle inequality gives

|r(y) − r(x)| =
∣∣∥(y − a, δ)∥ − ∥(x− a, δ)∥

∣∣ ≤ ∥y − x∥ .

Also ∥Γr(x)∥ ≤ 1. Subtracting the two quotients gives

∥Γr(y) − Γr(x)∥ =
∥∥∥∥y − x

r(y) + (x− a)
( 1
r(y) − 1

r(x)

)∥∥∥∥
≤ ∥y − x∥

r(y) + ∥x− a∥
r(x)

|r(x) − r(y)|
r(y)

≤ 2
δ

∥y − x∥ .

To compute the increment, put h = y − x. Expanding the two squares gives

(r(y) − r(x))(r(y) + r(x)) = r(y)2 − r(x)2

= ∥x− a+ h∥2 − ∥x− a∥2

= 2⟨x− a, h⟩ + ∥h∥2 .

Since x− a = r(x)Γr(x), subtracting the linear term yields

r(y) − r(x) − ⟨Γr(x), h⟩ = 2r(x)⟨Γr(x), h⟩ + ∥h∥2 − (r(y) + r(x))⟨Γr(x), h⟩
r(y) + r(x)

= ∥h∥2 − ⟨Γr(x), h⟩(r(y) − r(x))
r(y) + r(x) .

(5.5)

Consequently,

|r(y) − r(x) − ⟨Γr(x), h⟩| ≤ ∥h∥2 + ∥h∥ |r(y) − r(x)|
2δ

≤ ∥h∥2

δ
.

(5.6)

Thus this function has the required bounds with Kr = 2/δ and Mr = 1/δ. Adding a constant
to r changes none of these bounds.

2. Replace the minimum of two functions by a square-root formula.

For τ > 0 and s, t ∈ R, define

mτ (s, t) = s+ t−
√

(s− t)2 + τ2

2 .

The formula
min{s, t} = s+ t− |s− t|

2
shows how this operation approximates the minimum:

mτ (s, t) = s+ t− |s− t|
2 −

√
(s− t)2 + τ2 − |s− t|

2

= min{s, t} −
√

(s− t)2 + τ2 − |s− t|
2 .

Expository Note • Version 1 20 / 45



Exact Mathematics with AI — Expository Note Lipschitz-free / Version 1

Since
0 ≤

√
(s− t)2 + τ2 − |s− t| ≤ τ,

we obtain
min{s, t} − τ

2 ≤ mτ (s, t) ≤ min{s, t}. (5.7)

The function mτ is increasing in each argument. Indeed, for c ≥ 0 the reverse triangle inequality
in R2 gives

−c ≤
√

(s+ c− t)2 + τ2 −
√

(s− t)2 + τ2 ≤ c,

and hence
0 ≤ mτ (s+ c, t) −mτ (s, t) ≤ c.

Symmetry gives the same statement for the second argument, and

mτ (s+ c, t+ c) = mτ (s, t) + c.

If u, v : H → R are 1-Lipschitz, then
mτ (u(x), v(x)) ≤ mτ

(
u(y) + ∥x− y∥ , v(y) + ∥x− y∥

)
= mτ (u(y), v(y)) + ∥x− y∥ .

Interchanging x and y proves Lip(mτ (u, v)) ≤ 1.
Suppose that u and v already have coefficient maps and error bounds as in (5.3)–(5.4). Put

h = y − x, d(x) = u(x) − v(x), Rτ (s) =
√
s2 + τ2,

and write
w(x) = mτ (u(x), v(x)) = u(x) + v(x) −Rτ (d(x))

2 .

Define
α(x) = 1

2

(
1 − d(x)

Rτ (d(x))

)
, 1 − α(x) = 1

2

(
1 + d(x)

Rτ (d(x))

)
.

Then 0 ≤ α(x) ≤ 1. Set

Γw(x) = α(x)Γu(x) + (1 − α(x))Γv(x). (5.8)

This is a convex combination, so ∥Γw(x)∥ ≤ 1.
We next estimate the variation of the weight. Since Rτ is 1-Lipschitz, Rτ (s) ≥ τ , and
|s| ≤ Rτ (s),

t

Rτ (t) − s

Rτ (s) = t− s

Rτ (t) + s

Rτ (s)
Rτ (s) −Rτ (t)

Rτ (t) ,

whence ∣∣∣∣ t

Rτ (t) − s

Rτ (s)

∣∣∣∣ ≤ |t− s|
Rτ (t) + |s|

Rτ (s)
|Rτ (s) −Rτ (t)|

Rτ (t)

≤ 2
τ

|t− s|.

Taking s = d(x) and t = d(y) gives

|α(y) − α(x)| = 1
2

∣∣∣∣ d(y)
Rτ (d(y)) − d(x)

Rτ (d(x))

∣∣∣∣
≤ 1
τ

|d(y) − d(x)|

= 1
τ

|(u(y) − u(x)) − (v(y) − v(x))|

≤ 1
τ

(
|u(y) − u(x)| + |v(y) − v(x)|

)
≤ 2
τ

∥h∥ .
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To estimate the coefficient map, expand the two products separately:

α(y)Γu(y) − α(x)Γu(x) = α(y)
(
Γu(y) − Γu(x)

)
+ (α(y) − α(x))Γu(x),

and
(1 − α(y))Γv(y) − (1 − α(x))Γv(x)

= (1 − α(y))
(
Γv(y) − Γv(x)

)
− (α(y) − α(x))Γv(x).

Adding these identities yields

Γw(y) − Γw(x) = α(y)
(
Γu(y) − Γu(x)

)
+ (1 − α(y))

(
Γv(y) − Γv(x)

)
+ (α(y) − α(x))

(
Γu(x) − Γv(x)

)
.

Therefore,

∥Γw(y) − Γw(x)∥ ≤ α(y) ∥Γu(y) − Γu(x)∥
+ (1 − α(y)) ∥Γv(y) − Γv(x)∥
+ |α(y) − α(x)|

(
∥Γu(x)∥ + ∥Γv(x)∥

)
≤
(
α(y)Ku + (1 − α(y))Kv

)
∥h∥ + 2|α(y) − α(x)|

≤
(

max{Ku,Kv} + 4
τ

)
∥h∥ .

It remains to estimate the quadratic error. First,

(u(y) − u(x)) − (v(y) − v(x))
= (u(y) − v(y)) − (u(x) − v(x))
= d(y) − d(x).

Substituting the formulas for α(x) and 1 − α(x) gives

α(x)(u(y) − u(x)) + (1 − α(x))(v(y) − v(x))

= 1
2

(
1 − d(x)

Rτ (d(x))

)
(u(y) − u(x))

+ 1
2

(
1 + d(x)

Rτ (d(x))

)
(v(y) − v(x))

= 1
2
(
u(y) − u(x) + v(y) − v(x)

)
− d(x)

2Rτ (d(x))
(
(u(y) − u(x)) − (v(y) − v(x))

)
= 1

2

[
u(y) − u(x) + v(y) − v(x) − d(x)

Rτ (d(x))(d(y) − d(x))
]
.

On the other hand,

w(y) − w(x) = 1
2
[
u(y) − u(x) + v(y) − v(x) −

(
Rτ (d(y)) −Rτ (d(x))

)]
.

Subtracting the preceding weighted increment, we obtain

w(y) − w(x) − α(x)(u(y) − u(x)) − (1 − α(x))(v(y) − v(x))

= −1
2

[
Rτ (d(y)) −Rτ (d(x)) − d(x)

Rτ (d(x))(d(y) − d(x))
]
.
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Moreover, by (5.8),

⟨Γw(x), h⟩ = α(x)⟨Γu(x), h⟩ + (1 − α(x))⟨Γv(x), h⟩.

Adding and subtracting the weighted increments now gives

w(y) − w(x) − ⟨Γw(x), h⟩
= α(x)

(
u(y) − u(x) − ⟨Γu(x), h⟩

)
+ (1 − α(x))

(
v(y) − v(x) − ⟨Γv(x), h⟩

)
− 1

2

[
Rτ (d(y)) −Rτ (d(x)) − d(x)

Rτ (d(x))(d(y) − d(x))
]
.

Apply (5.6) on R with

a = 0, δ = τ, x = d(x), y = d(y).

This gives ∣∣∣∣Rτ (d(y)) −Rτ (d(x)) − d(x)
Rτ (d(x))(d(y) − d(x))

∣∣∣∣ ≤ |d(y) − d(x)|2

τ
.

Since u and v are 1-Lipschitz,

|d(y) − d(x)| = |(u(y) − u(x)) − (v(y) − v(x))|
≤ |u(y) − u(x)| + |v(y) − v(x)|
≤ 2 ∥h∥ .

Substituting these estimates into the preceding decomposition gives

|w(y) − w(x) − ⟨Γw(x), h⟩|

≤ α(x)Mu ∥h∥2 + (1 − α(x))Mv ∥h∥2 + |d(y) − d(x)|2

2τ

≤ max{Mu,Mv} ∥h∥2 + (2 ∥h∥)2

2τ
=
(

max{Mu,Mv} + 2
τ

)
∥h∥2 .

Thus the operation can be repeated finitely many times. The constants Kw,Mw may increase,
but remain finite; the bounds Lip(w) ≤ 1 and ∥Γw(x)∥ ≤ 1 do not increase.

3. Use the values of f on a finite net.

Choose a finite ε/16-net {a1, . . . , aN } ⊂ C, including 0, and put

ui(x) = f(ai) +
√

∥x− ai∥2 + (ε/8)2 (x ∈ H, 1 ≤ i ≤ N).

For every x ∈ C and every i, the Lipschitz bound for f gives

f(x) ≤ f(ai) + ∥x− ai∥ ≤ ui(x).

Choose ai with ∥x− ai∥ < ε/16. Then

ui(x) ≤ f(ai) + ∥x− ai∥ + ε

8
≤ f(x) + 2 ∥x− ai∥ + ε

8 < f(x) + ε

4 .
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It follows that
f(x) ≤ min

1≤i≤N
ui(x) < f(x) + ε

4 (x ∈ C).

Set
τ = ε

4 max{1, N − 1}
, U1 = u1, Ui = mτ (Ui−1, ui) (2 ≤ i ≤ N).

Repeated use of (5.7) gives

min
1≤j≤i

uj − (i− 1)τ
2 ≤ Ui ≤ min

1≤j≤i
uj .

Indeed, these bounds are equalities for i = 1. For i ≥ 2, the lower induction step is

Ui ≥ min{Ui−1, ui} − τ

2

≥ min
{

min
j<i

uj − (i− 2)τ
2 , ui

}
− τ

2

≥ min
j≤i

uj − (i− 1)τ
2 ;

the upper step is Ui ≤ min{Ui−1, ui} ≤ minj≤i uj . Since (N − 1)τ/2 ≤ ε/8, these estimates
give

f(x) − ε

8 ≤ UN (x) < f(x) + ε

4 (x ∈ C).

Finally let g = UN − UN (0) and Γg = ΓUN
. Steps 1 and 2 give the required coefficient and

quadratic bounds. A constant shift changes neither increments nor Lipschitz constants, and,
using 0 ∈ C and f(0) = 0, we obtain

g(0) = 0,
sup

C
|g − f | ≤ sup

C
|UN − f | + |UN (0) − f(0)|

≤ ε

4 + ε

4 = ε

2 < ε.

This proves the lemma, including the case N = 1, when no minimum operation is used.

The vector coefficient contains first-order approximation information. We have established
that information by algebra, rather than by using a differentiability or smoothing theorem.
We shall use only the displayed increment and Lipschitz estimates.

Finite linear combinations preserve the estimates.

Suppose f1, . . . , fN have these coefficient maps and bounds, and
∑

i |ci| ≤ 1. For

z =
N∑

i=1
cifi, Γz =

N∑
i=1

ciΓfi
, K = max

i
Kfi

, M = max
i
Mfi

,

we have
|z(y) − z(x)| ≤

∑
i

|ci| |fi(y) − fi(x)| ≤ ∥y − x∥ ,

∥Γz(x)∥ ≤
∑

i

|ci| ∥Γfi
(x)∥ ≤ 1,

∥Γz(y) − Γz(x)∥ ≤
∑

i

|ci|Kfi
∥y − x∥ ≤ K ∥y − x∥ ,

|z(y) − z(x) − ⟨Γz(x), y − x⟩| ≤
∑

i

|ci|Mfi
∥y − x∥2 ≤ M ∥y − x∥2 .

(5.9)

If all fi(0) = 0, then z(0) = 0. In particular, these estimates apply to half the difference of two
averages, since the absolute values of its coefficients sum to one.
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5.2 Hilbert averages

The next lemma finds two close block averages. Its input may lie in any Hilbert space, including
a finite direct sum of copies of H.

Lemma 5.2 (Two ordered blocks with close averages). Let v1, . . . , v2m lie in a Hilbert ball of
radius B, where m ≥ 1. There are two adjacent dyadic intervals I, J ⊂ {1, . . . , 2m} of equal
length, with max I < min J , such that∥∥∥∥∥ 1

|I|
∑
i∈I

vi − 1
|J |

∑
i∈J

vi

∥∥∥∥∥ ≤ 2B√
m
. (5.10)

Proof. Translating the center of the ball to zero does not change differences of averages, so we
may assume ∥vi∥ ≤ B. For 0 ≤ r ≤ m and 1 ≤ s ≤ 2r, let

Ir,s = {(s− 1)2m−r + 1, . . . , s2m−r}, ar,s = 1
|Ir,s|

∑
i∈Ir,s

vi.

Thus Ir,s is the disjoint union of its two consecutive halves Ir+1,2s−1 and Ir+1,2s, and

ar,s = ar+1,2s−1 + ar+1,2s

2 .

Each average has norm at most B. Define

Er = 1
2r

2r∑
s=1

∥ar,s∥2 .

The parallelogram identity, in the form

∥a∥2 + ∥b∥2

2 −
∥∥∥∥a+ b

2

∥∥∥∥2
= 1

4 ∥a− b∥2 ,

therefore gives

Er+1 − Er = 2−r
2r∑

s=1

(
∥ar+1,2s−1∥2 + ∥ar+1,2s∥2

2 − ∥ar,s∥2
)

= 1
4 · 2r

2r∑
s=1

∥ar+1,2s−1 − ar+1,2s∥2 ≥ 0.

Since 0 ≤ E0 and Em ≤ B2, telescoping these nonnegative differences gives
m−1∑
r=0

(Er+1 − Er) = Em − E0 ≤ B2.

Choose r ∈ {0, . . . ,m− 1} at which these finitely many increments have their minimum. The
minimum is at most the average, so

Er+1 − Er ≤ 1
m

m−1∑
q=0

(Eq+1 − Eq) ≤ B2

m
.

For this r, the formula for Er+1 − Er gives

1
2r

2r∑
s=1

∥ar+1,2s−1 − ar+1,2s∥2 ≤ 4B2

m
.
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Choose s ∈ {1, . . . , 2r} attaining the minimum:

∥ar+1,2s−1 − ar+1,2s∥2 = min
1≤q≤2r

∥ar+1,2q−1 − ar+1,2q∥2 .

Again the minimum is at most the average, and therefore

∥ar+1,2s−1 − ar+1,2s∥2 ≤ 1
2r

2r∑
q=1

∥ar+1,2q−1 − ar+1,2q∥2 ≤ 4B2

m
.

Take I = Ir+1,2s−1 and J = Ir+1,2s. Their lengths agree and every index of I precedes every
index of J . Taking the square root of the last bound proves (5.10).

5.3 Finite representations and subdivisions

To estimate a pairing, we first express its vector as a finite sum of endpoint differences. We
then subdivide each segment and add the function increments. The following representation
has exactly the free-space norm as its total weight.

Lemma 5.3 (A finite representation of minimum total weight). For every finite evaluation
sum µ ∈ F(C) there are finitely many as ∈ R and ps, qs ∈ C, with ps ̸= qs, such that

µ =
r∑

s=1
as(δC(ps) − δC(qs)),

r∑
s=1

|as| ∥ps − qs∥ = ∥µ∥ .

For µ = 0 the empty representation is allowed.

Proof. For µ = 0, use the empty sum. Suppose µ ̸= 0, and let A ⊂ C be a finite set containing
0 and all the evaluation points in one finite-sum representation of µ.
In the finite-dimensional space F(A), consider

MA =
{
δA(p) − δA(q)

∥p− q∥
: p, q ∈ A, p ̸= q

}
, B = conv MA.

The set MA is finite. Interchanging p and q changes the sign of a molecule, so B is symmetric.
It is therefore a compact balanced convex set. Moreover, for each p ∈ A \ {0},

δA(p) = ∥p∥ δA(p) − δA(0)
∥p∥

,

so B spans F(A). Each molecule has norm one by (2.3); hence

B ⊂ {v ∈ F(A) : ∥v∥ ≤ 1}.

For the reverse inclusion, free-space duality (2.5) identifies a functional with a function
f ∈ Lip0(A), and

sup
w∈B

|⟨f, w⟩| = max
p,q∈A
p ̸=q

∣∣∣∣〈f, δA(p) − δA(q)
∥p− q∥

〉∣∣∣∣
= max

p,q∈A
p ̸=q

|f(p) − f(q)|
∥p− q∥

= Lip(f).
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If ∥v∥ ≤ 1 but v /∈ B, finite-dimensional Hahn–Banach separation gives a functional strictly
separating v from B. Symmetry and spanning of B allow us to normalize it so that

sup
w∈B

|⟨f, w⟩| = 1, ⟨f, v⟩ > 1.

The displayed maximum then gives Lip(f) = 1, whereas the free-space norm gives

⟨f, v⟩ ≤ |⟨f, v⟩| ≤ Lip(f) ∥v∥ ≤ 1,

a contradiction. Thus B is exactly the unit ball of F(A).
The inclusion F(A) ⊂ F(C) is isometric by the McShane argument in Section 2. In particular,
µ has the same norm in the two spaces. Since B is the convex hull of the finite set MA and

µ

∥µ∥
∈ B,

the definition of a convex hull gives an ordinary finite convex combination

µ

∥µ∥
=

r∑
s=1

λs
δC(ps) − δC(qs)

∥ps − qs∥
, λs ≥ 0,

r∑
s=1

λs = 1.

Put
as = ∥µ∥ λs

∥ps − qs∥
(1 ≤ s ≤ r).

Then
µ =

r∑
s=1

as
(
δC(ps) − δC(qs)

)
,

r∑
s=1

|as| ∥ps − qs∥ = ∥µ∥
r∑

s=1
λs = ∥µ∥ .

(5.11)

This is the required representation.

For each finite evaluation sum, choose one representation as in Lemma 5.3 and keep it fixed.
The finite averages below depend on this choice, not just on the vector µ. Set D = diam(C)
and, for this representation, write

ws = |as| ∥ps − qs∥ ,
r∑

s=1
ws = ∥µ∥ .

For an integer q ≥ 1, subdivide every segment into q equal parts:

x
(q)
s,ℓ = qs + ℓ

q
(ps − qs) (0 ≤ ℓ ≤ q),

∥∥∥x(q)
s,ℓ+1 − x

(q)
s,ℓ

∥∥∥ = ∥ps − qs∥
q

. (5.12)

Convexity puts all these points in C. For a function φ : C → R, define the finite weighted sum

Eµ,q(φ) =
r∑

s=1

ws

q

q−1∑
ℓ=0

φ(x(q)
s,ℓ ). (5.13)

The endpoint x(q)
s,q = ps is not included in this average: each term samples the left endpoint

of one small segment. For the empty representation all these sums are zero. The definition
immediately gives

Eµ,q(φ+ ψ) = Eµ,q(φ) + Eµ,q(ψ),
Eµ,q(c1) = c ∥µ∥ (c ∈ R),

φ ≤ ψ =⇒ Eµ,q(φ) ≤ Eµ,q(ψ).
(5.14)
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For example, the constant-function formula is

Eµ,q(c1) =
∑

s

ws

q

q−1∑
ℓ=0

c =
∑

s

ws

q
qc = c ∥µ∥ .

Finite-sum Cauchy–Schwarz gives one further useful estimate:

|Eµ,q(φ)| =

∣∣∣∣∣∣
∑
s,ℓ

√
ws

q

(√
ws

q
φ(x(q)

s,ℓ )
)∣∣∣∣∣∣

≤

∑
s,ℓ

ws

q

1/2∑
s,ℓ

ws

q
|φ(x(q)

s,ℓ )|2
1/2

= ∥µ∥1/2Eµ,q(|φ|2)1/2.

(5.15)

Here and below
∑

s,ℓ means
∑r

s=1
∑q−1

ℓ=0 for the indicated subdivision.
We need to compare different subdivision sizes, and to estimate a pairing using one such finite
sum. Both facts follow by adding finitely many inequalities.

Lemma 5.4 (Two subdivision estimates). Fix the representation of µ above.

(i) If φ : C → R is K-Lipschitz, then, for integers q, q′ ≥ 1,

|Eµ,q(φ) − Eµ,q′(φ)| ≤ ∥µ∥KD
(1
q

+ 1
q′

)
. (5.16)

(ii) Suppose h ∈ Lip0(C), φ : C → [0,∞), and M ≥ 0 satisfy

|h(y) − h(x)| ≤ φ(x) ∥y − x∥ +M ∥y − x∥2 (x, y ∈ C).

Then, for every integer q ≥ 1,

|⟨h, µ⟩| ≤ Eµ,q(φ) + MD ∥µ∥
q

. (5.17)

Proof. For (i), first compare q with the common refinement qq′. Writing an index of the finer
grid as ℓq′ + j gives

Eµ,qq′(φ) =
∑

s

ws

q

q−1∑
ℓ=0

1
q′

q′−1∑
j=0

φ

(
qs +

(
ℓ

q
+ j

qq′

)
(ps − qs)

)
,

Eµ,q(φ) =
∑

s

ws

q

q−1∑
ℓ=0

1
q′

q′−1∑
j=0

φ

(
qs + ℓ

q
(ps − qs)

)
.

The corresponding arguments differ by∥∥∥∥ jqq′ (ps − qs)
∥∥∥∥ ≤ ∥ps − qs∥

q
≤ D

q
.

Subtracting the two sums and using the Lipschitz bound for φ yields

|Eµ,qq′(φ) − Eµ,q(φ)| ≤
∑

s

ws

q

q−1∑
ℓ=0

1
q′

q′−1∑
j=0

KD

q

=
∑

s

ws

q
q

1
q′ q

′ KD

q
= ∥µ∥KD

q
.
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Interchanging q and q′ gives

|Eµ,qq′(φ) − Eµ,q′(φ)| ≤ ∥µ∥KD
q′ .

Combining the two bounds gives

|Eµ,q(φ) − Eµ,q′(φ)| ≤ |Eµ,q(φ) − Eµ,qq′(φ)| + |Eµ,qq′(φ) − Eµ,q′(φ)|

≤ ∥µ∥KD
q

+ ∥µ∥KD
q′ = ∥µ∥KD

(1
q

+ 1
q′

)
.

For (ii), the endpoint difference is the telescoping sum

h(ps) − h(qs) =
q−1∑
ℓ=0

(
h(x(q)

s,ℓ+1) − h(x(q)
s,ℓ )
)
.

Insert this identity into the pairing and apply the assumed increment estimate to each small
segment:

|⟨h, µ⟩| =
∣∣∣∣∣∑

s

as
(
h(ps) − h(qs)

)∣∣∣∣∣
≤
∑

s

|as|
q−1∑
ℓ=0

|h(x(q)
s,ℓ+1) − h(x(q)

s,ℓ )|

≤
∑

s

|as|
q−1∑
ℓ=0

(
φ(x(q)

s,ℓ )∥ps − qs∥
q

+M
∥ps − qs∥2

q2

)

= Eµ,q(φ) + M

q

∑
s

ws ∥ps − qs∥

≤ Eµ,q(φ) + MD ∥µ∥
q

.

We shall obtain estimates valid for every q beyond a specified threshold. Later, with µ and h
fixed, only the explicit error MD ∥µ∥ /q will be sent to zero. There is no need to introduce a
limit of the finite averages as a new object.

5.4 The triangular data supplied by a copy of c0

Suppose there is an embedding S : c0 → F(C). Rescaling S, we may assume that, for some
0 < b ≤ 1,

b ∥a∥∞ ≤ ∥Sa∥ ≤ ∥a∥∞ (a ∈ c0).

Define νm = S(e1 + · · · + em). Then ∥νm∥ ≤ 1. For every f ∈ F(C)∗, the functional S∗f
belongs to ℓ1, and

⟨f, νm⟩ =
m∑

j=1
(S∗f)j .

These scalar partial sums converge. Hence (νm) is weakly Cauchy.
For each i ≥ 1, define a functional on the subspace S(c0) by

ℓi(Sa) = bai (a ∈ c0).
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This is well defined because S is injective. The lower bound for S gives

|ℓi(Sa)| = b|ai| ≤ b ∥a∥∞ ≤ ∥Sa∥ ,

so ∥ℓi∥ ≤ 1. Hahn–Banach extends it to

ℓ̃i ∈ F(C)∗, ℓ̃i|S(c0) = ℓi,
∥∥∥ℓ̃i∥∥∥ = ∥ℓi∥ ≤ 1.

Free-space duality (2.5) represents this extended functional by the Lipschitz function

fi(x) = ℓ̃i(δC(x)) (x ∈ C), fi(0) = 0, Lip(fi) =
∥∥∥ℓ̃i∥∥∥ ≤ 1.

The correspondence for a general free-space vector is

⟨fi, µ⟩ = ℓ̃i(µ) (µ ∈ F(C)).

In particular, νj = S(e1 + · · · + ej) lies in S(c0), where the extension agrees with ℓi. Thus

⟨fi, νj⟩ = ℓ̃i(νj)
= ℓi

(
S(e1 + · · · + ej)

)
= b(e1 + · · · + ej)i

=
{
b, i ≤ j,

0, i > j.

(5.18)

Thus earlier functions detect a later partial sum, and later functions vanish on an earlier
partial sum. The ordering in this array will allow us to average functions without destroying
detection.

Approximate the vectors and the functions.

Put
τ = b

64 ,

and choose, for every j, a finite evaluation sum µj with ∥µj − νj∥ < τ . Since ∥νj∥ ≤ 1 and
b ≤ 1,

∥µj∥ ≤ ∥νj∥ + ∥µj − νj∥ < 1 + b

64 ≤ 1 + 1
64 < 2.

Fix one representation from Lemma 5.3 for each µj . All later expressions Eµj ,q use that same
representation.
For each integer N , apply Lemma 5.1 to f1, . . . , fN on C. This is a separate finite construction
for each N ; extension of these functions to H is not needed first. Using the same index
convention as in Section 4, write

µj =
Nj∑

k=1
ajkδC(xjk).

Put

MN = max

1, max
1≤j≤N

Nj∑
k=1

|ajk|

 .
Choose the approximations f (N)

i : H → R so that

sup
C

|f (N)
i − fi| <

b

64MN
, f

(N)
i (0) = 0, Lip(f (N)

i ) ≤ 1.
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Each approximation comes with its fixed map Γ
f

(N)
i

and finite constants in (5.3)–(5.4). For
1 ≤ i, j ≤ N ,

|⟨f (N)
i , µj⟩ − ⟨fi, νj⟩| ≤ |⟨f (N)

i − fi, µj⟩| + |⟨fi, µj − νj⟩|

≤
Nj∑

k=1
|ajk| |f (N)

i (xjk) − fi(xjk)| + Lip(fi) ∥µj − νj∥

<
b

64MN

Nj∑
k=1

|ajk| + b

64

≤ b

64 + b

64 = b

32 <
b

8 .

Together with (5.18), this gives∣∣∣⟨f (N)
i , µj⟩ − b1{i≤j}

∣∣∣ ≤ b

8 (1 ≤ i, j ≤ N). (5.19)

For every N ≥ 1 we therefore have the finite indexed family(
(f (N)

i , µi)
)N

i=1.

The functions may depend on N , but the vector carrying the index i is always the same µi. If
BN ⊂ {1, . . . , N}, then the subfamily (

(f (N)
i , µi)

)
i∈BN

is listed in increasing order of the original index i, and (5.19) continues to hold for all i, j ∈ BN .

5.5 Selecting averages from finite indexed families

The next lemma chooses one difference of two averages from a finite family. It also identifies
infinitely many later finite families and, in each of them, many indices on which the coefficient
of the chosen function is small. All indices remain the original indices of the vectors µi.

Lemma 5.5 (Selection by finite Hilbert averages). Let (µj)j≥1 be finite evaluation sums in
F(C), with ∥µj∥ ≤ 2 and fixed representations from Lemma 5.3. Let M ⊂ N be infinite. For
each n ∈ M, suppose that a nonempty set Bn ⊂ {1, . . . , n} and the finite family(

(f (n)
i , µi)

)
i∈Bn

is given in increasing order of its indices, with

|Bn| −→ ∞ (n → ∞, n ∈ M).

Each f
(n)
i : H → R vanishes at 0, is 1-Lipschitz, and has a fixed coefficient map satisfying

(5.3)–(5.4). Assume that b > 0 satisfies∣∣∣⟨f (n)
i , µj⟩ − b1{i≤j}

∣∣∣ ≤ b

8 (n ∈ M, i, j ∈ Bn). (5.20)

For every t ≥ 1 and η > 0, one can choose n0 ∈ M, two nonempty equal-size subsets I, J ⊂ Bn0

with max I < min J , and a function

z = 1
2

(
1

|I|
∑
i∈I

f
(n0)
i − 1

|J |
∑
i∈J

f
(n0)
i

)
(5.21)
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such that
z(0) = 0, Lip(z) ≤ 1, ⟨z, µmax I⟩ ≥ 3b

8 , t sup
C

|z| ≤ η

2 . (5.22)

The map Γz is the same linear combination of the input maps as in (5.21); it satisfies
(5.3)–(5.4) with finite constants Kz,Mz. There are also an integer q0 ≥ 1, an infinite set
N ⊂ {n ∈ M : n > n0}, and nonempty subsets An ⊂ Bn such that

|An| −→ ∞ (n → ∞, n ∈ N ), (5.23)
Eµj ,q(∥Γz∥) ≤ η (n ∈ N , j ∈ An, q ≥ q0). (5.24)

Here ∥Γz∥ denotes the scalar function x 7→ ∥Γz(x)∥ on C. For each n ∈ N , the selected indices
are the elements of An.

Proof. 1. Fix one finite family, then choose a sufficiently fine subdivision.

Let
R = max

{
1, sup

x∈C
∥x∥

}
, D = diam(C),

and choose a nonempty finite η/(4t)-net S ⊂ C. Define B∗ and choose m ≥ 1 with

B2
∗ = 2 + t2|S|R2,

2B∗√
m

≤ η

2 .

Since |Bn| → ∞ along n ∈ M, choose n0 ∈ M with |Bn0 | ≥ 2m, and list its first 2m indices as
i1 < i2 < · · · < i2m .

Only the functions at these indices will be averaged. Put
K = max

1≤a≤2m
K

f
(n0)
ia

, M = max
1≤a≤2m

M
f

(n0)
ia

,

and choose an integer q0 ≥ 1 such that

q0 ≥ max
{

1, 8KD
η

}
. (5.25)

The index n0 and its finite family are fixed before K and q0 are chosen. No bound on these
constants, uniform in n, is required.
Split the ordered indices into consecutive halves as in Lemma 5.2. Explicitly, let

Ir,s = {i(s−1)2m−r+1, . . . , is2m−r } (0 ≤ r ≤ m, 1 ≤ s ≤ 2r),
and collect the pairs of halves in the finite set

Pm = {(Ir+1,2s−1, Ir+1,2s) : 0 ≤ r < m, 1 ≤ s ≤ 2r}.

Every P = (I, J) ∈ Pm satisfies |I| = |J | and max I < min J , and

|Pm| =
m−1∑
r=0

2r = 2m − 1.

For each such pair define zI,J by the right-hand side of (5.21), and define ΓzI,J by the same
linear combination. The sum of the absolute coefficients is∑

i∈I

1
2|I|

+
∑
i∈J

1
2|J |

= 1
2 + 1

2 = 1.

Thus (5.9) gives, for every candidate,

zI,J(0) = 0, Lip(zI,J) ≤ 1,
∥∥∥ΓzI,J (x)

∥∥∥ ≤ 1, Lip(ΓzI,J ) ≤ K,

|zI,J(y) − zI,J(x) − ⟨ΓzI,J (x), y − x⟩| ≤ M ∥y − x∥2 .
(5.26)
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2. Fix n > n0 and j ∈ Bn, and find one usable pair.

Fix n ∈ M with n > n0, and fix j ∈ Bn. Use the fixed representation of µj from Section 5.3; in
this paragraph denote its data by as, ps, qs, ws and its subdivision points by x(q0)

s,ℓ . We encode
simultaneously the coefficient values at these subdivision points and the function values on S.
For this purpose, form the finite Hilbert direct sum

Hj =

 r⊕
s=1

q0−1⊕
ℓ=0

H


2

⊕2 ℓ2(S).

Its first component has rq0 copies of H; H itself need not be finite-dimensional. For each of
the selected indices i, put

V j
i =

((√
ws

q0
Γ

f
(n0)
i

(x(q0)
s,ℓ )

)
s,ℓ

,
(
tf

(n0)
i (p)

)
p∈S

)
.

The zero representation causes no difficulty: its first component is the zero space. The bound
on the second component follows from

|f (n0)
i (p)| = |f (n0)

i (p) − f
(n0)
i (0)| ≤ ∥p∥ ≤ R.

For the whole vector, the definition of the direct-sum norm gives

∥∥∥V j
i

∥∥∥2

Hj

=
∑

s

ws

q0

q0−1∑
ℓ=0

∥∥∥∥Γf
(n0)
i

(x(q0)
s,ℓ )

∥∥∥∥2
+ t2

∑
p∈S

|f (n0)
i (p)|2

≤
∑

s

ws

q0
q0 + t2|S|R2

= ∥µj∥ + t2|S|R2 ≤ 2 + t2|S|R2 = B2
∗ .

For any candidate pair P = (I, J), the definitions of zI,J and its coefficient map give

1
|I|
∑
i∈I

V j
i − 1

|J |
∑
i∈J

V j
i

=
((

2
√
ws

q0
ΓzI,J (x(q0)

s,ℓ )
)

s,ℓ

,
(
2tzI,J(p)

)
p∈S

)
.

(5.27)

For example, at a fixed sample point the first component is√
ws

q0

(
1

|I|
∑
i∈I

Γ
f

(n0)
i

(x(q0)
s,ℓ ) − 1

|J |
∑
i∈J

Γ
f

(n0)
i

(x(q0)
s,ℓ )

)
= 2

√
ws

q0
ΓzI,J (x(q0)

s,ℓ ).

Apply Lemma 5.2 to V j
i1
, . . . , V j

i2m in their listed order. Its two blocks correspond to a pair
(I, J) ∈ Pm, and ∥∥∥∥∥ 1

|I|
∑
i∈I

V j
i − 1

|J |
∑
i∈J

V j
i

∥∥∥∥∥
Hj

≤ 2B∗√
m

≤ η

2 . (5.28)

For this fixed n and j, the pair may depend on j.
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3. Fix one pair on index sets whose cardinalities tend to infinity.

For P = (I, J) ∈ Pm and n ∈ M, n > n0, define

AP (n) =

j ∈ Bn :
∥∥∥∥∥ 1

|I|
∑
i∈I

V j
i − 1

|J |
∑
i∈J

V j
i

∥∥∥∥∥
Hj

≤ η

2

 .
To see that these sets cover Bn, take any j ∈ Bn. Apply Step 2 to this particular µj . It
supplies a pair P with∥∥∥∥∥ 1

|I|
∑
i∈I

V j
i − 1

|J |
∑
i∈J

V j
i

∥∥∥∥∥
Hj

≤ η

2 =⇒ j ∈ AP (n) ⊂
⋃

Q∈Pm

AQ(n).

Thus Bn ⊂
⋃

P AP (n). Conversely each AP (n) ⊂ Bn by definition. Consequently,

|Bn| =

∣∣∣∣∣∣
⋃

P ∈Pm

AP (n)

∣∣∣∣∣∣
≤

∑
P ∈Pm

|AP (n)|

≤ (2m − 1) max
P ∈Pm

|AP (n)|.

(5.29)

The first inequality allows overlap: a shared index is counted once on the left and more than
once in the sum. Choose a maximizing pair Pn, so that

|APn(n)| = max
P ∈Pm

|AP (n)| ≥ |Bn|
2m − 1 .

There are finitely many possible pairs. Since

{n ∈ M : n > n0} =
⋃

P ∈Pm

{n ∈ M : n > n0, Pn = P}

is infinite, at least one set on the right is infinite. Fix its pair P = (I, J), and denote that
infinite set by N . For n ∈ N , set An = AP (n). Then

|An| = |APn(n)| ≥ |Bn|
2m − 1 −→ ∞ (n → ∞, n ∈ N ).

In particular, An ≠ ∅. For each n ∈ N , the indices in An refer to the original functions f (n)
i

and the original vectors µi.

4. Compute both estimates for the chosen function.

Set z = zI,J for the fixed pair from Step 3. For n ∈ N and j ∈ An = AP (n), the defining
inequality and (5.27) give the following calculation:

η2

4 ≥
∥∥∥∥∥ 1

|I|
∑
i∈I

V j
i − 1

|J |
∑
i∈J

V j
i

∥∥∥∥∥
2

Hj

=
∥∥∥∥∥
((

2
√
ws

q0
Γz(x(q0)

s,ℓ )
)

s,ℓ

, (2tz(p))p∈S

)∥∥∥∥∥
2

Hj

=
∑

s

4ws

q0

q0−1∑
ℓ=0

∥∥∥Γz(x(q0)
s,ℓ )

∥∥∥2
+ 4t2

∑
p∈S

|z(p)|2

= 4Eµj ,q0(∥Γz∥2) + 4t2
∑
p∈S

|z(p)|2.

(5.30)
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Both summands are nonnegative. Dividing by four gives

Eµj ,q0(∥Γz∥2) ≤ η2

16 , t2
∑
p∈S

|z(p)|2 ≤ η2

16 .

Finite-sum Cauchy–Schwarz (5.15) now gives

Eµj ,q0(∥Γz∥) ≤ ∥µj∥1/2Eµj ,q0(∥Γz∥2)1/2 ≤
√

2η
4 .

This estimate initially holds only at q0. To obtain every finer subdivision, first note from (5.26)
that

| ∥Γz(x)∥ − ∥Γz(y)∥ | ≤ ∥Γz(x) − Γz(y)∥ ≤ K ∥x− y∥ .
Therefore (5.16), ∥µj∥ ≤ 2, and the choice (5.25) imply, for every q ≥ q0,

Eµj ,q(∥Γz∥) ≤ Eµj ,q0(∥Γz∥) + 2KD
( 1
q0

+ 1
q

)
≤

√
2η
4 + 4KD

q0

≤
√

2η
4 + η

2 =
√

2 + 2
4 η < η.

(5.31)

This proves (5.24) uniformly for all selected indices and all q ≥ q0.
To obtain the value estimate, choose any n ∈ N and any j ∈ An; such a pair exists because N
is infinite and every An is nonempty. The second summand of (5.30) gives, for every p ∈ S,

t|z(p)| ≤ t

(∑
u∈S

|z(u)|2
)1/2

≤ η

4 .

For any x ∈ C, choose p ∈ S with ∥x− p∥ < η/(4t). Using Lip(z) ≤ 1 from (5.26), we get

t|z(x)| ≤ t|z(p)| + t|z(x) − z(p)|

≤ η

4 + t ∥x− p∥ < η

4 + t
η

4t = η

2 .

Taking the supremum proves t supC |z| ≤ η/2.

5. Compute the pairing in the selected finite family.

The chosen vector is the original µmax I . The ordering of the two blocks gives

i ∈ I =⇒ i ≤ max I, i ∈ J =⇒ i > max I.

Apply (5.20) with n = n0 and j = max I:

i ∈ I =⇒ |⟨f (n0)
i , µmax I⟩ − b| ≤ b

8 =⇒ ⟨f (n0)
i , µmax I⟩ ≥ 7b

8 ,

i ∈ J =⇒ |⟨f (n0)
i , µmax I⟩| ≤ b

8 =⇒ ⟨f (n0)
i , µmax I⟩ ≤ b

8 .

Consequently,

⟨z, µmax I⟩ = 1
2

(
1

|I|
∑
i∈I

⟨f (n0)
i , µmax I⟩ − 1

|J |
∑
i∈J

⟨f (n0)
i , µmax I⟩

)

≥ 1
2

(7b
8 − b

8

)
= 3b

8 .

The other asserted properties of z and Γz were established in (5.26).
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5.6 Finite products and the final contradiction

Theorem 5.6 (Compact convex subsets of Hilbert spaces). If C is a compact convex subset
of a real Hilbert space and 0 ∈ C, then F(C) contains no linear copy of c0.

Proof. If C = {0}, then F(C) = {0}. Otherwise suppose there is an embedding S : c0 → F(C),
normalized by

b ∥a∥∞ ≤ ∥Sa∥ ≤ ∥a∥∞ (a ∈ c0), 0 < b ≤ 1.

Section 5.4 gives a weakly Cauchy sequence, its finite approximations, and the finite indexed
families of functions:

νj = S(e1 + · · · + ej), ∥νj∥ ≤ 1, ∥µj − νj∥ < b

64 , ∥µj∥ < 2,

f
(n)
i (0) = 0, Lip(f (n)

i ) ≤ 1,∣∣∣⟨f (n)
i , µj⟩ − b1{i≤j}

∣∣∣ ≤ b

8 (1 ≤ i, j ≤ n).

(5.32)

Each function has its fixed coefficient map and quadratic-error constant from Lemma 5.1.
Every µj has one fixed representation for Eµj ,q. Neither the vector nor its representation will
change.
The functions we seek will be products

gk = βkzk, βk(x) =
∏
ℓ<k

(1 − aℓ(x)), aℓ(x) = ∥Γzℓ
(x)∥ ∈ [0, 1].

The reason for this product is the exact identity

βk(x)ak(x) = βk(x) − βk+1(x).

Thus the coefficients in the increment bounds will telescope. For each k, Lemma 5.5 will choose
zk and an original vector µmk

so that ⟨zk, µmk
⟩ is large, while all earlier coefficient functions

a1, . . . , ak−1 have small finite averages on µmk
.

1. Choose zk and µmk
by induction.

Set
ηk = b 2−k−8 (k ≥ 1),

∑
k≥1

ηk = b

256 .

We shall choose, for every k ≥ 1, a function zk, an original index mk, and an integer qk ≥ 1.
Put

ak(x) = ∥Γzk
(x)∥ .

The required conditions are

zk(0) = 0, Lip(zk) ≤ 1, ∥Γzk
(x)∥ ≤ 1,

⟨zk, µmk
⟩ ≥ 3b

8 , tk sup
C

|zk| ≤ ηk

2 ,
(5.33)

where

tk = max

1,
∑
ℓ<k

Kzℓ

 ,
and, for every ℓ < k,

Eµmk
,q(aℓ) ≤ ηℓ (q ≥ qℓ). (5.34)
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Each zk also has finite constants Kzk
,Mzk

satisfying (5.3)–(5.4).
The admissible original indices are defined recursively. Start with

Λ0 = N.

After zk and qk have been chosen, set

Λk = Λk−1 ∩ {i ∈ N : Eµi,q(ak) ≤ ηk for every integer q ≥ qk} . (5.35)

The induction will show that every Λk is infinite. Thus choosing mk ∈ Λk−1 automatically
gives all estimates in (5.34).
Assume that z1, . . . , zk−1, m1, . . . ,mk−1, and q1, . . . , qk−1 have been chosen, and that Λk−1 is
infinite. Define

βk(x) =
∏
ℓ<k

(1 − aℓ(x)), tk = max

1,
∑
ℓ<k

Kzℓ

 .
For k = 1 these are the empty product and empty sum, so β1 = 1 and t1 = 1.
For every ℓ < k,

|aℓ(y) − aℓ(x)| ≤ ∥Γzℓ
(y) − Γzℓ

(x)∥
≤ Kzℓ

∥y − x∥ .

Changing the factors of the product one at a time gives

βk(y) − βk(x) =
∑
ℓ<k

(aℓ(x) − aℓ(y))
∏
r<ℓ

(1 − ar(y))
∏

ℓ<r<k

(1 − ar(x)).

Since every factor belongs to [0, 1],

|βk(y) − βk(x)| ≤
∑
ℓ<k

|aℓ(x) − aℓ(y)|

≤

∑
ℓ<k

Kzℓ

 ∥y − x∥

≤ tk ∥y − x∥ .

(5.36)

Thus Lip(βk) ≤ tk before zk is chosen.
Let

n∗ = min Λk−1, Bn = Λk−1 ∩ {1, . . . , n} (n ≥ n∗).

Every Bn is nonempty. Moreover, |Bn| → ∞: indeed, given r ≥ 1, choose

i1 < i2 < · · · < ir, i1, . . . , ir ∈ Λk−1.

Then n ≥ ir implies {i1, . . . , ir} ⊂ Bn, and hence |Bn| ≥ r.
Apply Lemma 5.5 with the explicit data

M = {n ∈ N : n ≥ n∗}, Bn = Λk−1 ∩ {1, . . . , n}, t = tk, η = ηk.

For each n, use the previously constructed pairs (f (n)
i , µi) with i ∈ Bn. Since Bn ⊂ {1, . . . , n},

the input estimate is precisely∣∣∣⟨f (n)
i , µj⟩ − b1{i≤j}

∣∣∣ ≤ b

8 (i, j ∈ Bn),
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which follows from (5.32). The first two lines of that display also give

∥µi∥ < 2, f
(n)
i (0) = 0, Lip(f (n)

i ) ≤ 1 (i ∈ Bn),

and Lemma 5.1 supplies the fixed coefficient maps and quadratic-error bounds. The repre-
sentation of every µi was fixed in Section 5.4. Thus all hypotheses of Lemma 5.5 have been
verified.
The lemma gives n0, two equal-size sets I, J ⊂ Bn0 with max I < min J , an integer qk ≥ 1, an
infinite set N , and sets An ⊂ Bn for n ∈ N . Define

zk = 1
2

(
1

|I|
∑
i∈I

f
(n0)
i − 1

|J |
∑
i∈J

f
(n0)
i

)
, mk = max I.

With these choices, (5.22) gives (5.33), and the lemma supplies finite constants Kzk
,Mzk

.
Because

mk = max I ∈ I ⊂ Bn0 ⊂ Λk−1,

the definition of Λk−1 gives (5.34).
Now define ak(x) = ∥Γzk

(x)∥ and define Λk by (5.35). The lemma also gives

|An| −→ ∞ (n → ∞, n ∈ N )

and
Eµi,q(ak) ≤ ηk (n ∈ N , i ∈ An, q ≥ qk).

For such n and i,
i ∈ An ⊂ Bn ⊂ Λk−1,

so the last estimate and (5.35) give i ∈ Λk. Hence

An ⊂ Λk (n ∈ N ).

If Λk were finite, then |An| ≤ |Λk| for every n ∈ N , contradicting |An| → ∞. Therefore Λk is
infinite, and the induction continues.

2. Estimate the increments of gk = βkzk.

On C set gk = βkzk. In particular gk(0) = 0. The product difference is the elementary identity

gk(y) − gk(x) = βk(x)(zk(y) − zk(x)) + zk(y)(βk(y) − βk(x)). (5.37)

Since 0 ≤ βk ≤ 1, (5.36) and (5.33) first give the ordinary Lipschitz estimate

|gk(y) − gk(x)| ≤ |zk(y) − zk(x)| + sup
C

|zk| tk ∥y − x∥

≤
(

1 + ηk

2

)
∥y − x∥ .

(5.38)

Thus gk ∈ Lip0(C) and, since ηk = b 2−k−8 ≤ b/512,

Lip(gk) ≤ 1 + ηk

2 ≤ 1 + b

1024 < 2.

For the sum over k, use the more precise quadratic estimate for zk. Subtracting its linear term
from (5.37) gives

gk(y) − gk(x) − βk(x)⟨Γzk
(x), y − x⟩

= βk(x)
(
zk(y) − zk(x) − ⟨Γzk

(x), y − x⟩
)

+ zk(y)(βk(y) − βk(x)).
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By (5.4), (5.36), and (5.33), its absolute value is at most

Mzk
∥y − x∥2 + ηk

2 ∥y − x∥ .

Using ak(x) = ∥Γzk
(x)∥ in the remaining inner product therefore yields

|gk(y) − gk(x)| ≤
(
βk(x)ak(x) + ηk

2

)
∥y − x∥ +Mzk

∥y − x∥2 . (5.39)

3. Telescope the coefficients and then subdivide one segment.

From the definitions of the finite products,

βk+1(x) = βk(x)(1 − ak(x)), βk(x)ak(x) = βk(x) − βk+1(x).

Hence, for every finite N ,
N∑

k=1
βk(x)ak(x) =

N∑
k=1

(βk(x) − βk+1(x))

= β1(x) − βN+1(x) = 1 − βN+1(x) ≤ 1.
(5.40)

Fix this N and x, y ∈ C. For any integer q ≥ 1, let

xℓ = x+ ℓ

q
(y − x) (0 ≤ ℓ ≤ q).

These points lie in C, and
∥xℓ+1 − xℓ∥ = ∥y − x∥

q
.

Apply (5.39) at each pair of consecutive points, then use (5.40):
N∑

k=1
|gk(y) − gk(x)| =

N∑
k=1

∣∣∣∣∣∣
q−1∑
ℓ=0

(gk(xℓ+1) − gk(xℓ))

∣∣∣∣∣∣
≤

q−1∑
ℓ=0

N∑
k=1

|gk(xℓ+1) − gk(xℓ)|

≤
q−1∑
ℓ=0

(
N∑

k=1
βk(xℓ)ak(xℓ) + 1

2

N∑
k=1

ηk

)
∥y − x∥

q

+
q−1∑
ℓ=0

N∑
k=1

Mzk

∥y − x∥2

q2

≤
(

1 + b

512

)
∥y − x∥ + ∥y − x∥2

q

N∑
k=1

Mzk
.

(5.41)

Keep N fixed and let q → ∞. The sum of the Mzk
is finite, so the last term tends to zero.

Thus
N∑

k=1
|gk(y) − gk(x)| ≤

(
1 + b

512

)
∥y − x∥ .

Now let N → ∞. The nonnegative partial sums increase, giving∑
k≥1

|gk(y) − gk(x)| ≤
(

1 + b

512

)
∥y − x∥ ≤ 2 ∥y − x∥ . (5.42)

There was no bound on
∑

k≥1Mzk
, nor was one needed: the subdivision limit was taken first

for each finite set of functions.

Expository Note • Version 1 39 / 45



Exact Mathematics with AI — Expository Note Lipschitz-free / Version 1

4. The large pairings survive multiplication.

The same telescoping identity, now stopped at k − 1, gives

1 − βk(x) =
∑
ℓ<k

βℓ(x)aℓ(x) ≤
∑
ℓ<k

aℓ(x). (5.43)

Here even the quadratic estimate is unnecessary. Since zk is 1-Lipschitz, the exact product
difference gives

(gk − zk)(y) − (gk − zk)(x)
= (βk(x) − 1)(zk(y) − zk(x)) + zk(y)(βk(y) − βk(x)),

|(gk − zk)(y) − (gk − zk)(x)|
≤ (1 − βk(x)) ∥y − x∥ + sup

C
|zk| tk ∥y − x∥

≤

∑
ℓ<k

aℓ(x) + ηk

2

 ∥y − x∥ .

The function h = gk − zk vanishes at zero and is Lipschitz. The preceding estimate has the
form required by Lemma 5.4(ii), with

φ(x) =
∑
ℓ<k

aℓ(x) + ηk

2 , M = 0, µ = µmk
.

Choose one integer
q ≥ max{1, q1, . . . , qk−1};

for k = 1, this means only q ≥ 1. The lemma gives

|⟨gk − zk, µmk
⟩| ≤ Eµmk

,q

∑
ℓ<k

aℓ + ηk

2 1C

+ 0 ·D ∥µmk
∥

q

= Eµmk
,q

∑
ℓ<k

aℓ + ηk

2 1C

 .
To evaluate this finite sum, write the fixed representation of µmk

as

µmk
=

r∑
s=1

cs
(
δC(ps) − δC(qs)

)
, ws = |cs| ∥ps − qs∥ ,

r∑
s=1

ws = ∥µmk
∥ .
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Then

Eµmk
,q

∑
ℓ<k

aℓ + ηk

2 1C


=

r∑
s=1

ws

q

q−1∑
j=0

∑
ℓ<k

aℓ(x
(q)
s,j ) + ηk

2


=
∑
ℓ<k

Eµmk
,q(aℓ) + ηk

2

r∑
s=1

ws

q

q−1∑
j=0

1

=
∑
ℓ<k

Eµmk
,q(aℓ) + ηk

2

r∑
s=1

ws

=
∑
ℓ<k

Eµmk
,q(aℓ) + ηk

2 ∥µmk
∥

≤
∑
ℓ<k

ηℓ + ηk

2 · 2

=
k∑

ℓ=1
ηℓ ≤

∞∑
ℓ=1

b

2ℓ+8 = b

256 .

(5.44)

The inequality before the last line uses mk ∈ Λk−1, so that

Eµmk
,q(aℓ) ≤ ηℓ (ℓ < k, q ≥ qℓ),

and also ∥µmk
∥ < 2. This estimate is obtained at a finite subdivision; no further limit is used

here. The remaining approximation error, by (5.38) and (5.32), is

|⟨gk, νmk
− µmk

⟩| ≤ Lip(gk) ∥νmk
− µmk

∥

< 2 · b

64 = b

32 .

Together with the selected pairing in (5.33), this yields

⟨gk, νmk
⟩ ≥ ⟨zk, µmk

⟩ − |⟨gk − zk, µmk
⟩| − |⟨gk, νmk

− µmk
⟩|

>
3b
8 − b

256 − b

32 = (96 − 1 − 8)b
256 = 87b

256 >
b

4 .

On the other hand, (5.42) and Corollary 3.2(ii), applied to the weakly Cauchy sequence (νm),
give

sup
m

|⟨gk, νm⟩| −→ 0.

This contradicts
sup

m
|⟨gk, νm⟩| ≥ |⟨gk, νmk

⟩| > b

4 (k ≥ 1).

The proof used the explicit linear coefficients only in the finite Hilbert averages and in the
quadratic increment bounds. The final test functions gk = βkzk were estimated directly from
product differences; no differentiability of these products was needed.

6. Free spaces over Hilbert spaces

Compact reduction now allows us to use the preceding theorem for an arbitrary real Hilbert
space. A hypothetical embedding of c0 will give a bounded operator into the free space of a
compact convex set. We first derive the consequence of Bessaga–Pełczyński that makes this
operator compact, and then show why compactness is impossible.
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6.1 Bessaga–Pełczyński and operators on c0

A series
∑

n xn in a Banach space E is weakly unconditionally Cauchy if∑
n

|e∗(xn)| < ∞ (e∗ ∈ E∗).

This is one of the standard equivalent formulations; see [6, Proposition 4.3.9]. We use the
following theorem of Bessaga and Pełczyński [3]; see also [6, Theorem 4.3.12]: if E contains no
linear copy of c0, every weakly unconditionally Cauchy series in E converges unconditionally
in norm.
Here is its operator consequence, including the passage from a series to an operator-norm
estimate:

c0 ̸↪→ E =⇒ every bounded linear T : c0 → E is compact. (6.1)

The notation ̸↪→ excludes a bounded linear embedding with a positive lower bound.
To see (6.1), let E contain no linear copy of c0, and let T : c0 → E be bounded and linear.
Let (en) be the standard unit vectors of c0. Since T ∗e∗ ∈ c∗

0 = ℓ1,∑
n

|e∗(Ten)| = ∥T ∗e∗∥1 < ∞.

Thus the theorem gives unconditional convergence of
∑

n Ten. For η > 0, choose N so that
every finite sum over indices larger than N has norm less than η/2. Splitting a signed sum
into its positive and negative parts gives∥∥∥∥∥∑

n∈F

σnTen

∥∥∥∥∥ < η (F ⊂ {N + 1, N + 2, . . .} finite, σn = ±1) .

For real coefficients |an| ≤ 1, write their vector as a convex combination of sign vectors:

(an)n∈F =
∑

σ∈{−1,1}F

tσσ, tσ ≥ 0,
∑

σ

tσ = 1.

This is possible because [−1, 1]F is the convex hull of its vertices. Substituting this identity
into the finite linear combination yields∥∥∥∥∥∑

n∈F

anTen

∥∥∥∥∥ =
∥∥∥∥∥∑

σ

tσ
∑
n∈F

σnTen

∥∥∥∥∥ ≤
∑

σ

tσ

∥∥∥∥∥∑
n∈F

σnTen

∥∥∥∥∥ < η.

Let RN : c0 → c0 retain its first N coordinates. For a = (an) ∈ Bc0 , the finite tails converge in
c0. Continuity of T and the preceding estimate give

T (I −RN )a = lim
m→∞

m∑
n=N+1

anTen, ∥T (I −RN )a∥ ≤ η.

The bound holds for every a in the unit ball. Hence

∥T − TRN ∥ = ∥T (I −RN )∥ −→ 0.

Each TRN has finite rank, proving (6.1).
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6.2 The transfer to the whole Hilbert space

Theorem 6.1. For every real Hilbert space H, the free space F(H) contains no linear copy of
c0.

Proof. Suppose that S : c0 → F(H) is a bounded linear embedding. Choose b > 0 such that

∥Sa∥ ≥ b ∥a∥∞ (a ∈ c0).

For every ℓ ∈ F(H)∗, the sequence S∗ℓ belongs to c∗
0 = ℓ1, and hence

ℓ(Sen) = (S∗ℓ)n −→ 0.

Thus Sen ⇀ 0. Apply Theorem 4.3 with M = H and τ = b/4 to obtain a compact set K ∋ 0
such that

sup
n

dist(Sen,F(K)) < b/4.

We will project onto the free space of a compact convex set containing K, while keeping the
norms of these projected vectors bounded away from zero.

1. The closed convex hull is still compact.

Let C = convK. We will construct finite nets at every scale to show that C is totally bounded.
For δ > 0 choose a finite δ-net F ⊂ K. Given a convex combination∑

j

ajxj , xj ∈ K, aj ≥ 0,
∑

j

aj = 1,

choose yj ∈ F with ∥xj − yj∥ < δ. Then∥∥∥∥∥∥
∑

j

ajxj −
∑

j

ajyj

∥∥∥∥∥∥ ≤
∑

j

aj ∥xj − yj∥ < δ.

The convex hull of finite F is the continuous image of a finite-dimensional compact simplex,
so it is compact. Choose a finite δ-net G in convF . The preceding approximation and this
net give

d(x,G) ≤ d(x, convF ) + δ < 2δ (x ∈ convK).
By continuity of the distance to G, d(x,G) ≤ 2δ < 3δ for x ∈ C = convK. Thus G is a finite
3δ-net for C. Thus C is totally bounded and closed in complete H, hence compact.

2. The nearest-point projection is nonexpansive.

Let rC(x) be the nearest point in C to x. Existence follows from compactness. To see
uniqueness, suppose u, v both minimize the distance to x, with value d. Their midpoint lies in
C, and ∥∥∥∥x− u+ v

2

∥∥∥∥2
= ∥x− u∥2 + ∥x− v∥2

2 − ∥u− v∥2

4 = d2 − ∥u− v∥2

4 .

Minimality of d forces u = v.
Let x ∈ H, w ∈ C, and 0 < t ≤ 1. Convexity gives

rC(x) + t(w − rC(x)) ∈ C.

The nearest-point property therefore yields

0 ≤ ∥x− rC(x) − t(w − rC(x))∥2 − ∥x− rC(x)∥2

= −2t⟨x− rC(x), w − rC(x)⟩ + t2 ∥w − rC(x)∥2 .
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Dividing by 2t > 0 gives

⟨x− rC(x), w − rC(x)⟩ ≤ t

2 ∥w − rC(x)∥2 .

Letting t ↓ 0, we obtain the variational inequality

⟨x− rC(x), w − rC(x)⟩ ≤ 0 (w ∈ C). (6.2)

Apply (6.2) first with w = rC(y):

⟨x− rC(x), rC(y) − rC(x)⟩ ≤ 0,

so
⟨x− rC(x), rC(x) − rC(y)⟩ ≥ 0.

Apply it again with base point y and w = rC(x):

⟨y − rC(y), rC(x) − rC(y)⟩ ≤ 0.

Subtracting the second inner product from the first gives
0 ≤ ⟨x− rC(x), rC(x) − rC(y)⟩

− ⟨y − rC(y), rC(x) − rC(y)⟩
= ⟨x− y, rC(x) − rC(y)⟩ − ∥rC(x) − rC(y)∥2 .

Consequently, by Cauchy–Schwarz,

∥rC(x) − rC(y)∥2 ≤ ⟨x− y, rC(x) − rC(y)⟩
≤ ∥x− y∥ ∥rC(x) − rC(y)∥ .

If rC(x) = rC(y), the required inequality is immediate. Otherwise, dividing by ∥rC(x) − rC(y)∥
gives

∥rC(x) − rC(y)∥ ≤ ∥x− y∥ .
Thus rC is nonexpansive. It fixes every point of C, including zero.

3. Linearize the retraction and compare with the identity.

The map δC ◦ rC : H → F(C) is 1-Lipschitz and fixes zero. Proposition 2.1 therefore gives its
linearization

PC : F(H) → F(C), PCδH(x) = δC(rC(x)), ∥PC∥ ≤ 1.

Under the standard inclusion F(C) ⊂ F(H), it fixes each δH(x) for x ∈ C and therefore is a
projection onto F(C). Regard I − PC as an operator on F(H). Since F(K) ⊂ F(C), every
ν ∈ F(K) satisfies

PCν = ν, (I − PC)µ = (I − PC)(µ− ν) (µ ∈ F(H)).

Consequently,

∥µ− PCµ∥ = ∥(I − PC)(µ− ν)∥
≤ (1 + ∥PC∥) ∥µ− ν∥ ≤ 2 ∥µ− ν∥ .

This holds for every ν ∈ F(K). Taking the infimum gives

∥µ− PCµ∥ ≤ 2 dist(µ,F(K)). (6.3)

For µ = Sen, the lower bound for S and the choice of K therefore give

∥PCSen∥ ≥ ∥Sen∥ − ∥Sen − PCSen∥
≥ b− 2 dist(Sen,F(K)) > b− 2(b/4) = b/2.
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4. Obtain the compact-operator contradiction.

By Theorem 5.6, F(C) contains no c0. The Bessaga–Pełczyński consequence (6.1) therefore
makes the bounded operator PCS : c0 → F(C) compact. Since (en) is bounded, some
subsequence (PCSenj )j converges in norm, say to v ∈ F(C). For every ℓ ∈ F(C)∗, however,

ℓ(v) = lim
j
ℓ(PCSenj ) = lim

j
((PCS)∗ℓ)nj = 0,

because (PCS)∗ℓ ∈ ℓ1. Thus v = 0 by Hahn–Banach, contrary to
∥∥∥PCSenj

∥∥∥ > b/2 for every
j.

The nearest-point retraction also appears in the Hilbert-space transfer in [2, proof of Theorem
C]. In this argument we needed only the distance form of compact reduction for (Sen), not an
approximation of the whole image of the unit ball.

Use of ChatGPT

This manuscript was drafted and revised using ChatGPT.
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