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Abstract

We construct separable real Banach spaces that are Lipschitz homeomorphic but not
linearly isomorphic, using the weighted graph spaces and the free-space linearization from
OpenAT’s counterexample. The Hilbert-space map is constructed here in the reverse
direction. Unit vectors are chosen from the preceding output blocks and the norm of
the remaining tail; this makes the inverse equation solvable by an explicit coordinate
recursion. Direct two-point estimates give the distance bounds, and separated coordinate
supports give complete continuity of the nonlinear correction’s linearization. The Hilbert-
space construction uses no differentiation, integration, or inverse function theorem. The
necessary facts about Lipschitz-free spaces are stated in the forms used here, with proofs
in a companion note. For every € > 0, the resulting bijection and its inverse both have
Lipschitz constant at most 1 + ¢; the two Banach spaces depend on ¢.
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1. The theorem and the construction

A surjective isometry between real normed spaces is affine by the Mazur—Ulam theorem [8]. If
it fixes the origin, it is therefore a linear isometry. A bi-Lipschitz bijection need not have this
consequence, even when its distortion is arbitrarily close to one. We explain the construction in
[9], keeping its parameters variable and replacing its Hilbert-space map by a direct construction
of the inverse.

All spaces are real. A linear copy of a Banach space E in a Banach space Y means the range
of a bounded linear map T': E — Y for which there is a > 0 such that ||Tz|| > a||z|| for every
x € E. For a Banach space Y, we use

oY) ={wiz1: 9 €Y, [lgill = 0% [(@i)lleyvy = sup flwill -

Thus ¢y = ¢p(R), whereas each coordinate of cy(¢2) is itself an infinite-dimensional Hilbert
space.
Theorem 1.1. For every € > 0 there are separable real Banach spaces X.,Y: and a bijection

V. : X, — Y, fixing the origin such that

1
T sty <M1¥els) —Te®)lly, <A +e)lls —tllx, (st € Xo). (1.1)

The space X contains co(l2) linearly isometrically, whereas Yz contains no linear copy of
co(l2). In particular, the two spaces are not linearly isomorphic.

The spaces may depend on €. We make no assertion about a single fixed pair for every positive
tolerance. At € = 0, the displayed inequalities would make W, an isometry, and Mazur—Ulam
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would force linear isometry. The distinction is therefore between zero error and every positive
multiplicative error, not between small and large additive errors.

The counterexample is due to OpenAl. The fixed source states its main theorem with lower
and upper distance bounds 4/21 and 76/25, respectively [9, Theorem 1.1]. The parameter-
dependent bounds in Theorem 1.1 are established below through a reconstruction of that
proof mechanism; they are not quoted as the literal statement of the source theorem. The
quantitative form above retains its reduction to a Hilbert-space map and chooses smaller
positive weights in the final norms. Section 5 gives a different realization of that map, with
the same properties needed by the reduction. This is an exposition and reconstruction of the
argument, not an independent solution or a claim of priority for the quantitative form.

1.1 The Hilbert map that the proof requires

Let H be a separable infinite-dimensional Hilbert space. The main construction produces a
bijection

h:%@gfz—)%, h(0,0):O,
with small distortion. These two Hilbert spaces are already linearly isometric; the essential ad-

ditional requirement concerns the difference between h and projection onto the first coordinate.
Write D(u,v) = h(u,v) — u and let

Q:ﬁ:}—(ﬂ@zﬁg)ﬁﬁﬂ

be its linearization, so Qd(u,v) = h(u,v) — u. We require @ to be completely continuous: if
tn — 0 in its domain, then [|Qu,|| — 0. This is not a synonym for compactness.

The companion note [1] supplies the other linear fact co & F(H @2 f2), because H B o is
a real Hilbert space. We do not repeat its proof. Section 2 states precisely the companion
results used here, including the formulas needed to apply them.

Section 3 constructs two weighted sequence spaces from (). Their norms contain a weighted
sum of the norms of the entries and a supremum of the norms of their images under Q.
Complete continuity makes the second term too small on suitable Hilbert directions to permit
a copy of ¢g(f2) in one space. Adding an ¢5 coordinate to each entry puts such a copy into the
other. The identity

Q(u+0(Qu,v)) = h(Qu,v)

then produces a nonlinear bijection between the two spaces. We calculate its inverse, verify
membership in both sequence spaces, and estimate both Lipschitz constants before constructing
h.

1.2 How the Hilbert map is constructed

Write H = (@,,>1 Hp)2 with finite-dimensional blocks. For a fixed unit direction in each block,
one can keep the perpendicular components in place, move the old scalar components to the
even blocks, and insert the added /5 components in the odd blocks. This is an onto linear
isometry, with an explicit inverse.

Instead of first constructing h, we construct a map in the opposite direction:

D :H — H Dol O(y) = L;(ly)y.

Here L¢ is the fixed-direction isometry just described. The direction wy,(y) in block n is
determined by the first n — 1 blocks of y and by the tail norm r,,(y) = (3,5, lly;]1>)/2. For a
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proposed preimage of (u,v), norm preservation determines that radius from already computed
blocks through 7, (y)? = ||ul|* + ||v|* — > i<n lly; ] Subsection 5.8 proves that the expression
is nonnegative throughout the recursion, constructs y,, and verifies ®(y) = (u,v). Thus it
proves surjectivity without first producing a local inverse.

The two-point estimate for ® compares its values with a single fixed-direction isometry,
chosen separately for each pair of inputs. A finite-coordinate construction separates distinct
neighborhoods into orthogonal coordinate supports in all sufficiently late blocks. The resulting
inverse h = ®~! therefore satisfies both the metric bounds and the locality condition required
by Section 4. Section 6 applies the graph-space criterion to this h and gives the final spaces
and constants.

2. The inputs from Lipschitz-free spaces

We use the companion note [1] for the proofs in this section. The statements and conventions
are recalled here so that no proof below requires a search for a definition in the companion.
The underlying free-space results are attributed to [5, 2, 6, 3] as indicated at the relevant
statements.

2.1 Evaluations, duality, and linearization

For a pointed metric space (M, d,0), let Lipy(M) be the real Lipschitz functions vanishing at
0, with norm Lip(f). For z € M, evaluation at z is the functional dy/(z) : f — f(z), and

F(M) =span{dn(z) : x € M} C Lipy(M)*.
The facts needed below are

F(M)" =Lipg(M),  (f,0m(@)) = f(z),  [[0m(z) = om(y)l = d(z,y).  (2.1)

The first identification is isometric. A separable M has separable F(M): if x; — x, then the
last identity gives das(xj) — 0pr(z), so evaluations on a countable dense subset have dense
linear span.

Proposition 2.1 (Linearization; [1, Proposition 2.1]). Let Y be a Banach space and let F :
M =Y be Lipschitz with F(0) = 0. There is a unique bounded linear operator F : F(M) — Y
such that R R

Féy(z) = F(z) (€ M), HFH = Lip(F).

If K C M contains 0, we identify F(K) isometrically with its natural subspace of F(M). In
particular,

[(f;v) < Lip(fle) vl (v € F(K)). (2.2)

For a Lipschitz function not vanishing at 0, our convention is
N N
(fop) = {f = (0), ), <f, ZajéM(wj)> = a;(f(z;) = f(0)).
j=1 J=1

Thus constants pair to zero. In particular, (2.2) also holds under this convention. These
facts are proved in [1, Section 2|; the isometric inclusion uses the scalar extension formula of
McShane [7].
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2.2 Summable functions and cutoffs

Lemma 2.2 (Summable tests; [1, Lemma 3.1 and Corollary 3.2]). Let fj : M — R be Lipschitz
functions and suppose

Do fi(x) = fi(w)| < Cd(z,y)  (x,y € M),
Jj=1
Then
A:]:(M)_)élv A/'L:(<fjvﬂ>)j21
is bounded and linear, with ||A| < C. If p, — 0 in F(M), then |Apyl; — 0.
The last assertion uses Schur’s property of ¢1. The convention above allows the functions

f; to have nonzero values at the base point: subtracting those values does not change their
increments.

Lemma 2.3 (Cutoff products; [1, Lemma 3.3]). For z € M and r > 0, set

Xzr(z) = max {O, min {1, 2— W}} .

r

Then 0 < x., <1, and

Xzr =1 on B(z,7/2), Xzr =0 on M\ B(z,7), Lip(xzr) <

SN

If f(z) =0 and Lip(f) < L, then

Lip(xz,rf) < 3L, Lip((1 — xz)f) < 3L.

Lemma 2.4 (Disjoint nonzero sets; [1, Lemma 3.4]). Suppose Lip(u;) < L and the sets
{z 1 u;(x) # 0} are pairwise disjoint. Then

> luj(@) —uy(y)| < 2Ld(z,y)  (z,y € M),
J

Disjointness in this statement concerns the functions before constants are subtracted. The
increment estimate survives that subtraction.

2.3 Compact reduction and the Hilbert-space input

Theorem 2.5 (Compact reduction; [1, Theorem 4.3]). Let M be complete and pointed, and
let p, = 0 in F(M). For every T > 0 there is a compact set K C M containing 0 such that

sup dist(pp, F(K)) < 7.
Consequently one may choose v, € F(K) with

ltn —vall <7, lwnll < sup ||l + 7.
J

This is the sequence form of the compact-reduction method of Aliaga—Nof{is—Petitjean—
Prochézka [2]. The same compact set works for the entire sequence. We use precisely that
uniformity in Section 4.
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Theorem 2.6 (Free spaces over Hilbert spaces; [1, Theorem 6.1]). For every real Hilbert space
H, the space F(H) contains no linear copy of co.

The companion proves the compact-convex case using the averaging and product argument of
Kochanek—Pernecka [6], rewritten in terms of square-root formulas and finite sums. It then
passes to the whole Hilbert space by compact reduction and the nearest-point retraction;
compare [3, proof of Theorem C]. None of that preparation is reproved here.

We also use the following consequence of Bessaga—Pelczynski [4], with its derivation in [1,
Section 6.1, equation (6.1)]:
co > EF = every bounded linear T : ¢y — FE is compact. (2.3)

Here E is a Banach space and < excludes a bounded linear embedding with a positive lower
bound. In particular, if e,, denotes the standard unit vector of ¢gy, then e,, — 0 and compactness
of T implies [|Te,|| — 0.

3. Weighted graph spaces: the reduction criterion

The purpose of this section is to specify what the later constructions must supply. Two
gliding-hump arguments provide the linear obstruction. A change of variables then matches the
metrics. We keep the weights variable, since their total sum controls the additional distortion.
The graph construction and change of variables follow [9, Sections 2-3].

Lemma 3.1 (A gliding-hump argument in ¢1(E)). If a Banach space E contains no linear
copy of co, neither does ¢1(E).

Proof. Suppose that S : ¢y — ¢1(F) is bounded and linear and that
[Sall = bllall,  (a€co)

for some b > 0. For each i, the coordinate map m; : £1(E) — E is bounded. Applying (2.3) to
m;S 1 cg — E shows that 7;S is compact. Hence

[(Sen)ill = lImiSen]| — 0 (n = o0), (3.1)

because e, — 0 in ¢p. At the same time, [|Se,|| > b for every n.

Let P, denote projection onto the first m coordinates of ¢1(F), with Py = 0. We choose
integers
Ozno<n1<n2<~-, O=mpg<mi <mg<---

such that, for every j > 1,

b b
| P, 1 Sen, || < < |(1 = Puy)Sen, | < g (3.2)
Here is the induction. Suppose nq,...,nj—1 and my,...,m;j_ have been chosen. By (3.1),

mj—1

[Py Sea| = 3 li(Sen)il] — 0.
=1

Choose nj > n;_1 for which this sum is less than b/8. For this fixed n;, membership in ¢;(E)
gives

- Pussen] = X st =0 020
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Choose m; > mj_; for which this tail is less than /8. No earlier choice has changed, and
both new inequalities in (3.2) hold. This also starts the induction at j = 1, when the first sum
is empty.

Define

zZj = (Pm] — Pm )Senj.

j—1

The two discarded parts give

Sen; — zj = Prm;_Sen; + (I — Pp;)Sen;,

o =l < [ <= s < 54
2[5 s =] 04 =%

For uy = ijzl en;, distinctness of the indices gives [luy||,, = 1. The nonzero coordinates of
z; lie in (mj;_1,m;], so

N N m; N
Saul o =2 Y el =X Il -
i=1 gy d=li=m;ia+l j=1
Consequently,
N
ISl = ISunl = || >_ Sex,
j=1
N N
> X 2|~ X |[Sen, — 5
j=1 j=1
N3 ND N
4 4 2
This is impossible for arbitrarily large V. O

The next argument makes the opposite comparison. Disjoint vectors in ¢o(Y) add by taking a
maximum, whereas a sum of orthonormal vectors in /5 has norm v/ N.

Lemma 3.2. Let Y be a Banach space and let T : by — co(Y') be bounded and linear. Suppose
there is an orthonormal sequence (ey) in la such that ||(Teg)i|| — 0 as k — oo for every
i >1. Then T is not bounded below.

Proof. Put y,, = Tey, and let Py, : ¢o(Y) — ¢o(Y) be projection onto the first m coordinates,
with Py = 0. We choose increasing integers k;, m;j, starting from ky = mgo = 0, such that

Hij—lykj <27, H(I - ij)yij <277 (j=1).

Suppose the choices through j — 1 satisfy these inequalities. Since there are only finitely many
coordinates i < m;_1,

Hij_lTekH =max ({0} U{||(Tex)i : 1 <i<mj_1}) —0  (k— o).

The formula includes m;_1 = 0, when the projection is zero. We can therefore choose k; > k;_
such that ‘
<277, (3.3)

HPm]‘—lykj
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Now yy,, is a fixed member of ¢o(Y), so its tail norm tends to zero. Choose m; > m;_1 with

H(I ij)yk

(3.4)

Z>m

The choices satisfy both new inequalities, without changing any earlier one. This completes
the induction. Define

zj = (Pm; = Py _1 )Y,

Its nonzero coordinates lie in m;_1 < i < m;. The two discarded parts are disjoint, and the
norm is a supremum, not a sum. Therefore

@ = Py,

I == = e, ber

Also ||z < [lu|| < 17

For uy = Zé\f:l ek;, orthonormality gives [[uy||, = v/ N. The disjoint intervals of the z; give

N

Sou| o= maxmax = ma ) < 7]

=1 e (v

Consequently,
N
1Tunll =D v
j=1
N N o] ]
<> Z ok, = 2| < 1T+ 3277 = )+ 1.

j=1 j=1 j=1

A lower bound ||Tz|| > a ||z| with a > 0 would imply av/N < ||T|| + 1 for every N, which is
impossible. O

3.1 Weighted sequences and the graph norm

Let A,Y be Banach spaces, let Q : A — Y be bounded and linear, and fix positive weights \;
with 0 = 37,51 A; < co. First define

0 A) = {s = (si)iz1 € AN ) Nillsall < oo}, lslly =Y i llsill -

The diagonal map and its inverse are
T: fl()\; A) — fl(A), T(S) = ()\281)1, T_l(l') = ()\711'2)1

)

Their norms satisfy
T = 32 lsil = sl |77 @)|, = X llaill = Jlall, -
i

Thus this weighted space is complete. Its original coordinates need not be bounded: for
i = 27%, the sequence s; = 2% ~2a belongs to it for each a € A.
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Since A and Y are specified as the domain and codomain of () : A — Y, we omit them from
the notation Zé}. The graph space is

Zy ={s=(si) € 1(\; A) 1 (Qs:)i € co(Y)},

(3.5)
sl zy = max {Z Ai|[sill,sup ||Q5i||} -

The second membership condition is convergence to zero. Merely asking that the displayed
supremum be finite would define a different space.

Lemma 3.3. The space Zé\g is complete. If A and Y are separable, then Zé‘g is also separable.
The coordinate maps

Di Zéj — A, pi(s) = s, Jg Z&} = oY), Jo(s)=(Qs:); (3.6)
are bounded linear operators, with ||p;|| < )\Z-_l and || Jgl| < 1.

Proof. The map s+ (s, (Qs;)i) is an isometric embedding into £;(\; A) G co(Y'). To show
its range is closed, suppose its values at s(n) converge to (s,y) in that direct sum. For every
fixed 1,

1
< =

1

Sgn) — S;

s — SH)\ — 0, ngn) — Qs;.

Convergence in the other component also gives

HQSEH) —Yi

< sup Hngn) — yJH — 0.
J

Uniqueness of the limit yields y; = @s; for every i. Since s € ¢1(\; A) and y € ¢o(Y), it follows
that s € Zgé and (s,y) = (s, (Qs;)i). The range is closed, which proves completeness.

If A,Y are separable, so are ¢1(A) and ¢o(Y) and their finite direct sum. Its metric subspace
ZCAQ is therefore separable. Finally, the two estimates follow directly from

i llpi(s)]l < Z/\j Isill < llsllzy . 1)y = sngQsiH < lslizy - H
J

3.2 The linear obstruction

A bounded linear operator is called completely continuous here if it sends every weakly null
sequence to a norm-null sequence. This is not being used as a synonym for compactness.

Proposition 3.4. Suppose A contains no linear copy of co, and Q : A — Y is bounded, linear,
and completely continuous. Then Zé contains no linear copy of co({2).

Proof. Suppose S : ¢o(2) — Zgj is an embedding satisfying ||Sxz|| > bo ||z|| with by > 0. Recall
the two terms of the norm:

18]l 75 = max § >N [[(S2)ill s [1Q(S2) vy ¢+ Jol(2:) = (Qzi)i-
Q -

We will choose a unit vector t¢,, € ¢2 for each n so that, on R(cy) where R(a) = (anty)n, the
second term is at most (by/2) ||al|,. The first term must then be at least by ||a|| -
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Choose a direction in each /5 coordinate.

Let I, : 3 — co(f2) insert a vector into coordinate n, with zero elsewhere, and define
Tn=JgoSol,:ly— co(Y).

Fix n and an orthonormal sequence (ex) in fo. It is weakly null. For every ¢, the bounded
linear map p;S1, : fo — A gives p;SI,er, — 0. Complete continuity of Q) gives

[(Ther)ill = |QpiSTher| — 0

as k — oo for every i. Lemma 3.2, applied to this 7}, and the sequence (ey), shows that T, is
not bounded below. Thus

inf || T,t]| = 0.

lIt]|=1
For each n, choose t,, € {3 satisfying

bo

||tn” =1, ||Tntn” < ontl

The chosen directions give a scalar copy of .

For a = (a,) € c¢p, the sequence R(a) = (ant,)n belongs to c¢o(f2) and satisfies ||[R(a)| =
sup,, |an|. For a finitely supported sequence a = (a,), the definition of R gives R(a) =
> nanly(ty), a finite sum. Linearity and T}, = Jg o S o I,, then give

JQ(S(R(G))) = ZanJQ(S(In(tn))) = ZanTn tn

Since each || T}, (t,)]] < bo27 "1 and 3,51 27" 1 = 1/2, it follows that
bo

5 llall

[ J(S(R(a)] < Z\an! ITa(t)]| < bo llalloe Y277 =

n>1

Since the finitely supported sequences are dense in ¢y and the operator Jg oS o R is bounded,
the estimate extends to all of ¢y with the same bound.

Since R is an isometry, ||S(R(a))|| > bo ||a||,,- For a # 0 the second norm term is strictly
smaller than this lower bound. Therefore

ZA 1(S(R(a)))ill = bo [l

The inequality also holds at a = 0. Define
L: co — fl(A), L(CL) = ()\Z(S(R(a)))z)zzl

The defining weighted sum of S(R(a)) € Zé‘g is finite, so L(a) does belong to ¢1(A). The lower
bound just obtained and the upper graph-norm bound give

bo [lalloe < [[L(a)ll, = ZA 16S(R(a)))ill = [S(B(a))ll zy = 5] llallo

This is a linear embedding of ¢y into ¢1(A), contrary to Lemma 3.1. O]
The infinite-dimensional Hilbert coordinates are essential to this argument: they supply the

orthonormal weakly null sequences used to choose t,,. The assertion does not exclude ordinary
co from Zé}.
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3.3 The nonlinear change of variables

We can now state what the Hilbert-space construction must provide. Throughout this
proposition, u belongs to H, v belongs to f2, and p, v belong to F(H @2 £2). In particular, the
two direct-sum norms that occur below are

o)l = (1fll® + (o)1)

The first is a Hilbert norm; the second is the sum norm used in the weighted sequence space.

1/2
v o)l = el + ol -

Proposition 3.5 (Quantitative graph criterion). Let H be a separable real Hilbert space, and
suppose that h : H ®o lo — H is a bijection fixing zero. Suppose that 0 < a < b and

al(u—u,v—=0)| <||h(u,v) = b, )| <b||(u—1u,v—2)

for all (u,v), (u',v") € H ®a ly. Define D : H ®g by — H by D(u,v) = h(u,v) — u, and let
Q= D: F(H @2 la) — H be its linearization. Assume that Q is completely continuous.
The absence of ¢y from F(H @2 L) is already provided by Theorem 2.6. Let A; > 0 and
0<0=>~1\ <1. Define the bounded linear operator

Q:F(H@oly) D1l — HdDals by Qu,v) = (Qu,v),

and let X = Z2 and Y = Zé. Then X,Y are separable Banach spaces and there is a bijection
V: X —Y firing zero such that

20 1
Lip(¥) < max {1 +6,b}, Lip(¥™!) < max {1 + EH’ a} . (3.7)

Moreover, X contains co(2) linearly isometrically, whereas'Y contains no linear copy of co({2).
Hence X and Y are not linearly isomorphic.

Proof. The map D is Lipschitz, since

1D(u,v) = DGl )| < 1) = B 0') | + o =] < (b4+1) (=0 = )]

It fixes zero. Proposition 2.1 therefore defines @, with ||Q|| = Lip(D) < b+ 1. The operator @
is bounded because

@) = (1l + 101) " < Il rall + ol < max {UQI 1 (hyall + 1ol

The space H @2 {2 and its free space are separable. Thus Lemma 3.3, first with 4 =
F(H @2 ls) @1 €2 and operator @, and then with A = F(H @9 £3) and operator @, shows that
X and Y are complete and separable.

We first construct a bijection between the spaces in which the individual entries of X and Y
take their values. Let § : H @9 o — F(H @2 £2) be the canonical evaluation map, written as
d(u,v) on an ordered pair. Recall both identities that will be needed:
6(u,v) = 6(u, )| = [[(uw—u',0 =),
Q(0(u,v)) = h(u,v) — u.

The first is the isometry of the evaluation map. The second is the linearization identity
Q@ 0 0 = D for the particular function D(u,v) = h(u,v) — u.

Define B : F(H @2 l2) ®1 le — F(H P2 l2) by

B(p,v) = p+6(Qu,v). (3.9)

(3.8)
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Here Qu € H, so §(Qu,v) belongs to the same free space as u. We chose this formula so that
the second identity in (3.8), evaluated at (Qu,v), cancels the term Qpu:

Q(B(1,v)) = Qi+ 5(Qusv))

= Qu+Q(0(Qu,v))

=Qu+ (h(Qu,v) — Qu)

= h(Qu,v). (3.10)
Equation (3.10) determines (Qu,v) from B(u,v) by applying h~' o Q. This suggests the
following inverse, whose two compositions we now verify.

For v € F(H @ fa), let (u,v) = h~1(Qv), so that h(u,v) = Qu, and define

C: F(H B2 ls) — F(H Bala) &1 Lo,

C(v) = (v — 6(u,v),v). (3.11)

To compute B(C(v)) from (3.9), we need the image under @ of its first argument v — §(u, v).
Linearity of @ and (3.8) give
Qv —d(u,v)) = Qv — Q(6(u,v))
= Qv — (h(u,v) —u)
=Qv-Qr+u=u.

We now substitute this value into the definition of B:

B(C(v)) = B(v — d(u,v),v)
=v—08(u,v)+0(Q(v — d(u,v)),v)
=v—9(u,v) +(u,v) =v.

For the other composition, start with an arbitrary pair (u,v). Equation (3.10) determines
exactly which pair the definition of C' recovers:

QB v) = B (h(Qu,v)) = (Qu,v).

In the definition of C' in (3.11), substitute v = B(u,v). The recovered components are (Qu,v),
S0

C(B(p,v)) = (B(u,v) = 6(Qpu,v),v)
= (1 +0(Qu,v) = 8(Qu,v),v) = (1, v).

We have proved both compositions, so B is bijective and C = B~!. The computation of
Q(v — 6(u,v)) also gives the identity needed for the second term of the graph norm:

QCW)) = Qv = 8(u,v),v)
= (Q(v —d(u,v)),v)
= (u,v) = h 1(Qu). (3.12)

In all these calculations only h was inverted. No inverse or surjectivity of ) has been assumed.

We next pass from single entries to sequences. For clarity, the membership conditions and the
two norms are, explicitly,

s = ((pvi)iz1 € X = 3 (Il + [[vill) < o0 and (Qui, vi) — (0,0),

v=(v)i>1 €Y — Z)‘i ||lvi]] < o0 and Qu; — 0,

(2
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5]l x = max {Z Ail[lpill + [lill), sup II(Q%W)H} ;

[v|ly = max {Z Ai||vill ; sup !QWH} :
p i

Define ¥ on X by
\Ij((ﬂiavi)izl) = (B(Miavi))i21 = (Mi + 5(@”1‘7%‘)),‘21'

We must check that the resulting sequence lies in Y. Since (Qu;,v;) — (0,0), its norms have a
finite supremum. Using [|6(Quq, vi)| = [[(Qui, v;)|| and >°; \; = 0, we obtain

S N NB i, v) | <37 A llall + > A 11(Qui, i) |

< Aillpill + Osup [[(Qui, vi) || < oc.

(2

For the other condition, (3.10) and continuity of h at (0,0) give
Q(B(pi, vi)) = M(Qpi, vi) — 1(0,0) = 0.
Therefore U(s) € Y.
Conversely, let v = (;);>1 € Y, and define its proposed inverse sequence by
(ui, vi) = h™H(Quwy), (C1i));q = (Vi — 0(ui, i), i) 5 -
The lower bound for h, evaluated between (u;,v;) and (0,0), gives
1Cus, v0)ll < @™ IR(us, v3) | = o= |Quill — 0.

In particular sup, ||(u;, v;)|| < co. The norm of a pair in F(H @3 £3) B {2 is the sum of its
component norms, whereas ||v;|| < ||(ui, v;)|| in the Hilbert sum. Consequently

Z)\i 1C (i)l = ZM(HW — 0 (g, vi) || + [Jvill)
< ZM il + ZM(H(S(%W)H + [lvill)
<D Aillvill + 20 sup | (ug, v)|| < oo.

The second condition follows from the already proved component identity:
@(C(VZ)) = (Q(Vl - (5(?,61',’01')),?11) = (uia Ui) — (07 0)

Thus (C(v;)); € X. At every index, B(C(v;)) = v; and C(B(ui,vi)) = (ii,v;). The two
sequence maps are therefore mutual inverses. Since §(0,0) = 0 and h~1(0) = (0,0), both fix
Z€ro.

/

It remains to estimate their Lipschitz constants. Let s = ((p,v;)); and t = ((u}, v}

to X. The definition of the X-norm gives

Z/\z’(Hm = pill + o = vill) < lls—tllx . (@Gui = pi)svi —vi)| < lls =t x (i = 1).

)); belong

The definition of B and the isometry of § give

| B (i, vi) — Bpy v}) || = |1 — 11} + 5(Quua, vi) — 5(Quaf, vl
< s — il + 116(Qpea, vi) — 8(Qus, vi)||
= ||l — )] + Qs — p5), vi — v})]| -
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Multiplying by A; and summing gives the first term of the Y-norm:

Z)\i | B(pi, vi) — B(pg, v7)|| < Z)\i | es — 3] + Z)\z‘ Qi — p1z), vi — vj) |
<ls—tllx +0ls—tlx =1+0)s—tlx- (3.13)

For the second term, (3.10) identifies the two images under @) before we use the upper bound
for h:

sup [|Q(B ki, vi)) — QB (i vi)) | = sup ||2(Qui, vi) — h(Qusi, vi)|
< bsng — i), vi = vy)|
<bls—t|y- (3.14)
The Y-norm is the maximum of these two terms. Hence
19(s) — W(0)]ly < max{1+0,b} [ls — tl] -

Notice that the additional term in (3.13) is controlled by 6, not by ||Q].
For the inverse estimate, take v = (v;);,v/ = (V}); € Y, and define (u;,v;) = h™1(Qv;) and
(uf,v}) = h=1(Qv}). The lower bound for h now reads

10 Yg
Ui_v;)” < Hh(ui?vl - 17 z H

= [|Qvi = QV£\\ = IR =)l < [lv = V'lly -

a H (ul - u;,
In particular,

[| (i — uj, v; —vj)|| < ny—y’HY (1>1).

Using the sum norm for the values of C and then the isometry of §, we get

HC(VZ) - C(VZI)H = HVZ - Vz{ - 5(ui7vl) + 5 uwvz H + HUZ z”
< Jlvs — vi]| + {6 Uz‘avi)—5 g, 07) || + [Jvi = vil]
< i = vill + 2| (ui — ugy 00 = v -

The two parts of the X-norm of the inverse difference therefore satisfy

Z/\z‘ |C(v) = C(1)]| < Z%‘ |vi — v +22>\z‘ [ (us — ufy v — f)|

/ 0 /
<o =vlly + 2 o~y (3.15)

sup [ @(C)) = QW) | = sup (i — uf,vi = o)
<atv-1y. (3.16)

For the equality in the last calculation we used Q(C(v;)) = (us,v;) and its primed version,
both proved in (3.12). Taking the maximum of these two bounds proves the inverse estimate
n (3.7).
Finally, define

L Co(ﬁg) — X, L((Uz)z) = ((0,’1),’))1'.

If (Uz>z S C()(gg), then

Q(0,v;) = (0,v:) — (0,0), D" Aiflvill < Osup|jv]| < 0.
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These are the two membership conditions for X. Since 6 < 1,

le((vi)i)ll x = max {Z Ai [[vill, sup Hvill} = sup [lvi| .
. 7 (2

7

This proves that ¢ is a linear isometry. On the other side, Proposition 3.4, with A = F(H ©2(2)
and the operator @) above, excludes cy(¢2) from Y = Zé}. The complete continuity of @ is
assumed here. The other hypothesis follows by applying Theorem 2.6 to the real Hilbert space
H @2 fo. If X and Y were linearly isomorphic, composing that isomorphism with ¢ would give
a linear copy of cg(¢2) in Y. This is impossible. O

Corollary 3.6 (No additional distortion from the graph construction). In Proposition 3.5,
suppose 0 < a <1 <b. If

0<9§min{1,b—1,1;a},

then Lip(¥) < b and Lip(¥~1) < a™ 1.

Proof. The bound 6§ < b—1 gives 1 + 60 < b. The bound 20 < 1 — a gives

20 1— 1
1+ =<1+ —2=2
a a a
Substitution in the two maxima in (3.7) gives the asserted bounds. O

The linear input for the free space is already available from Theorem 2.6. It remains to construct
a nearly isometric bijection h : H @9 fo — H for which the linearization of (u,v) — h(u,v) —u
is completely continuous. Section 4 gives a sufficient condition directly on the increments of
this map; Section 5 constructs it.

4. Local orthogonality and complete continuity

We prove a sufficient condition for the linearization Q) = D to be completely continuous. The
condition is imposed on D(z) — D(y) in neighborhoods of finitely many distinct points. The
free-space results used in the proof are stated in Section 2.

4.1 The condition on increments

The following theorem is the increment form of [9, Theorem 4.1]. We first apply compact
reduction, so no separability assumption on the whole metric space is required.

Theorem 4.1 (Localized linearization). Let (M,d,0) be a complete pointed metric space,
let H be a real Hilbert space, and let D : M — H be Lipschitz with D(0) = 0. For every
finite family of distinct points z1,...,zm € M, suppose there exist open neighborhoods O; of
zj, a finite-dimensional subspace F' C H, and closed subspaces K; C FL which are pairwise
orthogonal, such that

D(z) — D(y) € F & K; (x,y € O, 1 <j<m). (4.1)

Then the linearization Q = D: F(M) — H is completely continuous.
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In Section 5, the target will be H = (@,,~; Hn)2, where each H,, is finite-dimensional. Let
P, be the orthogonal projection onto the first I blocks and let Q; = I — P,. The construction
there gives

QD(0;) CK; CQiH, K LKy (G#7)

For z,y € Oj, the required implication is

D(z) — D(y) = P(D(z) — D(y)) + QiD(z) — QiD(y),
P(D(z) — D(y)) € PH,
QiD(z) — QiD(y) € K;.

Thus (4.1) holds with F' = P/H. The theorem itself requires only this condition on differences.

4.2 Tests confined to shrinking balls

We shall use the following consequence of the cutoff and summation lemmas. Its proof extracts
functions with disjoint nonzero sets from functions supported in shrinking balls; compare [9,
Lemma 4.2].

Lemma 4.2 (Shrinking-ball tests). Let p, — 0 in F(M), let r, > 0 with r,, — 0, and
fix z € M. Suppose fn(z) =0, Lip(fn) < L, and f,(x) = 0 whenever d(z,z) > r,. Then

Proof. If the conclusion fails, there are a subsequence and § > 0 on which |{f,,, tn)| > 0. Use
that subsequence for p,, f,,r, and retain the same notation. We have L > 0, since L = 0 and
fn(2) = 0 would give f,, =0.

We construct n1 < ng < ---, positive radii s;, and functions u; such that
Sj
0<Sj<rnj7 rnj+1 <57
{r € M:uj(x) #0} C{z e M:s;/2 <d(z,2) <y},
. )
Llp(u]') < 3L, |<uj7lu’nj>| > 5
Set n1 = 1. Suppose n1,...,n; and s;,u; for i < j have been chosen with these properties. In

particular, if j > 1, 7y, < sj—1/2. We next construct s;,u; and then choose 1.

1. Make the inner part zero at the finite evaluation points.

By density of the evaluation span, choose

N; 5
v = Zajk5M(33jk-), Hunj — I/j” < 6L
k=1
There are only finitely many points in {0, z;1,...,2;n,} \ {z}, and each has positive distance
from z. We may therefore choose s; with
0 <sj <rp,, sjp<d(z,z) (ze{0,z1,...,2z5n}\ {2}).

If that set is empty, the first condition alone suffices. Recall the cutoff from Lemma 2.3:

2 2,85 1; d ) < 55 2a
Xz, () = max {0, min {1, 2 — 7d($’ ?) }} , {X ' ](a:) (@,2) < 55/
Sj Xz,s]'(x) =Y,

d(z,z) > s;j.
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Define pj(x) = x5, () fn,; (7). For each x € {0,zj1,..., 7N, },
=2z — pj(li) = Xz,s; (Z)fnj (Z) =0,
r#z = d(z,2) > 55 = Xu5,() =0 = pj(x) =0,

Consequently, using the pairing convention of Subsection 2.1,

N;
(pj,vj) = Z ajr(pj(z;r) — p;j(0)) = 0.
k=1

Since f,,(z) = 0 and Lip(f,,) < L, applying Lemma 2.3 to f,; with center z and radius s;
gives

Hence
’<pjvun]‘>‘ = ‘<pj7:unj - yj>‘
0

. 0
< Lip(py) H'u"j — VjH < 3L6—L =5
Set
Uj = fnj —Dbj = (1 - Xzﬁj)fnj'
The second product estimate in the same lemma gives Lip(u;) < 3L, and
‘<Uj7:unj>| - ‘(fnj7l"l"f7«j> - <pj7:u‘7’bj>|
o
> |<fnj7lunj>’ - |<pj7#nj>| >0—5=7.

We record these estimates as

\(uj,,unj>| > 6/2, Lip(u;) < 3L. (4.2)

2. Verify disjointness and continue the induction.

The two zero regions follow from the definitions:

d(w,2) <5j/2 = 1—xz5,(x) =0 = uj(x) =0,
d(z,2z) 2 rn; = fp;(r) =0 = uj(z) =0.

Since 1, — 0, choose njy1 > n; with Tnjy < sj/2. This verifies all the conditions at the new
index without changing any earlier choice. The radii along the chosen subsequence satisfy

Trr < 85/2 < Ty,
For i > j, successive applications give ry,, < 1y, < sj/2. Thus

ui(x) #0 = d(z,2) <1y, < 55/2,
uj(xz) #0 = d(z,2) > s;/2.

The nonzero sets of the u; are therefore pairwise disjoint.
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3. Apply the summation lemma.

Lemma 2.4, applied to these nonzero sets and the bound 3L, gives

> luj(a) —u;(y)| < 2(3L)d(,y) = 6Ld(z, y).
i>1

Apply Lemma 2.2 to the functions u; with C' = 6L. The pairing convention already subtracts
u;(0), so its conclusion is

A F(M) — by, Ap= ((uj, )iz, [JAIT<6L,  [[Apal, — 0.

At n = nj, this contradicts (4.2), since

© < Hugosin, )| = |(Asin, )31 < At |, — 0. .

Corollary 4.3. Let pu, — 0 in F(M) and fir z € M. Suppose that there are constants ro > 0
and L > 0 and, for everyn > 1 and 0 <r <rg, a function fn,: M — R such that

far(2) =0, Lip(fn,r) < L,
Jor(xz) =0 (x € M, d(x,z) >r).
Then
lim lim sup |(fnr, ftn)| = 0.
rl0 n—oo
Proof. Otherwise there are a > 0 and 0 < r; < rg, with r; | 0, such that
lim sup |<fn,r]~mun>| > 2a (] > 1)-
n—oo

For each fixed j, the set {n : [{fur;, ptn)| > a} is infinite: if it were finite, the upper limit
would be at most a. Starting with ng = 0, choose successively

n; > nj—1, |<fnj,7"jvunj>| 2 a.

Apply Lemma 4.2 to the vectors py;, functions f,, ,;, radii rj, and the same center z. Its
hypotheses hold because fi,,; — 0 and

fnj,rj (Z) = 07 Lip(fnj,""j) S L7 d(l’,Z) Z Tj == fnjﬂ"j (.Z') = 0.
Its conclusion contradicts the choice of n;:

a’§|<fnjyrj’#nj>|—>0' O

4.3 Local estimates on one compact set

If f,(x) — 0 for every x and Lip(f,) < L, the convergence is uniform on a compact set K.
Indeed, for a finite n-net {z1,...,z,} C K and = € K, choose j with d(z,z;) < n. Then

Fa(@)] < ()| + fale) — falap)| < max [fales)] + Lo
<j<m
Taking the supremum gives
sup | fn| < max [f,(z;)| + L. (4.3)
K 1<j<m

The maximum involves finitely many fixed points, so it tends to zero. Consequently 0 <
lim sup,, supy | fn| < L7 for every n > 0, and supg |fn| — 0.
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Lemma 4.4 (Compact local-to-global estimate). Let K be a nonempty compact metric space
and let V1, ...,V be a relatively open cover. There exists A > 0 such that any two points of
K at distance less than X belong to one common V;. For any such A\, if f : K — R satisfies

supy | f| < and Lip(flv;) < ¢;. then

Lip(f) < max {max ¢, 2;\7} . (4.4)

j<m
Proof. For each x € K, choose r, > 0 and j(z) such that By (x,2r;) C Vj(,). Compactness

gives points x1,...,xs with

S
K = tgl B (x¢,74,), A= 121%187"% > 0.

If a,b € K and d(a,b) < A, choose t with a € Bg(x,rz,). Then
d(xt,b) < d(z¢,a) +d(a,b) <rg, + A < 21y,

0 a,b € Bg(xt,2rz,) C Vj,)- Let a,b € K be distinct. If d(a,b) < A, the preceding argument
gives an index j with a,b € V;. Hence

|f(a) — f(b)]

d(ab) < Lip(f]v;) < ¢; £ max ¢;j.

~1<i<m

If d(a,b) > A, then

(@ =IO _ @I +1fO) - 20 _ 2

d(a,b) = d(a,b)  — d(a,b) = X’
Thus in either case @) — F0) 5
a) — -
dap) = max {122%1 G } ‘
Taking the supremum over distinct a,b € K proves (4.4). If K is a singleton, the same
conclusion holds with Lip(f) = 0. O

4.4 Proof: a finite exceptional set and a small remainder

Proof of Theorem j.1. Put L = Lip(D) = ||Q||. If L = 0, then D(0) = 0 implies D = 0 and
@ = 0. Suppose L > 0 and @ is not completely continuous. Passing to a subsequence, we
obtain

=0 FOM),  Quill = e >0 (1),

We keep this sequence and this lower bound fixed.
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1. Scalar functions and compact reduction.

Define

;= Qpi i(z) = x),b; x
bi 10l € di(x) = (D(x),bi) (x € M), 45

B = sup ||| < oo.
(2
Weak convergence implies the last bound. For any fixed b € H, p+— (Qu,b) is a bounded

linear functional, so
[(Qui, b)| _ [(Qpi, b)]
1Quill — e
Thus [|b;|| = 1 and b; — 0. In particular, d;(z) — 0 for each z € M. Moreover,

[(bi, b)| = — 0.
di(0) =0,  |di(x) — di(y)| = [(D(z) — D(y), bi)| < Ld(x,y).
The linearization identity Qdys(z) = D(x) gives
(di, opr(2)) = di(x) = (D(x),bi) = (Qon (), bi).

Both sides define continuous linear functionals on F (M), and the evaluations have dense linear
span. Hence

(di, i) = (Qpui, bi) = ||Qusl| > eo. (4.6)
Choose
_ ‘o
T

Apply Theorem 2.5 with the complete domain M, the weakly null sequence (u;), and this
tolerance 7. It gives a compact K C M containing 0. The distance estimate in that theorem
permits us to choose v; € F(K) with

i —vill <7, lll < Hlwall + llvi = pall < B+ (4.7)

We have proved that d;(x) — 0 for every x € K and Lip(d;|x) < L. Since K is compact, the
uniform-convergence conclusion following (4.3), applied to (d;|k )i, gives

€; = sup |d;(z)| — 0. (4.8)
zeK
2. Local Lipschitz constants and the exceptional set.

A compact metric space has a countable base; choose B = {O1, Oq, ...} for the relative topology
of K. For instance, relative balls with rational radii and centers in the union of finite 1/n-nets
give such a base. A Lipschitz constant on an empty set or a singleton is understood to be zero.

We first choose a subsequence on which every Lip(d;|o,) converges. Set Iy = N. Inductively,
assume [,_q is infinite and that the limits for 1 < s < r exist through I,_1. Since

0 <Lip(dilo,) <L (i € I;-1),

choose an infinite I, C I,,_1 on which this real sequence converges. Each earlier limit persists
because I, C I._1. Choose i, € I, with i, > i,_1, starting with 79 = 0. For each fixed s,

r>s = i, €1, ClIj,
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so Lip(d;,|o,) converges. Restrict u;, v;, b;, d;, €; to this common subsequence and use the same

notation. Set
€0

8(B+7)’ (4.9)
Z ={z € K :ap > n for every O € B containing z}.

ao = Zliglo Lip(dilo) (O € B), n=

Take any distinct z1,..., 2, € Z. Apply the hypothesis of Theorem 4.1 to these points. It
gives open O?mb C M containing z;, a finite-dimensional F' C H, and pairwise orthogonal
K; € F*, with (4.1) on each O;‘mb. Choose V; € B with

2 €V; COM™NK.
Recall that (4.1) and V; C O?mb N K give
D(z) —D(y) e F®K; (x,y €Vj).

Let P and R; be the orthogonal projections onto F' and K;, respectively. Since these subspaces
are orthogonal,

D(z) = D(y) = P(D(x) — D(y)) + R;(D(z) = D(y))  (z,y € Vj).
For any orthogonal projection P, the vectors Pu and (I — P)v are orthogonal. Thus
(Pu,v) = (Pu, Pv) + (Pu, (I — P)v) = (Pu, Pv) (u,v e H).
Applying this identity to P and to R; gives

di(z) — di(y) = (D(x) — D(y), bi)
(P(D(z) = D(y))
(P(D(z) = D(y))

Consequently, using the projection norm bounds and then Lip(D) = L,

ybi) + (R (D(x) = D(y)), bi)
, Pbi) + (R;(D(z) — D(y)), R;bi).

|di(x) — di(y)| < [|P(D(z) = D) 1Poi]l + [[B;(D(x) = D(y))| 1724l
< |D(=) = D) (I1Pbill + [[1R;bil])
< Ld(z, y) (1 Pbill + | R;bil])-

Divide by d(z,y) > 0 and take the supremum over distinct points of V:
Lip(dilv;) < L([| Pbil| + [|12;bs])-

Since L > 0, division by L and subtraction of || Pb;|| give

Lip(dilv;)
[ R;jbil| > % — [|Pbi]l- (4.10)
For an orthonormal basis eq,...,eq of F', weak convergence of b; gives

d
1Pbi1* =D [ (b, en)|> — 0.
r=1
Since z; € V; N Z, we have ay, > 7. Therefore
ar;

lim inf | R, >
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The mutually orthogonal ranges of Ry, ..., R, imply
m
> lRsbil* < [lbi])* = 1.
j=1
Combining these estimates for the finite sum gives
n? - 2 - 2
M3 < jz::lhmimf | R;bi||” < hmilnsz::1 | R;bi||” < 1.

If Z had more than L?/n? points, we could choose m distinct points in Z with m > L?/n?,
contradicting this inequality. Hence

|Z| < L*/n? < . (4.11)

3. Cut off neighborhoods of the exceptional points.
If | Z] > 2, set
1
ro = gmin{d(z,z') 12,2 €2, 242} > 0;
if |Z] <1, choose any ry > 0. For 0 < r < rg, the balls B(z,7), z € Z, are pairwise disjoint.
Indeed, a point z € B(z,r) N B(Z',r) with z # 2’ would give
d(z,2") < d(z,x) + d(z,2') < 2r < 3rg < d(z,2),

which is impossible.

For z € Z, use the cutoft

Xz,r(w)—max{o,mm{l,z_Qd(‘f”")}}? {Xz,r(x):(l): d(z, z)

r Xz (T) =

and define
fi,z,r(x) = Xz,r(x) (dl(x) - dz(z))’

gi,r(l') = Z fi,z,r(ﬂj)» Ri,r(x) =d;(z) - gi,r(x)-

z€Z

The function d; — d;(z) vanishes at z and has Lipschitz constant at most L. Lemma 2.3, with
this function and radius r, gives Lip(fi .,) < 3L. Also

fizr(2) =0, {z: fi.r(x) # 0} C B(z,r).

For fixed i, r, these nonzero sets are disjoint. Applying Lemma 2.4 with bound 3L, we obtain

1950 () = Gie (W) <D | fier (@) = fier(v)]

2€Z
< 6Ld(x,y).

Consequently,

Lip(gir) < 6L, Lip(R;,) < Lip(d;) + Lip(gi,r) < 7L. (4.12)

Apply Corollary 4.3 for each fixed z € Z, with vectors p;, functions f; . ,, and common bound
3L. Tt gives

lim lim sup |(f; 2., tti)| = 0.

rl0 i

2
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If Z # @, choose 0 < r < rg small enough that

lim sup [{ fi,z,r, i) (z € 2).
(2

<37

One radius satisfies all these conditions because Z is finite. For this radius,

lim sup {gi,r, 13)| < > limsup [(fizr, i)
zEZ t

<12l =

= 4\2\ 4

If Z = @, the sum defining g; , is zero, so any 0 < r < rg gives the same conclusion. In either
case fix this radius; then

lim sup [(gir, )| < €0/4. (4.13)

4. Estimate the remainder on neighborhoods in K.

Put m = |Z| and ®(z) = > ,c; X»,r(x). Disjointness of the balls and 0 < x., < 1 imply
0<®<1. Atevery x € M,

Rip(x) = di(x) = Y Xer(2)(di(2) — di(2))

z€Z

=(1- )+ Y Xew(@)di( (4.14)

z2€Z
Since Z C K and €; = supg |d;|, for z € K this gives

|Rir(2)] < (1= @(2))ei + Y Xan(2)e
z2€Z (415)

= (1-2(z) + 2(x))e; = €.
If x € B(z,7/2) for some z € Z, then X, ,(z) =1 and every other cutoff is zero. Thus
Ri,(z) =di(2) (x € B(z,7/2)), Lip(Ri | knB(zr/2)) = 0.
For p € K\ Z, the negation of the defining condition in (4.9) gives O, € B with
p € Op, aop, = liZHl Lip(di|o,) < 7.
For distinct z,y € O, subtract (4.14) at these points and add and subtract (1 — ®(x))d;(y):

Rir(x) = Rir(y) = (1 = ®(2))di(z) — (1 = D(y))di(y)
+ Z(Xz,r(x) - Xz,r(y)>di(z)

z2€Z
= (1= @(2))di(z) — (1 — @(z))di(y)
+ (1 = @(2))di(y) — (1 — 2(y))di(y)
+ Z (X2 () = Xz (y))di(2)

2€Z
= (1 - @(2))(di(z) — di(y))
+ (®(y) — ®(2))di(y)
+ Z(XZ,r(x) — Xz (y))di(2)

z2€Z
=(1-2(z ))(di(fn) —di(y))
> (e (@) = X () (di(2) — di(y)).
z€Z
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The last equality uses ®(y) — ®(z) = — > ,cz(Xzr(2) — Xzr(y)). By Lemma 2.3 and 2,y € K,

Xz () = Xz (y)] < %d(%y), |di(2) — di(y)| < [di(2)| + |di(y)] < 2ei.

It follows that

. 2
|Rir(z) = Rir(y)| < Lip(dilo, )d(z,y) + —d(z,y) 2€i
z2€Z

— (Li(dlo,) + e ) deay).
Taking difference quotients gives
Lib(Rilo,) < Lip(dilo,) + ei (1.16)
Here m, r are fixed, ¢; — 0, and the right side tends to ap, <.
5. Apply the compact local-to-global estimate and conclude.
The relatively open sets
{KNB(z,1r/2):z€ Z} U {Op:pe K\ Z}

cover K. By compactness, finitely many of the sets O, together with the finitely many balls,
still cover K. Write them as O,,,...,0p,; s = 0 is allowed when the balls already cover K.
Choose a Lebesgue number A > 0 for this finite cover as in Lemma 4.4.

For each 1 < j <s, (4.16) bounds Lip(RivT‘OPj) by

. 4m
Llp(di|opj) + 7@ — ao,, <1

There are only finitely many j. On each K N B(z,r/2) the Lipschitz constant is zero, and
2¢; /A — 0. Hence there is ig such that, for i > iy, every member of this cover has restricted
Lipschitz constant at most 7, and 2¢;/X <. Apply Lemma 4.4 to f = R; |k, this fixed cover,
local bounds ¢; = 7, and the uniform bound supg |R; ;| < ¢ from (4.15). We obtain

. 2€; S
Lip(R; »|k) < max {77, /\Z} =1 (1 > 1p).
In particular,
lim sup Lip(R;»|x) < 0. (4.17)
i

Recall from (4.7) that v; € F(K), ||v|| < B+ 7, and ||u; — v;|| < 7. The pairing subtracts
R;,(0), and 0 € K. For the pairing with v; use the restricted Lipschitz norm in (2.2); for the
pairing with p; — v; € F(M) use the global bound (4.12). These two bounds give

(Rir, i) < [(Riv,vi)| + [(Rir, i — v4)]
< Lip(Rir| k) lvill + Lip(Riy) (| — vil|
<

(B+ 7)Lip(Rir|Kk) + TLT.
Since n = €o/(8(B + 7)) and 7 = ¢y/(56L), taking upper limits gives

limsup [(R;r, pi)| < (B + 1)y +TL7

]

U §

=B15E 56L 4
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Finally d; = R; + gi,, so (4.13) yields

€0 < limsup |(d;, p;)| by (4.6)

7

< lim sup |[(Rip, pi)| + lim sup [(gi,r, ts)|
7

which contradicts ey > 0. ]

5. The Hilbert-space construction

We now construct the map required by Proposition 3.5. The only part retained from the
fixed-direction construction in [9, Section 5| is the linear isometry in Lemma 5.2. The unit
direction in the nth block will subsequently depend on the output vector y € H. We first
define an inverse map

O :H — H Do ly, O(y) = L;(ly)y,

prove its two-sided distance estimate directly, and then solve ®(y) = (u,v) one block at a time.
The desired map is h = &L
Throughout this section,

1
O<e< —.
€3

The number ¢ controls every deviation from a fixed-direction isometry.

Theorem 5.1. There are nonzero finite-dimensional real Hilbert spaces H,, such that, with

H= (@Hn) :

heH@yly — H,  h(0,0)=0,

there is a bijection

for which

1w, )| = [I(w, 0)]

(1 =4o)[[(u—u';v = )| < [[A(u,v) = h(u', 0] < (14 40) [|(u — v/, v = V)| o1

for all (u,v), (v, v'") € H s L.

Define
D:H@yly — H, D(u,v) = h(u,v) — u.

Let P : H — H be the orthogonal projection onto the first | blocks and put Q; =1 — P,. For
every finite family of distinct points

(D, oWy @™ ™) € 1@,y b,

there are open neighborhoods O; of these points, an integer | > 1, and pairwise orthogonal
closed subspaces

/Cj C Qﬂ'[

such that
QiD(04) C K; (1<j<m). (5.2)
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5.1 A rearrangement with one fixed direction in each block

For the moment, let H, be arbitrary nonzero finite-dimensional Hilbert spaces, and choose a
unit vector &, € Hy, for each n. For u = (u,) € H, put

On = <£na un)y Uy, = Up — an&n.

Then
<£n>u#> = (§nyun) — ap ||an2 =0.

The rearrangement keeps u# in block n, sends the scalar «,, to block 2m, and sends the
additional scalar vy, to block 2m — 1. Thus the first four output blocks are

block | output vector

1 ’U,f‘ + ’Ulfl

2 uy + a1

3 ué‘ + ’U2§3

4 ui + aoéy.
For every m > 1, define

Com = apm, Com—1 = Vpm,
and set
(Lf(ua ’U))n = uf; + Cnén. (5.3)

Lemma 5.2 (Frozen rearrangement). Formula (5.3) defines a surjective linear isometry
Lg H Doy by — H.

Fory = (yn) € H, put

5n = <§n’yn>
Then
Lty = (u,0),
where
Um = Ym — ﬁmfm + /Bngma Um = /82m—1- (54)
Proof. Since u;- 1 &, and ||&,]| =1,
2 12 2 12 2 2
|Le(w, )l = ]| +1Cal, ] = lunl® = lanf.
Moreover,
Z |Cn|2 - Z ’C2m’2 + Z ‘C2m—1’2
n>1 m>1 m2>1
= oml*+ > |oml*.
m>1 m>1
Therefore ) ) ) ) )
HLﬁ(uvv)H = Z(Hun” — |own| )+ Z o] + Z |V |
n>1 m>1 m>1

2 2 2
= [lull® +lloll™ = 1l (u, v) 7

The formulas are linear, so L¢ is a linear isometry and hence is injective.
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Fix y € H and define (u,v) by (5.4). Since |Bn| < [|ynll, (Bn) € £2. The vectors ym — Bmém
and (2,,&,, are orthogonal, and hence

S (lumll® + 1oml?) = D (lymll* = [Bml* + |B2m[* + | Bom—1/?)

m>1 m>1

= Z Hym”2 .

m>1
Thus (u,v) € H @2 f2. For this pair,
Om = <§m7um>

= <§m: Ym — /Bmé‘m + 52m€m>
= /Bm - Bm + /82m = B2m-

Consequently,

1
Uy = Um — am&m = Ym — Bm&m,

and the scalar used in block n is C), = 3,. Substitution into (5.3) gives
(L§<u7 U))n = (yn — ﬂnfn) + Bnén = Yn-

Hence L is onto, and (5.4) is its inverse. O

5.2 Changing the fixed directions

The construction below replaces the fixed unit vector &, in each block by a unit vector w,(y)
depending on the output point y. We shall compare two such choices by applying the explicit
inverse formula (5.4) coordinate by coordinate.

Lemma 5.3. Let &,,(, € Hy, be unit vectors for every n > 1. Then, for every y = (yn) € H,

n>1

1/2
|Ecty—Lcty| <4 (Z(I!ynu? + lyonl®) N6 — cnw) . (5.5)

Proof. For w € {£,(}, write
Lty = (U“(y), V¥()).

The inverse formula (5.4) reads

Uy (y) = yn + (<w2na Yan) — <wmyn>)wn7
V?éu(y) = <W2n—1;y2n—1>~

Set 0, = (& — Cn, Yn), and define

E? = (lyal® + ly2nl®) 160 — Gall* -

n>1

Since ||&, — Cn|| < 2, the series defining E is finite. Moreover,

Do 16a? < 37 llynl® len — Gal* < 2.

n>1 n>1
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Subtract the two formulas for the H-component before introducing any abbreviations:

Urgz(y) - UTCL(y) = (<€2m y2n> - <§nayn>)§n
- (<C2n’y2n> - <Cn’yn>)<n
= (<€2n; y2n> - <§n7 yn>)(§n - Cn)

+ [(<£2nuy2n> - <§n7yn>) - (<C2n7y2n> - <Cn;yn>)}4n
= (<52m Yon) — <£nayn>)(£n — Cn) + (020 — 6n)Cn-

Subtracting the two formulas for the f5-component gives
Vf(?/) - Vnc(y) = (2n-1 — C2n—1,Y2n-1) = d2n—1.

Now put
= (<€2n7y2n> - <§n>yn>)(fn —Cn);s

Ay,
B, = (52n - 5n)Cm
and define
X = ((An)m 0), Y = ((Bn)m (52n—1)n) € H Py bs.
The two component calculations give the vector identity

L'y —L'y=X+Y.

Since 0 < (yan| = llyn )2, we Bave (lyan | + lyn )2 < 2([y2nl® + llyn]*). Hence
2 2
IXT° =D [1Anll
n>1

< - Ulyzall + lyal)? 16n = Gall®

n>1

<23 (lyzall® + lyall®) 160 — Gal* = 2E2,

n>1
so || X|| <V2E.
For Y, separate the even—odd reindexing from the subtraction by writing
Yoo = ((020Cn)ns (02n—1)n)s
Yan = ((00.6n)n, 0).
Then Y = Y, — Yan, and

Yool = D 1820f* + 3 [620-1/* = Y 16517,

n>1 n>1 j>1
Vaull® = [6a*.
n>1
Therefore
1/2
Y1 < Yool + [Yanll =2 { D_16n* | < 2E.
n>1
Finally,
|Lety -2ty = 1x + v
< 1 X + 1]
<V2FE+2E
< AR,
which is exactly (5.5). O
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5.3 Unit directions from finitely many coordinates
For k£ > 1, put
Ap={—k,—k+1,... k¥ S, =R%  Sy=R.

Every Sk has its Euclidean norm and its standard coordinate orthonormal basis. Define

n—1 n—1
H,=@PsS"W,  dimH,=1+> 2k+1)F,  H= (@ Hn> . (5.6)
k=0 2

k=1 n>1

Here S,in) is an orthogonal copy of Sy, in Hy, and ¢, : Si — H, is its isometric inclusion.
Enumerate the coordinate orthonormal basis of H block by block as (e;);>1. Since each block
is nonzero, the first k£ basis vectors occur among the first k& blocks:

el,...,ex € PLH (kZD (5.7)
Throughout the rest of this section, P; denotes the orthogonal projection onto the first [ blocks,
Ph=0,and Q;=1—- P,
For y € H, define

o (y,e-)
i) = T 0 e

We need only two properties: every p; is 1-Lipschitz, and the family (p;) separates points.

Let q(s) = s/(1+s]). If s and ¢t have the same sign, then

(j=1). (5.8)

t—s
q(t) —q(s) = :
(L +[s)(L+ [¢])
If s <0<, then
t E
t) — - <t =t —s.
) = al) = g+ gy S EHI=Es

Interchanging s and t covers the remaining order. Thus |q(t) — ¢(s)| < |t — s|, and the same
formulas show that ¢ is strictly increasing. Consequently,

i)l <1, Ipi(y) =pi(A)| < [y = 2z, e5)[ < ly = 2| (5.9)

If y # 2, some basis coordinate differs, and strict monotonicity of ¢ then gives p;(y) # p;(z).
Hence (p;) separates points of H.

For a = (aq,...,a;) € Ay, define

Gk,a(y) = max {07 1- lréljagxk ’kpj (y) - a’]’} )

Gr(y) = (Gra¥)) yen, € Sk-

(5.10)

For each j < k, choose an integer a; € {—k, ..., k} with |kp;(y) — aj] < 1/2. Such an integer
exists because kp;(y) € (—k, k). For the resulting a = (a1,...,ax),

1
Graly) =1 Jpax, |kp;(y) — aj| > 5
Therefore )
Gkl =25 (yeH). (5.11)
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The positive-part map, the absolute value, and a finite maximum are all 1-Lipschitz in the
scalar variables involved. Thus

1Gra(y) — Gra(2)| < |max |kp;(y) — a;| — max|kp;(2) — a;

J<k J<k

< max |[kp;(y) — a;| — [kp;(2) — ]|
J<k

<k i(y) — p;

< kmax pi(y) — p;(2)]

<kly—=.

Since S, = RA* has its Euclidean norm, summing the squares over a € A, gives

1Gk(y) — Gi(2)II> = Y |Graly) — Gral2))?
wcAy (5.12)

< Al K2 ly — 2II”.

Hence [[Gi(y) — Ge(2)|| < kv/[ Akl lly — 2.

For nonzero vectors A, B in a normed space,

v~ vzl = [ var = (v~ )|
LAl (1Bl 1Al 1Al (1Bl

24~ B||
=T

Interchanging A and B and taking the smaller of the two upper bounds gives

A B H 2||A — B
— < . (5.13)
HHA\ Bl max{[[All, [ B}
Define unit vectors in the orthogonal summands of H,, by
Gr(y)
Wh,o = tno(1), Wik(y) = tnk () 1<k<n). 5.14
W W= \Jayr) EEE o1
Using (5.11), (5.12), and (5.13), we obtain
2||Gr(y) — Gr(2)|l
[Wak(y) = Wii(2)] <
max{||Gr(y)l, [|Gr(2)}
< 4ky/|Ag| [y — =]
Thus, with
Lo=0, Lp=4k2k+1D*? (k>1), (5.15)
we have
War@l =1, (IWar(y) = War(2)ll < Lelly =2 (0 <k <n).

Only the finiteness of each L; will be used.

Fixn>2 1<k<n,and y,z € H. Suppose that, for some a € A, the coordinate indexed
by a is nonzero in both W, (y) and W, (z). Since the normalization in (5.14) multiplies
every coordinate by a positive scalar, the coordinate indexed by a is nonzero in both G (y)
and Gg(z). Equation (5.10) then gives

kpi(y) —aj| <1,  |kp;(2) —aj| <1  (1<j<k),
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and hence 5
piy) —pi()l <5 (A=j<k) (5.16)
Finally, W,,  uses only p1,...,p;. For 1 < j <k <mn, equation (5.7) gives P,,_1e; = ¢;, and
therefore P >
(P _ n—1Y,€;
PilEn1Y) = T3P eyl
<y7 €]>
1+ [(y, e 7
It follows from (5.10) and (5.14) that
Wk(Pao1y) = Waily)  (0<k <n). (5.17)

This dependence on the first n — 1 blocks is used in the coordinate recursion in Subsection 5.8.

5.4 Tail norms and a weighted estimate
For y = (y;) € H, define
1/2
mn(y) = 1@n-1yl = (Z |ij||2> - (5.18)
Jjzn
The reverse triangle inequality and the orthogonal block decomposition give

rn(y) = r(2)] < lly = 2,

rn(y)? = a1 ()® = [lyall”, (5.19)
a(y) 1 0.
For positive r, define
m
O gD cp<am =01,
Ye(r) = 4 8(m +1) (5.20)
0, r> 1.

The coefficient sequence is nondecreasing because

2mtl 2m 2™m
- = > 0.
m+2 m+1 (m+1)(m+2)

It tends to infinity, since for m > 2,

2" /(m+2)  2(m+1) -
2m/(m+1)  m+2 ~

3
-

Hence 7, is nonincreasing as a function of r, and 7.(r) — oo as r | 0.

Fix y € H. For m > 0, let

ILp={n>1:2"m) <y (y) <27™}.
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Because r,(y) is nonincreasing and tends to zero, each nonempty I, is a finite interval of
consecutive integers. If I, = {s,...,t}, then (5.19) gives

Z ||ynH2 = Z(Tn(y)2 - Tn-i-l(y)Q)

neln, n=s

=715(y)* — rip1(y)?
<4mm

The same upper bound is trivial when I,,, is empty.

We shall also use

> 1
Y <2 (5.21)

91]

Indeed, for N > 2,
1

N N
- —<2.
32:21 2:: ]—1 N —

Using >Z,cr,. Hyn”2 < 47™ proved in the preceding calculation, and then (5.21), we obtain

> ||yn||2%<rn<y>>2:Zﬁél(m+ > loal?

niry (y)>0 n€lm
2
<Oy (5.22)
64 <=5 (m+1)
C2
< —.
- 32

No value 7.(0) is used. If 7,(y) = 0, then y; = 0 for every j > n.

For every n with r9,(y) > 0, we have r,(y) > r2,(y) and therefore v.(r,(v)) < ve(ron(y)). If
ron(y) = 0, then ya2, = 0. Hence

S el velrn@)® < DT gl ve(ran(®)?

n:ry (y)>0 n:ran (y)>0

< Dyl elrs())?
Jirj(y)>0
2

c
2’

A

<

w

The last inequality is (5.22). Adding this estimate to (5.22) gives

2

> Uyl + lyzall®)ve(ra(y)® <

n:rn (y)>0

(5.23)

H‘Q
D
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5.5 A scalar parameter and separated transition intervals

Put 09 =0 and o, = Z}”:l j~1 for m > 1. Define 7.(r) = 0 for r > 1. If o= (mt1) < p < 9=m,
define

c c2™m
(1) = —apm 2=m _ Y, .24
Te(7) 160 + 8(m+1)( T) (5.24)
At the two dyadic endpoints,
-m _i

Tc(2 ) 16am,

~(m+1)y _ € 1) c

7e(2 )= 16 ( tomril) T 10

Thus the affine formulas agree wherever two dyadic intervals meet, and 7, is continuous and
strictly decreasing on (0, 1]. The harmonic sums diverge because

J1 M

Since 7.(r) > (¢/16)0y, on 2= M+ < < 27™ while m — oo as r | 0, we have 7.(r) — oo as
r ] 0.

To compare the directions corresponding to two different radii, we shall use
|7e(a) — 7e(b)| < ~Ye(min{a,b})|a — b (a,b>0). (5.25)

We prove this directly from the dyadic affine formulas. By symmetry, assume 0 < a < b. If
a > 1, then 7.(a) = 7.(b) = 0, so the estimate is immediate. If a < 1 < b, then 7.(b) = 7.(1) =0
and 1 —a < b — a, so it is enough to prove the estimate with b = 1. We may therefore assume
0<a<b<1.

Choose the unique integers m,n > 0 such that
o=(mt1) g <o=m  9=(ntl) o< on,
Then n < m. If n = m, the two points lie in one dyadic interval, and (5.24) gives

c2m

Te(a) — 7e(b) = m

(b —a) =c(a)(b—a).
Suppose now that n < m. Splitting only at the actual dyadic points between a and b, we have

Te(a) — 7e(b) = [7—6(@) e(27 )]

m—1
+ 3 [ 0) - (2]
j=n+1
T [re(2 D) — 7 (b)]
_oe2m m
-~ 8(m + 1) (2 @)
+ i 9—(U+1)
i %1 80+ 1) )
c2™
ey 9—(n+l)
+ 8(n+1) (b—2 )-
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The coefficients ¢27//[8(j + 1)] are nondecreasing in j, as shown immediately after (5.20).
Hence, for every n < j < m,

c2J c2™
<

G+ S 8many e
Therefore
m—1
(@) = 7e(b) < vela) |27 —a) + D (277 = 27Uy 4 (b — 27 (D)
j=n+1
=7e(a)(b—a)
This proves (5.25).
Choose integers N1 < No < --- and put
Ty = 1,(27 M) = 1660—Nk (5.26)
We require
(27N > 2max{Ly_1, Ly},  Thp1 > Tp +9  (E>1). (5.27)

Choose N7 > 1 so that 7.(27M) > 2max{Lg, L1}. If N1,..., N} have already been chosen,
choose N1 > Ni so large that

¢ 2Nk+1 c To 49
— — > .
8(Njt1 +1) 167Nk = Tk T

As N — oo, both ¢2V/[8(N + 1)] and (c/16)oy tend to infinity. Hence the new choice
establishes (5.27) at index k + 1 and leaves all previous conditions unchanged.

> 2max{Ly, Ly},

5.6 Interpolating the previously constructed directions

Recall from (5.14) and (5.15) that, for every 0 < k < n,

Wok) €S, IWaik@ =1, [[Wak(y) — Wak(2)] < Lilly — 21l .
st

and that the summands S, N
For 1 <k < n, fixed y, and 0 < 5,5’ <1, set
As = (1 - S)Wn,k—l(y) + SWn,k(y)a As’ = (1 - Sl)Wn,k’—l(y) + SIWn,k(y)'

, are mutually orthogonal.

Since

AP = (1= +5* > 5, [[As— Ag] = V25 =5,

DN =

the normalization estimate (5.13) gives

S/

= 4|s — §|. (5.28)

‘ 2v2|s — &
I 1/v2

For n =1, set Qi(y,r) = Wi. Forn > 2 and 1 < k < n, put \g(r) = (7.(r) — T})/8 whenever
Ty < 7e(r) < Ty + 8. Define Q,, : H x [0,00) — H,, by

H 1Al 1Ay

Whno, r >0, 7.(r) <Ti,
(1= Xe(r)Wapk—1(y) + M (P)Wa(y) 7>0, Ti <7e(r) <Tp +8,
VI = Xe(1)? + A (r)? T 1<k<n,
Qn(%r) =
r>0, Tp+8<7.(r)<Tgy1,
Wn,k(y)7
1<k<n-—1,
Wn,n—l(y)7 r=0or (7“ > 0, TC(T’) >Th_ 1+ 8)

(5.29)
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At 7.(r) = T}, and 7.(r) = T + 8, the transition formula equals W, ;_1(y) and W, x(y),
respectively, so the adjacent formulas agree. Every value has norm one. Moreover, (5.17) gives
Wik (Pn—1y) = Wy 1 (y) whenever k < n; hence

Qn(Pr—1y,m) = Q(y, ), 190 (y,r)|| = 1. (5.30)
(I) Control in the first variable. Fix n > 2, r > 0, and y, 2 € H. We prove

[920(y7) — )l < 24y — 2. (5.31)

The four cases are those in the positive-radius part of (5.29).
(I-a) 1.(r) < T1. By (5.29), Qn(y,7) = Wpno = Q(2,7), so (5.31) holds.
(I-b) Ty, < 7.(r) < T} + 8 for some 1 < k < n. Orthogonality of S,@l and S,(Cn) gives
(1= A(r))? + A(r)?) Q0 (g, 7) = Qu(z, 1)
= (1= M) W1 (y) = W1 (2)]1?
+ k() (W (y) = Wa ()|
< (1= Ae(r)? + Ak(r)?) max{ L1, L} |y — 2[1*.

The coefficient on the left is positive. Dividing by it and using (5.27) gives

1920.(y, 7) = Qn(z,7)|| < max{Lg1, Li} ||y — ||

70(27Nk)

< J\Z Ty —
< 22y 2
Ye(r)

< 20y —2).

The last inequality follows because 7.(r) > Ty = 7.(27V*¥) implies 7 < 27, and 7, is
nonincreasing.

(I-c) Ty, + 8 < 7e(r) < Tjq1 for some 1 < k <n—1. Using (5.29), (5.15), and (5.27),

€20 (y, ) — Qa2 1)[| = [[Wa i (y) — Wik (2) |
< Li |y — #||
-N
< 76(2 k)
- 2
< Ye(r)
- 2

ly — 2|

ly — =l

where the last inequality follows from 7.(r) > Ty = 7.(27 V).
(I-d) 7c(r) > Ty—1 + 8. Using (5.29), (5.15), and (5.27) at k =n — 1,
12y, ) = Q2 7) | = [Wipn-1(y) = Wan-1(2)||
< Lpoally — =]l

PY 2_Nn71
<2

Thus (5.31) holds in all four cases. For n = 1, it is immediate because ; is constant.
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(II) Control in the second variable. Fix n > 2, y € H, and r,r’ > 0. We prove
o (min{r, r’
1600 7) — Q)| < 2T (5.52)
By symmetry, assume 7.(r) < 7.(r').
(II-a) 7o(r), 7e(r") < T1. Then (5.29) gives Q,(y,7) = Wy = Qu(y, r’).

(II-b) Ty, < 70(r), 7e(r") < T + 8 for some 1 < k < n. Applying (5.28) with s = \;(r) and
s = Ag(r') gives
190 (y,m) = Quly, )| < 4Ak(r) — A ()]

= S Irelr) = 7| (5.33)
S FYC(mIHQ{nT }) |7" _ 7“/|,

where the last line is (5.25).
(II-¢c) Ty + 8 < 7e(r), 7e(r") < Tyy1 for some 1 < k < n —1. Then (5.29) gives Q,(y,r) =
Wi i(y) = Qn(y, ).
(II-d) 1o(r), 7e(r") > Tp,—1 + 8. Then (5.29) gives Q,(y,7) = Wy n—1(y) = U (y, 7).
(II-e) None of (II-a)-(1I-d) applies. Put a = 7.(r) and b = 7.(r’). Then a < b, since
a = b would fall under one of (II-a)-(II-d). We use the first and last indices satisfying
max{a,T;} < min{b, Tj + 8}:

p=min{l <j <n:max{a,T;} < min{b, T; + 8}},

¢ =max{l <j <n:max{a,T;} < min{b,T; + 8} }.
The index set is nonempty. Otherwise a,b would lie together in [0,77], in some [T + 8, T}j11],
or in [T,,_1 4 8,00), so one of (II-a), (II-c), or (II-d) would apply. The strict inequality in the

definition of p, ¢ excludes intervals that meet [a,b] only at one point. Figure 1 illustrates p = k
and ¢q = k + 2.

(T, Ty, + 8] (Th41, Thet1 + 8] [Thev2, Tht2 + 8]
| L L .
a=T1.(r) b=rT.(r)
T, +8—a 8 8
b—a

(Th +8—a)+8+8<b-a

Figure 1: The horizontal axis records the value of 7.. Here p =k, g =k + 2, T} < a < T} + 8,
and b > Ty12 + 8. The three full intervals are drawn with equal widths. The thick segments
contribute the differences Ty, + 8 — a, 8, and 8 to the sum in (II-e-2).

The definitions of p, ¢ give a < T), + 8 and T, < b. If p > 1, they also give T},_; + 8 < a; if
g <n —1, they give b < T, 1. Consequently, in (5.29), £, (y,r) is given by the normalized
segment between Wy, ,—1(y) and W, ,(y) with coefficient (max{a,T,} — T))/8. Indeed, this
coefficient is 0 when a < T}, in which case Q,(y,r) = Wy p—1(y); when T), < a < T, + 8, it
is (a — Tp)/8 = A\p(r). At 7/, the normalized segment between W, ,_1(y) and W, 4(y) has
coefficient (min{b, T, + 8} — Ty,)/8: for T, < b < T, + 8 this is A\;(r’), and for b > T, + 8 it is
1, giving Q,,(y,r") = Wy 4(v).
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(II-e-1) p = q. Both values use the segment between W,, ,_1(y) and W, ,(y). Apply (5.28)

with £ = p and
~ max{a,Tp} — T, o min{b, T, + 8} — T,

5T 8 ’ 8
The definition of p gives 0 < s < s’ < 1, and hence
|0 (y,7) = Quly, )| < 4(s" = s)
= —(min{b, T, + 8} — max{a,T,})

< —(b—a).

N RN~

(II-e-2) p < q. For every p < j < g, the separation condition (5.27) gives
a<Tp+8<T;<T;+8<T,;<b.

Thus all the transitions with p < j < g occur in full between a and b. For the first transition,
apply (5.28) at k = p with s = (max{a,T,} —T,)/8 and s’ = 1:

HQM%M—W%AmHS4@_Hmﬂ%?&—%>

1
= §(Tp + 8 — max{a, Tp}).

For each p < j < q,use k =7, s =0, and s’ =1 in (5.28):

[Wag1(0) — W sl <4 = 3 (T +8) ~T3).

For the last transition, apply (5.28) with k = ¢, s =0, and s’ = (min{b, T, + 8} — T3)/8:

min{b, T, + 8} — T,
[Wig—1(y) = Qu(y, )| < 4 { e y -1

1
= i(min{b, T,+8}—1T,).

Now the actual vector differences telescope:

Qn(y,r) — Qn(y,r/) = (Qn(y,r) - Wn,p(y))

q—1
+ Z (Wn,j—l(y) - ij(y))

Jj=p+1
+ (Whg-1(y) — Q(y, ).

The sum is zero when ¢ = p 4+ 1. Substituting the three estimates gives
HQn(y7 T') - Qn(y7 T,) H

q—1
<1y, ) = Wap@l + D [Wag—1(y) = Wa0)]
Jj=p+1

+ [ Wag-1(y) = Qn(y. 7|

1 1 9
<S(L+8—max{e, T} +5 > (T +8) - T))
Jj=p+1
1
+ 5(mm{b, T, + 8} —T,).
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To compare this sum with b — a, write the intervening differences explicitly:

b—a= (max{a,Tp} —a) + (T, + 8 — max{a, Tp})

+ i(TJH (13 +8)

+Z ((Tj +8) — Ty)

j=p+1
+ (min{b, T, + 8} — Ty;) + (b — min{b, T, + 8}).
Every term is nonnegative; in particular, Tj41 — (7 +8) > 1 by (5.27). The identity therefore

gives

q—1
T, +8—max{a, T,} + Y _ ((Tj+8) —T}) + min{b, T, + 8} — T,
J=p+1
<b-a.

It follows in both (II-e-1) and (II-e-2), using (5.25), that
1
||Qn(y7,r) _Qn(yarl)H i(b_a)

1 ,
= Slne(r) = ()

< b))

This proves (5.32); for n =1 it is immediate.
Recall from (5.18) that 7, (y) = (3,5, ly;]1%)!/2, and define
wa(y) = Qn(y; 7n(y))- (5.34)
If r(y), rn(z) > 0, then (5.31), (5.32), and |r,(y) — rn(2)| < |ly — z]|| from (5.19) give
lwn(y) = wn(2)[| < [y, () = Qu(z,m0(y)) |l

+ 11902, () = Qulz,ma(2))]

- c(min{ry (y), rn(2 535
< 2Dy, g 2T ) ) o

< Ye(min{ry (y), r(2)}) [ly — 2| -

If one tail radius is zero, the corresponding coefficient, ||y,||> + [|y2n]|* or ||2a||* + ||z20]|* in the
weighted comparisons below is zero, so no value ~.(0) is needed.

5.7 The inverse map and its two-point estimate
For y = (yn) € H, put B,(y) = (wn(y), yn) and define

P(y) = (U(y), V(y)) € H D2 L2,
Un(y) = yn + (B2n(y) — Bu(y))waly), (5.36)
Vn(y) = BQn—l(y)'

For a fixed y, the family (w,,(y)), consists of one unit vector in each block. Applying Lemma 5.2
with &, = wy(y) gives

B(y)=Lylyy. B eH@ bl [B(y)] = . (5.37)
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The family w(y) need not be square-summable; Lemma 5.2 requires only one unit direction in
each block.

Fix y, 2z € H. For every block n, choose one comparison direction from the point having the
larger tail norm:

{wn(z), ra(y) < ra(2), (5.38)

wn(y), ra(y) > rn(2).

The family ¢ = (§,,) defines the single linear isometry Lg_l used to compare both ®(y) and
O (2).

For the y-comparison, the indices with r,(y) > r,(z) contribute zero because &, = wy,(y). If

rn(y) = 0, then y, = y2, = 0. On the remaining indices, apply (5.35), and then apply the
weighted estimate (5.23) to y:

>~ Ulynll* + lly2nl®) l1on(y) = &all®

n>1

= > (lyall® + lly2nll*) llwn(y) — wn(2)]*

{n:0<rn(y)<rn(2)}

<lly==1" > Ulyal® + lyeal®)relra(y)?
n:rp(y)>0

2
C 2
< — ||y — .

Lemma 5.3, applied to the direction families w(y) and £ at the vector y, yields
-1 -1 -1
o - Lety] = [ty - 26

¢ v (5.39)
Y AT 5.39
< (16 ly zH)

=clly ==zl

For the z-comparison, the indices with r,(z) > r,(y) contribute zero because &, = w,(z), and
the indices with 7,,(z) = 0 have z, = 22, = 0. Thus the nonzero terms satisfy 0 < r,,(z) < 7, (y).
For every index satisfying this inequality, (5.35) gives

[[wn(2) = wn ()] < Ye(rn(2)) Iy — 2]

Consequently, (5.23), applied to z, gives

> lznl® + llz2nl®) lwn(2) = &all®

n>1

= > Uzl llzaall®) lwa(z) = wa ()l

{n:0<rp (2)<rn(y)}

<ly—=1" 3 (zall® + 220l )re(ra(2))?
n:ry (2)>0

Q
V)

2
ly = 2]

<
-1

[«

Applying Lemma 5.3 to w(z) and £ at z gives

|0() = Lgt2| < clly ==l (5.40)
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Since Lgl is linear,
|o) —@(z) - L'y —2)|
= ||(@) - Lg'y) — (@(2) - L '2) |
<o) - gty| + o) — L | (5.41)

<clly =zl +clly = =]
= 2clly = =],

where the final inequality is (5.39) together with (5.40). Since Lf_l is an isometry, (5.41) gives

lo(y) - @) < Lt —2)| + [e@) — @(2) - L7 - 2)|
< (1+20) Jy— 2,

19(y) - 2(2)] = || ' - =) -
> (1-2¢) |y — ||

@(y) — @(2) - L'y - =)

Thus
(1=20) |ly — 2| < [[@(y) — ©(2)]| < (1 + 2¢) [ly — =] (5.42)

In particular, ® is continuous and injective.

5.8 Surjectivity by a coordinate recursion

Fix (u,v) € H @9 lo. We construct y = (y,) € H and prove ®(y) = (u,v).

Suppose that, before stage n, the blocks y1,...,yn_1, the unit vectors &i,...,&,-1, and the
scalars aj = (&, u;5), 1 < j < n, have been defined. The induction invariant is the partial-norm
identity

N , X ) N N/2]
Dolwil®> =D MulP = > P+ D [wl? (0< N <) (5.43)
=1 i=1 i=IN/2)+1 i=1

The identity is true at stage n = 1, because every sum with N = 0 is zero. Since |o;| < [Ju; ]|,
the invariant implies
2 2 2
> sl < flull® + ol
j<n

Therefore the following radius is well-defined:

y[n—l] - (yh <o 7yn—1,0707 .- ')a

2 2 2
Sn = (IIUII +oll* = > Iyl

i<n

) 1/ (5.44)

=

Both quantities in (5.44) depend only on data already constructed.

Define
n — Qn(y[nilh Sn)v Qp = <€’mun>' (545)
The scalar inserted into block n is
m» =2 )
C, = {O‘ ne=em (5.46)
Um, N =2m — 1.
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If n = 2m, then m < n, so «a,, was constructed at an earlier stage. If n = 2m — 1, then v,, is
part of the prescribed input. Thus (5.46) is not circular. Set

Yn = Up + (Cn - an)ﬁn- (547)

We now verify the invariant at the new index. Since ||&,|| = 1, we have |ay| = [(&n, un)| < [Junl];
moreover, (u, — an&p,&,) = 0. Hence (5.47) gives

||yn||2 = |lun — an§n||2 + ’Cn|2

(5.48)
= [[unl® = lanl? + |Cn*.

Summing (5.48) from 1 to any constructed index N gives

N N N N

2 2
oMyl =D gl = Y ey + |Gy
=1 j=1 =1 =1

N ) N |N/2] [N/2]
=3 Mull* =D leyP+ D lom* + [0 ?
j=1 j=1 m=1 m=1
N ) N [N/2]
=> Ml = D JamlP+ Y foal®
J=1 m=|N/2]+1 m=1

The equality just obtained is precisely (5.43) with N = n. Every instance with N < n remains
true because no previously constructed block is changed. The induction therefore defines all
blocks yy,.

The invariant also gives

N
2 2 2
> lysll™ < Mlul® + ol (N = 1),

j=1
so y € H. Furthermore,
N
0< S amP< 3 funl®—o.
m=|N/2]+1 m>|N/2|

Letting N — oo in (5.43) yields
2 2 2
lyll™ = llull™ + vl (5.49)

Consequently,
2 2 2
sp =l + ol = Dyl

i<n

2 2
= llyll® = >_ llysl

j<n

= Iyl

j>n
= Tn(y)2-

Both s,, and r,(y) are nonnegative, so s, = r,(y). Also y"~1 = P,_1y. The head-dependence
identity (5.30) therefore gives

(5.50)
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Using (5.47), (5.50), and ay, = (&5, un), we obtain

Bn(y) = (wn(y), yn)
= <fn, Up + (Cr — an)én)
=a,+C, — ay
=C).

Thus Bom(y) = o, and Poym—1(y) = vy We now evaluate both components in (5.36). For
every m > 1,
Un(y) = ym + (Bom(y) — B (y)) win(y)
= Um + (Cm - am)gm + (am - Cm)gm
= Um,
Vi (y) = Bam—1(y) = vm.
Therefore ®(y) = (u,v). Since (u,v) was arbitrary, ® is surjective. Together with injectivity
from (5.42), this proves that ® is a bijection.
Define
h=&"1:H @yl — H. (5.51)

The norm identity (5.37) gives ||h(u, v)|| = ||(u,v)]] and h(0,0) = 0. Apply (5.42) to y = h(u,v)
and z = h(u/,v"). Since ®(y) = (u,v) and ®(z) = (uv/,v’),

(1= 20) [y v) — b/, )| < [ = 0= o)]| < (1+26) [, v) = h(ad )]

Division by the positive factors gives

1 1

o= )] < ) — ) € o o) (6552
Finally,
1
>1-4 1—(1—4c)(1+2c)=2 2>

1T 20 2 c = ( c)(142¢) =2c+8c* >0,

1

T 5 <l44c <= (14+4c)(1—2c)—1=2¢(1—-4c)>0.

— 2¢

Substituting these two estimates into the lower and upper bounds in (5.52) gives (5.1).

5.9 Orthogonal coordinate supports on distinct neighborhoods

It remains to prove (5.2). We first establish a separation statement in A for the directions
Wy (y).-

Fix distinct points y(l), . ,y(m) € ‘H, where m > 2. For every pair 1 < a < b < m, choose an
index j, 5 such that

dap = [Pjuy (V') = D10 ()] > 0.
Choose an integer K with

. 2 dab
K > 2 b g <ca<ch<m). 5.53
>maxjoy, <5 (I<a<b<m) (5.53)

Such a K exists because there are only finitely many pairs, and every d,j is positive. We fix
this one K for all pairs. For notational symmetry, set j,, = jsq and dgp = dp, When a > 0.
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For 1 < a < m, define
0_ .. (@ da,p
Ua - ﬂ yeH |p.]a,b(y)_p.]a,b(y )‘ < 4 :
b#a

Each U? is an open neighborhood of Y@ Ify e U z € Ul?, and a # b, then

|pja,,b(y) - pja,b(z)’ 2 da7b - |p.ja,b (y) - p.ja,b (y(a))|
~1Pjos (2) = 2jus (™)

da,b da,b
> dap = =7 = 47 (5.54)
_ dap
2
2
> ?

We now locate the coordinates of the directions used by the inverse map. Recall the orthogonal
decomposition and the unit vectors from (5.6) and (5.14):

n—1
Ho=@sS", W) esS™, (W) =1.
k=0

Here Wy, ¢ is constant. The actual direction is obtained by inserting the tail radius into the
interpolation in (5.29):

1/2
Tn(w)Z(leijQ) v wn(z) = Qu(z, ().

j=n

Thus wy, () is either one W, j(z) or a normalized linear combination of W, j_i(z) and W), ;(x)
from two adjacent orthogonal summands. At radius zero it is W, ,—1(x). The next case check
shows that, on sufficiently high blocks, every summand that can occur has index at least K.

Choose p > 0 such that 7.(p) > Tk + 8; this is possible because 7.(r) — oo as r | 0. Since
rn(y(“)) — 0 for each of the finitely many centers, choose [ > K such that

d
2

and set U, = U2 N B(y®, p/2). For n >l and y € U,,

i (y'™) < (1<a<m),

m(y) < riga(y)
< (@) + ||y -y
< p.

We now prove the required coordinate restriction by the cases in (5.29).

(A) The case r,(y) = 0. Since n > 1 > K, we have n — 1 > K, and therefore

n—1
wn(y) = Qn(y,0) = Wy n-1(y) € 57(;1)1 - @ S](.n),
j=K

(B) The case r,(y) > 0. The inequality 7,(y) < p and the monotonicity of 7. give

Te(rn(y)) > 1e(p) > Tk + 8.

Expository Note = Version 1 43 /49



Exact Mathematics with Al — Expository Note Lipschitz homeomorphisms

The four positive-radius cases in (5 are handled as follows.

29)
(B-a) The initial interval 7c(r(y)) < T1. This case is impossible because 71 < Tk + 8.
(

(B-b) A transition interval T, < 7.(rn(y)) < Tp + 8. If k < K, then
Te(rn(y)) < T +8 < Tk +38,

contrary to the strict inequality above. Hence £ > K, and

waly) € S @ 5" < P S
j=K

(B-c) An intermediate interval T, + 8 < 7c(rn(y)) < Tit1. If kK < K, then k+ 1 < K and
Te(tn(y)) < Tpp1 < Tk < Tk +38,
again a contradiction. Thus k£ > K, and

n—1
wa(y) = Wan(y) € S € @ s
j=K

(B-d) The final interval 1.(ry(y)) > Tn—1 + 8. Here
n—1
wn(y) = Wani(y) € S0, € €D s
j=K

becausen —1>1> K.

All the cases in (5.29) have now been exhausted. Hence
n—1
e@ S (a>l yeUiU-- UUn). (5.55)
j=K

We now prove that no basis coordinate can be used by two distinct neighborhoods. Write &, j

(n)

for the standard coordinate orthonormal basis of S, and put

n—1
En=|] &
k=0

Thus &, is the fixed coordinate orthonormal basis of H,. Our claim is that, for every a # b,
every n > [, every y € U, and z € Uy, and every e € &,,

<wn(y)v 6> <wn(z), €> =0.

Fixa#b,n>1,ye€U,, and z € Uy. Suppose, to the contrary, that some e € &, satisfies

(wn(y),e) 70, (wn(2),€) # 0.

There is a unique k£ € {0,...,n—1} such that e € &, . If K < K, then (5.55) and orthogonality
would give (wy,(y),e) = 0. Consequently,

K<k<n,  jup<K<k
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Here k is determined by the assumed common coordinate e; it is not chosen to be large. Its
lower bound follows from (5.55).

Let m, : Hy — S}gn) be the orthogonal projection. For either x = y or x = z, recall that

1/2
r=rp(z) = (Z quH2> ) wy () = Qn(,7).

q=>n

We compute its S]gn) component from (5.29). If w,(x) = W, j(x) for one 0 < j < n, its
projection is W), ;(z) when k = j, and zero otherwise. This includes r = 0. In a transition
interval T; < 7.(r) < Tj + 8, put

A=X(r)= 22— e0,1], d=/(1=A)2+A2>0.

Then 1—> \
wp () = TWn,j—l(SU) + EWn,j(fU)-

The two vectors belong to the orthogonal summands S ](-71)1 and S;n). Hence

1-—A )
TWn,k(x)a k= J— 17
mkn(n) = 2@, k=)

The transition index j and the coefficients may differ between y and z; the coordinate index

k, determined by e, is the same. In every case, m, pwy,(x) = 0y, ()W, ;(z) for some scalar

Nnk(x) > 0, possibly zero. Since e € S,in),

<wn(x), 6> = <7rn,kwn(x)’ 6> = nn,k(xan,k(x)v €>'

The assumed nonzero coordinates therefore imply
<Wn,k(y)v e) 7£ 07 <Wn,k(z)7 e) ?é 0.

Write @ = (a,...,ax) € {—k,...,k}¥ for the index of e in &, 1. By (5.10) and (5.14), W, x(z)
is the positive normalization of the vector with coordinates

G,o(z) = max {0, 1- jnax, |kpj(x) — aj|} .
Here pj(x) = (x,e) /(1 + |[(x,€;)]). The common nonzero coordinate therefore forces
kpi(y) —ajl <1, [kpji(2) —ayl <1 (1<) <k).
Because j,, < K < k, we can use j = j, 5 and obtain

|kpj, () — g, | + 1kpj, , (2) — oy,
’pja,b(y) - p.ja,b (Z)| S 2 = k = =

< 2 < 2
k— K
This contradicts (5.54). Thus no common nonzero coordinate exists, for any a # b, n > I,
y € Uy, and z € Up. In particular, the coordinate supports are disjoint uniformly over all
points in the two neighborhoods, not just for their centers.
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We now collect all coordinates used by each neighborhood, over all blocks n > [ and all
summands with K < k <n. For 1 < a < m, define

n—1
B, = U U {e€ &k (wn(y),e) # 0 for some y € Uy},
n>l k=K (5.56)

K, = span B,.
The indices n and k are bound by the two unions; no individual k is retained in ICp. By (5.55),
these unions include every nonzero coordinate of every w,(y) with n > [ and y € U,.

If e € B, N By, its block index n is unique, and membership in the two sets supplies y € U, and
z € Uy for which the same coordinate is nonzero. This contradicts what we just proved. Hence
B, N By = @ when a # b. All the sets B, are subsets of the one fixed coordinate orthonormal
basis |,;>1 €n, and use only blocks n > [. Their closed linear spans therefore satisfy

Ko LKy (a#Db), Ko CQH (1<a<m).

Now return to the distinct inputs in the statement of Theorem 5.1. Put
Y@ = h(u@, (@) (I1<a<m).

The points y(® are distinct because h is injective. Apply the construction in (5.53)—(5.56) to
y@® ,y(m), and define
O, = h™1(U,).
The map h is continuous by (5.52), so O is an open neighborhood of (u(®, v(®)).
Fix (u,v) € O, and put y = h(u,v). Then ®(y) = (u,v). The H component in (5.36) gives

Therefore
D(u,v)y = h(u, v)n — uy
= Yn = Un (5.57)
= (Bu(y) — Ban(y))wn(y).

For n > [, equation (5.57) expresses D(u,v), as a scalar multiple of w,(y). Every nonzero
coordinate of wy(y) belongs to the generating set of Ky; hence D(u,v), uses only basis
coordinates that generate IC,. Thus

(Pn — B)D(u,v) € K, (N >1).
Moreover,
|QuD(u, v) = (Py = P)D(u,v)|* = |Qn D(u,v)|*
= > ID(u,v)a)

n>N
— 0.

Since K, is closed,
Q1D(u,v) € K.

This proves
QiD(0,) C K, (I1<a<m).

If the original finite family contains only one point, take I = 1, O1 = H @2 f2, and K1 = Q1H.
Thus (5.2) holds in every case, and Theorem 5.1 is proved. O
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Corollary 5.4. For the bijection h constructed in Theorem 5.1, define
D(u,v) = h(u,v) — u, Q=D:F(H®l) — H.
Then D is Lipschitz and Q) is completely continuous.

Proof. The upper estimate in (5.1) gives

1D (u,v) = D', o) < [[(u, v) = A, vH+Hu—UH

<
§(2—|-4C H u—u',v—72)|.

Thus D is Lipschitz and fixes zero, so its linearization ) = D is defined. For the neighborhoods
and subspaces in (5.2), if z,2’ € Oj, then

D(z) — D(z') = B(D(z) — D(a')) + (QiD(z) — Q:D(2"))
e PH& ’C]’.

The space P;H is finite-dimensional, and the subspaces K; C (P/H)* are pairwise orthogonal.

Theorem 4.1, applied with F' = P/H, therefore shows that () is completely continuous. ]

6. The final spaces and the choice of parameters

Proof of Theorem 1.1. Fix € > 0 and put

13
i1+e) “Tiie

b=1+4c. (6.1)

Then0<ec<1/4,0<a<1l<bandb<1+e.

Let H, h, D, and Q = D be supplied by Theorem 5.1 and Corollary 5.4. Thus
al(u—u,v—v)] <||h(u,v) = b, 0)|| <b||(u—u'v—12|,

and @Q : F(H @2 l2) — H is completely continuous. Since H @9 ¢ is a real Hilbert space,
Theorem 2.6 also gives

co > F(H D2 La).

Set B
0 = 2c, Ai = 627" (Z > 1)7 Q(,U,,’U) = (Q:U’a U)y

and define
X, = Z%, Y. = Z).

We spell out the graph-space definitions from (3.5) for these particular operators. Every p;, v;
below belongs to F(H @2 ¢2), and every v; belongs to ¢o. Thus

X = {((Miavi))izl : ZMHMH + |lvil]) < o0,  (Qui,vi) — (an)},

Y;— = {(Vi)i21 : Z)\l ||I/ZH < 00, Ql/i — 0} .
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The convergence conditions are in H @4 f2 and H, respectively. The norms on these two spaces
are

(i)l = max {Z Nl + [, sup (1@l + |rvi|2>”2} ,

[(vi)illy, = max {Z Ai [|vill s sup HQWII} :

In particular, these definitions require convergence to zero of the images, not merely bound-
edness of the displayed suprema. The weights are positive and ) ;-1 A\ = 0 = 2¢ < 1.
Proposition 3.5 therefore gives separable Banach spaces X, Y: and a bi_jection U, X, =Y.
Here 6 : H @©9 by — F(H D2 l2) is the evaluation map, and the bijection is explicitly

We((pis vi)iz1) = (i + 6(Qpi, v3)) 15,4 (6.2)
For v = (1) € Yz, write (u;,v;) = h~1(Qv;). The inverse from the same proposition is
) = (v — 5(ui,vi),vi)i21. (6.3)
The linear obstruction can also be read directly in this notation. For v = (v;); € ¢o(¢2), set

t(v) = ((0,v4))s.

Since (0,v;) — (0,0) and >; A; [|vi]| < @sup; ||vi|| < oo, this vector belongs to X.. Moreover,
0 < 1 gives

[e(v)] x, = max {Z Ai[Joil] sup Hvi!} = sup [[vil| = [|vll gy e) -
. 1 7

)

Thus ¢ is a linear isometry. In the other space, Proposition 3.4 applies to A = F(H @29 ¢2) and
the completely continuous operator ) : A — H: the hypothesis ¢y & A was checked above.
It follows that Y, = Zgé contains no linear copy of ¢o(¢2). If a bounded linear isomorphism
T : X, — Y, existed, then

1 1
”TL(U)HYE > W H[’(U)HXE = W HUHCO(&,) (v € co(f2)),

so Tt would be precisely the forbidden linear embedding. This proves the nonisomorphism
assertion of Theorem 1.1.

It remains only to evaluate the constants. Here

1—a

0=20<1,  0<b-l=de, 0=—

Corollary 3.6 yields
Lip(W.) <b<1+4e  Lip(U-)<al=1+e

The inverse estimate gives, for s,t € X,

1
1+e¢

Is = tllx, < 1We(s) = L@y, ,

which, together with the upper estimate, proves (1.1). Finally, ¥.(0) = 0 because 6(0,0) =0
and h=1(0) = (0,0). O
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Attribution

The counterexample, the graph-space reduction, the nonlinear change of variables, and the use
of moving directions are due to OpenAl [9]. This note uses the fixed manuscript identified
in the bibliography. The realization in Section 5 instead makes the directions depend on the
output and proves bijectivity by a coordinate recursion. Its two-point estimates replace the
differentiability and inversion arguments of the source. This reconstruction makes no claim
of independent solution or priority. The free-space proofs are in the companion [1], with the
original sources [5, 2, 6, 3, 4].

Use of ChatGPT

The manuscript was drafted and revised using ChatGPT.
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