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Abstract

This article gives an exposition of the proof in OpenAl’s preprint A positive solution
to Tingley’s problem. We reorganize its presentation to make the geometric ideas and
logical dependencies explicit. The first step identifies the precise target: vanishing of
a radial distance defect makes the natural extension a surjective isometry fixing zero,
so the Mazur—Ulam theorem gives linearity. We then describe the canonical sphere
isometry between ultrapowers, including preservation and attainment of the defect.
The geometric argument produces aligned chords by common supporting functionals
and Darbo’s theorem. A comparison of the two chord coordinates yields the final
contradiction. The fixed-point background is collected in a separate section for the
reader.

1. Introduction and the zero-defect target

This article gives a detailed exposition of the argument in OpenAl’s preprint A positive
solution to Tingley’s problem, dated 23 September 2026 [7]. Its purpose is to make the
proof easier to read and verify, with the geometric ideas stated before their technical
implementation and the classical tools cited where they are used. The underlying argument
is attributed to that preprint; the present article reorganizes its presentation and simplifies
several steps.

Two features of the presentation are the direct construction of a convex invariant set by
successive convex enlargement, and the use of explicit support estimates followed by a direct
comparison of the two chord coordinates.

Reading guide. We assume familiarity with basic normed-space theory, convexity, and
the Hahn—Banach theorem. Sections 1 to 3 give the reduction and geometric preparation;
Section 4 collects the fixed-point background. The core chord argument occupies Sections 5
and 6. Readers already familiar with Darbo’s theorem may use Theorem 4.3 and proceed to
Section 5, returning to the preceding section as needed.

For a nonzero real normed space X, let

Sx ={ze X :|z|| =1}
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Tingley’s problem asks whether every surjective isometry f : Sx — Sy extends to a real-
linear isometry [9]. The conclusion, stated here for normed spaces using the completion
reduction below, is the following.

Theorem 1.1. Let X,Y be nonzero real normed spaces and let f : Sx — Sy be a surjective
isometry. Then f extends uniquely to a surjective real-linear isometry X — Y.

Any linear extension must be the radial map

T
0)=0. T =l f(q5) A0 (1.1)
The formula gives || T'(z)|| = ||z|| for every z € X. It also gives

(s () =y wevipp.

[yl

Together with 7(0) = 0, this proves surjectivity. The remaining task is to show that T’
preserves distances between points of different norms.

For z,y € Sx and A € [0, 1], define

Di(z,y) = If(x) =MW = e =Mgll, — u(f)= sup [D{(z,y)]- (1.2)

T,YESx
0<X<1

The superscript always identifies the sphere map whose defect is being used.

Proposition 1.2 (The zero-defect reduction). If u(f) =0, then the radial map (1.1) is a
surjective isometry fixing zero, and hence is real-linear.

Proof. For xz,y € Sx and o > > 0, the one calculation needed is

1T () = T(By)ll = allf(z) = (B/) f (W)l
= afz — (B/a)yll = [lax — Byl|.

Interchanging the two points covers the other order of their norms. Distances to zero are
preserved because T preserves norms. Surjectivity was noted above. The Mazur—Ulam
theorem now gives real linearity, since 7'(0) = 0; see [5, 6]. Uniqueness follows from (1.1). O

Thus the entire geometric argument has a single target:

u(f) =0.

We will suppose that u(f) > 0, realize this value on the spheres of the ultrapowers, and
derive a contradiction.

1.1 The bounds that must survive every reduction

For z,y € Sx and A\, X' € [0, 1], we will repeatedly use

DI (f(). f(v)) = —Di(@.y),  n(f™Y) = pn(f), (1.3)

and
D] (x,y) — DL (z,y)] <2/A - X|. (1.4)

Expository Note = Version 1 2/21



Exact Mathematics with Al — Expository Note Tingley / Version 1

The inverse identity uses f~!(f(x)) = x and f~'(f(y)) = y. For the radius estimate, the
reverse triangle inequality gives

1D{(z,y) = DL (@, 9)| < I = X)F @)+ |(A = Nyl = 2/ = X].
Because f preserves norms and sphere distances,
Df () = Df (z,9) = 0.
Consequently,
D] (z,y)| <2min{\,1 -2}, 0<pu(f) <L (1.5)
In particular, a positive maximum can only occur at an interior radius.

Lemma 1.3 (Completion preserves the defect). Let )A(, Y be the completions of X, Y. The
map f extends uniquely to a surjective isometry

f:8¢— 85, w(f)=plf)
Proof. For x € S¢, choose u,, € X \ {0} with u,, — =, and put z,, = u,/||u,||. Then
[en = 2| < [lzn = unll + [Jun — 2l = 1 = [lun|l| + lun — z[} — 0.

Thus S is dense in S <> and the same argument applies to Y. The uniformly continuous
maps f and f~! extend uniquely to these completed spheres. Their extensions are inverse
maps because their compositions are the identity on dense subsets. For z,,y, € Sx
converging to z,y € Sg,

1 () = F@)ll = Y| f(2n) = f(yn)l| = lim[|zn = ya| = |2 = y]|.

Hence f is a surjective isometry.

For p,y, € Sx converging to z,y € S and any fixed A € [0, 1],

~

This gives u(f) < p(f); the reverse inequality follows by restricting to Sx. O

It therefore suffices to prove the zero-defect assertion for Banach spaces. Once it is proved
there, Lemma 1.3 and Proposition 1.2 apply to the original normed spaces.

2. Two elementary geometric tools

For a nonzero vector = in a real normed space X, write

v(z) = {p € Sx= : p(x) = |z} (2.1)

Thus v(z) is the set of norm-one supporting functionals at x. It is nonempty by the Hahn—
Banach theorem [1]. We use the same notation in each ambient space, which is determined
by z. For later use, the definition gives

viaxr) =v(z) (a>0), v(—zx) = —v(z). (2.2)

Indeed, p(ax) = al|z| is equivalent to ¢(z) = ||z|, and p(—z) = ||z| is equivalent to
(=) (@) = [l

For vectors x,y, let [z,y] denote their closed line segment and (x,y) the segment with its
endpoints removed.
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Lemma 2.1 (A support at an interior convex combination). Let z,y € Sx. If (1—t)x+ty €
Sx for some t € (0,1), then

v((1—t)z +ty) C v(z)Nv(y).
In particular, v(z) Nv(y) # @ and [x,y] C Sx.
Proof. Let ¢ € v((1 —t)x + ty). Then

0=1-p((1l-tz+ty)=1—-1)(1- ) +t(1—-ey)).

Since p(xz) < 1, p(y) < 1, and 0 < t < 1, both summands are nonnegative and both
coefficients are positive. Therefore

1—(@) =1-¢(y) =0,
which means that ¢ € v(z) Nv(y). For every s € [0, 1], the same functional gives
L= (1= s)p(@) +sp(y) < [(1=s)z+syll < (1= s)llz]| + sllyll = 1.

Hence [z,y] C Sx. O

As a consequence, if u,v € Sy and «, 3 > 0, then
low+ pov|| =a+ 5 <= v nNrv(v)#o. (2.3)

For the forward implication, divide by a4+  and apply Lemma 2.1 with ¢t = §/(a + ). For
the reverse implication, take ¢ € v(u) Nv(v) and use

a+f=plau+ fv) < lou+ puf| < a+B.

Lemma 2.2 (Contact of a ray with the sphere). Let ¢ € X satisfy ||c|| < 1. For every
v € Sx, there is a unique positive number a.(v) such that

¢+ ac(v)v € Sx.

This number satisfies
1—lefl < ae(v) <1+ el (2.4)

Moreover, for u,v € Sx,

AU )Oe\V & 2
oe(w) | (L )

|ae(u) — ac(v)] < ——7—— —— el (2.5)
‘ ‘ 1—fell 1 —{lell
Proof. Fix v € Sx. The function « — ||c + av|| is continuous, and
lell <1 <2 = lel] < [le + 2.
The intermediate value theorem therefore gives a positive o € (0,2) such that ||c + av| = 1.

To prove uniqueness and compare different directions, suppose
llc + aul|| = ||c+ Bv| =1, u,v € Sx, «,3>0.

Interchanging the two contacts if necessary, assume « < 3. The identity

c+au=a(u—v)+ (1—2)04—;(6—1—5@)
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gives
a o
1 <allu—wv +<1—> cll + —=.
[l — vl 5 )l + 3
Subtracting a// and multiplying by /3, we obtain
(B =a)(1 = el) < afllu—v].
Thus, regardless of the order of «, 3,
o
la =8| < [Ju = vl]. (2.6)
1—lell

Taking u = v forces o = 3, proving uniqueness.

We may now write the unique radius as a.(v). Since
ac(v) = [le]| < fle+ ac(v)v]] = 1 < [lef| + ac(v),

we have 1 — ||c|| < a.(v) <1+ ||¢||. Finally, applying (2.6) with o = a.(u) and 8 = a.(v)

gives (2.5):

ac(u)ore(v) (1+ lel)®
[ — vl <

—_— — 0 |lu—1|. O
1 —lell L —lell

|ae(u) = ac(v)] <

3. The canonical sphere map between ultrapowers
Fix a free ultrafilter &/ on N. For a Banach space X, write
Xy = loo(N, X) /Ny (X), Ny(X) ={(zp) € loo(N, X) : hg{n||a:n|| =0}.
We denote the class of a bounded sequence by [z,]y/, with norm
lfznferl] = Lim||z |

This is the standard Banach-space ultrapower; it is already complete. For the construction
and completeness, see [2, p. IX.1]. We use the standard existence and elementary algebraic
properties of ultralimits of bounded real sequences.

The point of the next lemma is that the given sphere map induces a specified map between
the given ultrapowers. It preserves the full defect bound, while turning an approximate
maximum into an attained one.

Lemma 3.1 (Canonical extension to the ultrapowers). Let X,Y be nonzero real Banach
spaces and let f 1 Sx — Sy be a surjective isometry. There is a canonical surjective isometry

Ju:Sxy — Svis Jullznlu) = [f(@n)lu (20 € Sx).

For all unit representatives x,,y, € Sx and every X € [0, 1],

D (el lynlee) = lim DY (. yn)- (3.1)
In particular,
u(fu) = u(f) = max [D{¥(z,y)]. (3.2)
x7y€SXM
0<X<1

If u(f) > 0, a mazximizing radius belongs to [u(f)/2, 1 — u(f)/2].
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Proof. Every element of Sx,, has a representative consisting entirely of unit vectors. Indeed,
normalize each nonzero term of an arbitrary representative, replacing zero terms by one
fixed unit vector. The change in the n-th term has norm |||z,| — 1|, whose ultralimit is zero.

For unit representatives,

Thus the proposed definition is independent of representatives and is isometric. Applying
f~! term by term gives its inverse. The norm formula for the ultrapower gives (3.1) directly.
It yields u(fyr) < wu(f), while constant sequences give the reverse inequality.

Choose ¥, y, € Sx and A, € [0, 1] such that
‘D{n (@, Yn)| — n1(f), T = er{n An.

By (1.4),
liz/r{n|D7]f(xn,yn) - Din(xn,yn” =0.

Equation (3.1) therefore gives

| DE([enluts [ynle)| = ()
The restriction on 7 follows from (1.5). O

Remark 3.2 (The sign of the attained defect). The canonical map f;; attains the maximum
of the absolute defect. If an attained value is negative, its inverse (fy)~! = (f 1)y attains
the positive value p(f), by (1.3). Thus a positive defect would produce, on these specified
ultrapowers, a sphere isometry with an attained positive maximum and the same bound at
every pair and every radius.

4. Darbo’s fixed point theorem

We collect the fixed-point background in this section for the reader. Schauder’s theorem
states that every continuous self-map of a nonempty compact convex subset of a normed
space has a fixed point [8]. We will apply it after constructing a compact invariant subset.
The measure of noncompactness provides the required compactness criterion; the properties
and fixed-point argument below are classical [4, 3].

For a bounded set H in a normed space, define

Y(H) = inf {5 S0 H = H,U---UH,, for finitely many subsets H; C H, } (4.1)

diam H; <efor1 <i<m

Set x(@) = 0. This is the Kuratowski measure of noncompactness, with the diameter
convention of [4, 3]. Recall that a set is totally bounded if, for every € > 0, it has a finite
cover by balls of radius e. We use the elementary metric-space criterion that a space is
compact if and only if it is complete and totally bounded.

Lemma 4.1. Let H be a bounded nonempty subset of a normed space X. Then:
1. If AC H, then x(A) < x(H), and x(H) = x(H).

2. x(H) =0 if and only if H is totally bounded. If X is Banach, these conditions are
also equivalent to compactness of H.
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3. x(conv H) = x(H).

Proof. 1. Subsets and closure. Suppose H = Hy U ---U H,,, with diam H; < e. Then

A= U (AN H;), diam(ANH;) <e
i=1

after empty members are discarded. This proves monotonicity. Because the union is finite,

H = H;, diam H; = diam H; < ¢.

s

1

7

Thus x(H) < x(H); the opposite inequality follows from H C H.

2. Zero measure and compactness. Suppose x(H) = 0, and fix £ > 0. Take a finite cover by
nonempty sets H; of diameter at most £/2, and choose x; € H;. For every x € H;,

|z — x;|| < diam H; < % <e.

Hence the balls of radius € about the z; cover H. Conversely, if H is totally bounded, cover
it by finitely many balls of radius /2. Their intersections with H have diameter at most &,
so x(H) < e. Letting € | 0 gives x(H) = 0.

By part 1, x(H) = 0 is equivalent to x(H) = 0, hence to total boundedness of H. If X is
Banach, its closed subset H is complete. The metric-space criterion therefore gives precisely
the asserted equivalence with compactness.

3. Closed convez hulls. Fix ¢ > x(H), and choose a finite cover H = H; U --- U H,, by
nonempty sets of diameter at most e. Choose § > 0 such that ||z|| < 8 for every x € H.

First, convexification does not increase the diameter of an individual H;. Indeed, if z =
> Ajzj and y = >4 Oryy are convex combinations of points in H;, then

x—y:Z)\jﬁk(xj—yk), |z —y| SZ)\jOkEZE.
J.k Jik
Thus diam(conv H;) < . Also, every point in conv H; has norm at most f.

To cover the whole convex hull, keep track of the coefficients assigned to the different H;.
Let

A, = {()\177)\171) € [071]mi)\121}
=1

Grouping the terms of a convex combination according to the set H; containing each term
gives
m
conv H = {Z ANixi cANE AN, w; € coani} .
i=1
If \; =0, choose any z; € H;.

Fix ¢ > 0. Partition each coordinate interval [0, 1] into finitely many intervals of length at
most ¢/m, and intersect the resulting boxes with A,,. This gives a finite cover Q1,...,Qn
of A,, such that

MIEQ; = > |N—6i] <<

=1
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The corresponding sets
m
Vj = {ZA1$Z AEQ), € coanZ-}
i=1

cover conv H. For two points of the same V/,

Z ANiTi — Z ezyz Z yi) + Z(/\z
=1 =1 =1 =1
Z s =il + > [N = il
=1 =1
<e+ B¢

Therefore
X(conv H) < e+ f¢.

Let ¢ | 0, then € | x(H). Together with monotonicity and part 1, this gives
X(H) < x(conv H) = x(conv H) < x(H). O

Lemma 4.2 (Nested sets with vanishing noncompactness). Let K,, be nonempty closed
bounded subsets of a Banach space, with K,11 C Ky and x(Kp) — 0. Then K = (1,50 Kn
is nonempty and compact.

Proof. We first prove nonemptiness by finding a convergent subsequence of points x,, € K.
Starting with the set Iy of all indices, we choose infinite subsets I; C I;_; such that

pgel;, = |z,—z, <277 (4.2)

For the j-th choice, take N with x(Ky) < 277, and cover Ky by finitely many sets of
diameter at most 277. Infinitely many indices n € I j—1 satisfy n > N, and z,, € K,, C Ky
for all of them. One member of the finite cover contains infinitely many of these x,,. Let I;
be their indices. This gives (4.2).

Choose increasing indices n; € I;. If p,q > j, then n,,ng € I}, so
H:znp — anH <277,

The subsequence is Cauchy and therefore converges to some z. For each fixed n, all
sufficiently late terms belong to K,,; closedness gives « € K. Hence x € K, proving K # &.

For compactness, use the inclusions K C K,,:
0 < x(K) <x(K,) —0.

Thus K is totally bounded by Lemma 4.1. It is also closed in a Banach space, hence
complete. The same lemma now gives compactness. O

Theorem 4.3 (Darbo). Let C' be a nonempty closed bounded convex subset of a Banach
space. Suppose g : C — C' is continuous and, for one constant 0 < k < 1,

x(9(H)) <rx(H)  (HCC). (4.3)

Then g has a fixed point.
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Proof. We construct a compact convex set on which to apply Schauder’s theorem. Set
Ko = C, K1 = conv(g(K,)).
Since g(C') C C and C is closed and convex, K; C Ky. Inductively,
K,CK,1 = g(K, Cg(Kn-1) = Ky CK,.

The K,, are therefore nonempty closed bounded convex subsets of C'. By Lemma 4.1 and
(4.3),
X(Knt1) = x(9(Kn)) < rx(Kn),  x(Kn) < £"x(C) — 0.

By Lemma 4.2, K = (1,5 K}, is nonempty and compact. It is convex because every K, is
convex. For x € K and every n,

9(z) € g(Kn) C Kny1.
Also g(z) € C = Ky, so g(K) C K. Schauder’s theorem [8] applied to g|x gives a fixed
point. O

5. Aligning two extremal chords

Lemma 3.1 realizes the absolute defect as a maximum, and Remark 3.2 makes its sign
positive if necessary. The next proposition applies to any sphere isometry with such a
maximum. Its purpose is to find two endpoints so that the two spheres have chords through
the prescribed inner points 7y and 7f(y).

Proposition 5.1 (Aligned extremal chords). Let f : Sx — Sy be a surjective isometry
between the spheres of nonzero real Banach spaces. Suppose p = p(f) >0 and

DI (zo,y) = p (xo,y € Sx, 0 <71 <1).
Then there are x,z € Sx such that
Ty € (z,2),  7f(y) € (f(2) f(2)), (5.1)

and

Proof. Throughout the proof, f,y, 7, u are fixed. We construct the chord in Y first. Taking
its opposite endpoint back by f~! defines a map ¢ : Sx — Sx of directions in X; a fixed
point of g will give the chord through 7y. We then find a closed convex subset of Sx on
which Darbo’s theorem applies.

1. Define the endpoints and the map of directions. Let v € Sx. Since ||7y|| =7 < 1,
Lemma 2.2 gives the unique positive number a,(v) such that

z(v) := Ty + ary(v)v € Sx. (5.3)

The direction from 7f(y) to f(z(v)) is
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Apply Lemma 2.2 in Y, with centre 7f(y) and direction —w(v), and define

2(v) = 7 (7 (W) = @r gy (—w()) w(v)) € Sx. (5.5)

The two identities

fa() =7f(y) = [If(x(v)) = 7f(y)] w(v),
f(z(0) = 7f(y) = —ar s (—w(v)) w(v)

have positive coefficients on opposite rays. Therefore
Tf(y) € (f(2(v)), f(2(v))).

Define the corresponding direction in X by

_ 1y—2(v)
g(v) == Ty = 2] € Sx. (5.6)
Since
(V) =Ty +ary(v)y,  z2(v) =Ty — [Ty — 2(v)[ 9(V),
we have

gv)=v <= Tye€ (x(v),2(v)). (5.7)

To see both implications explicitly, first suppose that g(v) = v. The two endpoint formulas
give

_ Iy = 2@) ]| 2(v) 4 ary (v) 2(v)
Iry = 2()[ + ary(v)
Both coefficients in this convex combination are strictly positive, so 7y € (x(v),2(v)).
Conversely, suppose 7y = (1 — A)x(v) + Az(v) for some 0 < A < 1. Then

Ty — z2(v) = L ; A (z(v) —Ty) = %aw(v)v.

The coefficient of the unit vector v is positive. Normalizing this identity in (5.6) gives
g(v) = v. Thus a fixed point gives exactly the missing segment condition.

All these maps are continuous. Indeed, the radial-contact functions are continuous by
Lemma 2.2, f and f~! are isometries, and the denominators satisfy

[ () =7 f W) = [f @)l =Wl =1-7 >0,
Iy = 2()ll = lz(v)]| = 7llyl =1 =7 >0,

We seek a fixed point among the maximizing directions
E={veSx:Dix),y) =pu} (5.8)
Continuity shows that F is closed in Sx, hence in X. To check nonemptiness, put

vo= 07TV gy
lzo = 7y

Here ||zg — Ty|]| > 1 — 7 > 0, and

xo =TY + ||T0 — TY|| V0 € SX.
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Uniqueness in Lemma 2.2 gives
aTy(UO) - on - TyH? x(’l)g) =Ty + aTy(UO)UO = Zo-
Consequently,

Di(ﬁﬂ(?)o),y):D;("Eo,y):‘u, UOGE-

2. Use extremality to obtain and propagate common supports. For v € E, the
segment condition in Y and the isometry give

z(v) = 2()[| = [|f(x(v)) = 7f W) + [ f(z(v)) = T f(W)I]-
Subtract this identity from the triangle inequality in X:
0 < [lz(v) =7yl + l2(v) = Tyll = [Jz(v) — z(v)]|

= —Dl(2(v),y) - DL(2(v),v)
= —p— DI(2(v),y) < 0. (5.9)

The last inequality uses DS (z(v),y) > —u, which is part of the global bound (1.2). Every
inequality is therefore an equality, so

DI(z(v),y) =—n  (vEE). (5.10)

Moreover,
z(v) = z(v) = [|z(v) — Tyl v+ [|2(v) — Ty g(v)

has norm equal to the sum of its two positive coefficients. By (2.3),
v(v)Nv(g(v)) # @ (veE). (5.11)
To construct a convex subset of E, we need the following propagation property:
veE, weSx, viuwnuv(gh)##9 =— wueE. (5.12)

Fix v € E, so that the point z(v) stays fixed while u varies. The assumed common support
and (2.3) give

[2(u) = Tyl + ll2(v) = Tyl = ll2(w) = 2(v)]]
= [[f(z(w) = F(z(0))]]
< |[If(z(u)) = Wl + 1F (z(v)) = 7F W)l

After rearrangement and (5.10), this reads
p=—DI(z(v),y) < Dl(z(u),y) < p.

Thus u € E, proving (5.12). In particular, u = g(v) satisfies the common-support assumption
because v(g(v)) # &. Hence g(F) C E.

3. Construct a closed convex set preserved by g. We first prove that, for every
convex K C E and every u € K,

conv(K U{g(u)}) C E. (5.13)
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The point is to extend from the known support relation between u and g(u) to every segment
joining K to g(u).

Fix v € K. For 0 < A < 1, set
uy=(1-XNu+ e KCEC Sx.

By (5.11), choose
px € v(uy) Nv(g(un)).
Since u) is an interior convex combination of u,v € Sy, Lemma 2.1 gives
ex € v(u) Nv(v), ea(v) = palg(ur)) = 1.

For 0 < 6 < 1, it follows that
L=y ((1 = 0)v+0g(uy) < [|(1—0)v+0g(un)|| < (1-0)+0=1.

Thus every point of [v, g(uy)] belongs to Sx and has the common support ¢y with g(uy).
Apply (5.12) with base direction wuy:

[v,9(uy)] C E.
For each 6 € [0, 1], continuity of g gives
(1= )0+ Og(un) — (1= O)v+0g(u) (AL 0).
Since E is closed, [v,g(u)] C E. As v € K was arbitrary and K is convex,

conv(K U {g(u)}) = |J [v,9(w)] C E.
veK

We may add finitely many points of g(K) in the same way: after each addition, the enlarged
set is convex, lies in F, and still contains the original K. Every convex combination uses
finitely many points, so

conv(K Ug(K)) C E. (5.14)

Starting from vy € F, define

Co = {vo}, Cht1 = conv(Cy, U g(Ch)), c=Jcn. (5.15)

By (5.14), the C,, are increasing convex subsets of E. Their union is convex, and E is
closed, so C' C F C Sx is nonempty, closed, bounded and convex. Finally, continuity and
g(Cn) - Cn-‘rl give

g(C)Cg(U Cn> C U Cpy1 = C.

n>0 n>0

4. Estimate the change of direction. To apply Theorem 4.3, we will show that ¢
contracts x. The calculation below separates a uniform contraction from errors depending
on two bounded real functions. A finite partition of their ranges will make these errors as
small as needed on each member of a cover.

For v € C, define the four endpoint distances

a(v) = [z(v) — 7yl Bv) =

(W) = 1 f(z@) = 7fW), &(v) = (5.16)
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Thus a(v) = ary(v) and 6(v) = a, s,y (—w(v)). For unit vectors a,b in the same space, the
triangle inequalities give

1—7 = |laf| = 7ol < |la = 7bl| < l[al| + 7ol =1+ 7.

Each of the four distances in (5.16) therefore belongs to [1 — 7,1+ 7]. Since v € C' C E, the
defining defect and (5.10) give

() —a(w)=p,  Bv) =) = p (5.17)

The point formulas, with w(v) as defined in (5.4), are

(5.18)

Let u,v € C. Start with the difference in (5.6), retaining both normalizing denominators:

o my—2w) 1y 2()
B z(v) — z(u) 1 B 1
T B (ﬂ(u) B
z(v) — z(u) | B(v) — B(u)

T 8w B

g(v). (5.19)

f(2(w) = f(2(v)) = =0(u) (w(w) — w(v)) + (6(v) — 6(uw))w(v),
Y(u)(wu) —w)) = f(z(u)) = f@@) + (v(v) = v(u)w(v),
z(u) — z(v) = a(u)(u—v) + (a(u) — a(v))wv. (5.20)

By (5.17),
Blu) = B(v) =6(u) —d(v),  y(u) =7(v) = a(u) — av).

Taking norms in (5.19) and the first line of (5.20), and using that f is an isometry, gives

Bllg(u) = gl < llz(uw) = 2(v)[| + [5(w) = B(v)]
f(z(w) = F)I + 16(w) = 6(v)]
|

The other two lines similarly give

(W) [w(u) —w@)| < [If(z(w) = f@@)] + [y(w) = 7(v)]
= [lz(u) = 2()]| + a(u) = a(v)]
< a(u)|u = vl +2la(u) - a(v)|.

Substitution yields

Bu)llg(u) — g(v)|| < 2|6(u) — 6(v)|
—i——(s()au u — | + 2|a(u) — a(v

(5.21)
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The positive defect creates the contraction coefficient:

ool (- m (o Y1 Y

San ~ (= 3) (3g) e (-p5) <2 o
Indeed, 0 < p < B(u),v(u) < 1+ 7 by (5.17). For the error coefficients, note that
B(u) —d(u) = pu > 0 by (5.17), so §(u) < B(u). Together with S(u),vy(u) > 1 — 7, this gives

11 du) _ 1 _ 1
Buw) = 1—7" Bluy(w) = y(w) ~ 1—7

Dividing (5.21) by B(u), we obtain
lo(w) — (@) < sllu - o]
+ 2 (a(u) - a()] +5(w) — 6@))  (woveC).

1—171

(5.23)

Now let H C C be any nonempty subset. Fix ¢ > y(H) and ¢ > 0. Take a finite cover
H = |J; H; with diam H; < e. Cover the bounded ranges of a and § by finitely many
intervals I; and Jj, respectively, each of length at most (. The sets

Hi,j,k =H;N Oé_l(Ij) N (5_1(J]€)
form a finite cover of H. If u,v belong to the same member, then

lu—vl<e,  lau) —alv)l <¢ [6(w) —d(v)] < ¢

Thus (5.23) gives

4
diam g(H; ;) < ke + 174
—T

These images form a finite cover of g(H), so

4¢

1—7

X(9(H)) < ke +

Let ¢ | 0, and then € | x(H). The empty case is immediate. We have proved
X(g(H)) < kx(H)  (H C C). (5.24)
5. Apply the fixed-point theorem. The set C is nonempty, closed, bounded and convex,

and g : C — C is continuous. Together with (5.24) and 0 < k < 1, these are the hypotheses
of Theorem 4.3. Choose a fixed point v, € C C E, and set

xr = x(vy), z = z(vy).

The identity g(v.) = v, gives Ty € (z,2) by (5.7). The construction of z(v,) gives 7f(y) €
(f(z), f(2)). Finally, v, € E and (5.10) give D{(x,y) = p and D (z,y) = —u. The endpoint
x obtained this way need not equal the original maximizing point xg. O
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6. The contradiction from the two chord coordinates

Let f : Sx — Sy be a surjective isometry between the spheres of nonzero real Banach
spaces. Suppose D (z¢,y) = u(f) > 0, and write u = u(f). By (1.5), 0 < 7 < 1. Choose
x,z € Sx as in Proposition 5.1. Thus

ty€(z,2), Tfly) € (f(@),f(2), Diw,y)=p, Di(zy)=—p
All endpoints are now fixed. Define their distances from the two inner points by

a=|z -7y, B =z -7yl
y=1f@)=7fWl, 6=If(2) =Wl

These are positive constants, each at least 1 — 7. With

€ Sy, w:MESy,

v

r—TY

v =

the two segment conditions give
T =TY+ av, z =71y — Bv,
f@)=7f(y) +yw, [f(z)=7f(y) - dw.
The defect equalities become
vy—a=Dl(x,y)=pn,  B-0=-D(zy) =pn

Since the endpoints lie on opposite rays from each inner point, distance preservation gives

atf=z—z=f(x) - fR)I=r+5<2
We will use these relations in the form

y—a=F8-6=upu, pi=a+pB=v+95<2. (6.2)

Define the two chord coordinates and the remaining radial distance by

ng’ n=-, e=1-r7. (63)
p p
Their meaning follows by substituting (6.1):
1-8z+z=1y+ (o —&(a+ B))v =Ty,
nf(@)+ 1 =n)f(z) =7f(y) + (n(y +0) = 8w = 7f(y).

Thus
ry=01-8r+&,  7f(y) =nf(x)+ (1 -n)f(z). (6.4)
The positive defect appears as a gap between the coordinates:
5 _
§&n >0, §+n=a+ _oth ! (6.5)
P P P

We first derive a support estimate from the global bound on the defect. That estimate will
show that &, < e: a larger coordinate would give a radial move that increases the defect.
Once both coordinates are at most ¢, the two identities in (6.4) give incompatible bounds
on the preserved distance between y and z.
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6.1 A support estimate from cancellation of one norm

Decrease the radius at = by o, and increase it at z by (6/v)o. The resulting target vectors

are
f@) = (r=0)f(y) =yw+of(y),
0
f(2) = (1 +(8/7)0) fly) = —;(’vw +of(y))-
Their norms therefore cancel in a weighted difference of defects. Choose
o = min {7’, ’76} , (6.6)
0
so that

1)
0<7T—0<7<7T+—-0Z<1,
Y
and at least one of the two new radii equals 0 or 1. The defect at that radius is zero.

Lemma 6.1 (The support estimate). For every ¢ € v(av + oy),

1-— <
< o(v) s{ =S (6.7)
n, n > €.

Qlm

Proof. The support set is nonempty: the reverse triangle inequality gives
lav+oy|| > laov+Ty| —(T—0)=1—T+0=c+0>0.
Let ¢ € v(av + oy). Using ¢(y) < 1, we obtain

1= flav+7y|| < llav+ oyl + (7 = o)y
=ap(v)+op(y)+7—0
< ap(v) +T.

This proves /a < ¢(v).

For the upper bound, write both defects with the common target norm:

DI (z,9) = |hw+af )| — o + oyl,

_pt _||B _
10! 51l0) = | S0+ oy = I + o £ (6.

The coeflicient in the difference of the two source vectors is

VB —ad =By —a) +a(f —6) = pla+ ) =pp

by (6.2). Adding (6.8) and evaluating the first norm with the support ¢ therefore gives

ol
szo'(xa y) - 5D£+(5/’Y)U(2’ y)

= H?U +oy ’ — [Jav + oyl
> o( Lo+ oy) - elav+ay) = Lot (6.9)
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The branch in the definition of ¢ is determined by #:
n<e <= §<e(y+0) <<= 71i<em.

If n <e, then ¢ = 7. The first defect in (6.9) is D{;(x, y) = 0, so the global defect bound
gives

o) < —5DL a2 <
Dividing by up/d > 0 yields p(v) <v/p=1—n.
If n > ¢, then 0 =v¢/d < 7, and 7+ (6/v)o = 1. The second defect is zero, so

%§¢00f£lﬁ_a@ay)§/L

This gives ¢(v) < d/p =n. O

6.2 Interchanging the coordinates by using the inverse map

The proof of Lemma 6.1 uses only the two aligned chords (6.1), the extremal length relations
(6.2), and the global bound

ID{(ab)| <p  (a,beSx, 0<A<T).

It does not use how Proposition 5.1 produced the endpoints. We may therefore apply the
estimate to any configuration satisfying these conditions.

The two already aligned chords exchange roles when we pass to f~'. The radius 7 is
unchanged, but the signs of the defects are reversed. We consequently exchange the
endpoints: take f(z) as the first endpoint, f(x) as the opposite endpoint, and f(y) as the
base point. The same two chords are now written as

f(2)=7f(y) +0(-w), f(z)=r1f(y)—~y(-w),
z =71y + B(—v), x =71y — a(—v).

The two defects have the required signs:
DL (f(2), f(y)) = =DL(z,y) = B — 6 =,
I (f2),f(y) = —Di(x,y) =a—7=—n

By (1.3), u(f~') = p, so the global defect bound is unchanged as well. The directions
become —w, —v, and

(o, B,7,0) — (6,7, B, ), (& n) — (n,). (6.10)

The constants p, 7, e, u stay the same. Thus all the hypotheses of Lemma 6.1 hold in the
inverse configuration, with the two chord coordinates interchanged. Its auxiliary displacement
is chosen anew by (6.6); there is no need for the displacements in the two orientations to
agree.
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6.3 A chord coordinate cannot exceed ¢

Lemma 6.2. The chord coordinates satisfy &,m < €.

Proof. Because the inverse configuration exchanges & and 7, it is enough to exclude n > €.
Suppose this inequality holds. Then o = v&/§ < 7, and Lemma 6.1 gives

< pv)<n (¢ € v(aw + oy)).

Qlm

Since the support set is nonempty,
e <an=¢E9, o=—<-—=qa(l—n). (6.11)

Consequently, for any such ¢,
law + oyll = ap(v) + ow(y) < an+ o < a. (6.12)

Thus the radial move does not increase the source norm.

We next prove the sign assertion
n>e = ¢(y) <0 forevery p € v(v). (6.13)
If p € v(v) and p(y) > 0, then
& < o+ op(y) = plow +oy) < v+ oy < o
Every inequality is an equality. Hence ¢ € v(av + oy), and Lemma 6.1 would give
1=p(v) <n<l,

a contradiction. This proves (6.13).

Choose ¢ € v(v) and apply it to —z = v — 7y. The sign just proved implies
B<B—1o(y) =p(—2) < |z[| = 1.
Since  — § = p > 0, this gives § < 5 < 1. Hence (6.11) implies
e < &0 <€

We now transfer only the sign implication (6.13) to the inverse configuration. To make the
substitution explicit, (6.10) gives

base point: y — f(y),
source direction: v — —w,

second chord coordinate: n — £.

The required inequality for that second coordinate is precisely & > ¢, just proved above.
Thus (6.13) gives

e(f(y) <0 (v €v(~w)).

For any ¢ € v(w), we have

=4l =1, (=¢)(-w) = ¢P(w) =1,
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so — € v(—w). Applying the preceding inequality to —1 yields
—¥(f(y) = (=¥)(f(y)) <0,  hence  P(f(y)) > 0.

This is a sign statement about supports at w; it does not involve the displacement chosen
for the inverse configuration. Choose ¥ € v(w) and return to the original o = v&/§ > 0.
The target norm now strictly increases:

lyw +ofWl = vw+of(y) =7+ 0v(f(y) >
Together with (6.12), this yields

DI_ (z,y) = |yw+of@) - av+oy| >~ —a=p

The radius 7 — o belongs to (0,1), so this contradicts the definition of u. O

6.4 The remaining coordinates contradict a preserved distance

Proposition 6.3. Let f : Sx — Sy be a surjective isometry between the spheres of nonzero
real Banach spaces. There are no x,y € Sx and 7 € [0, 1] such that

DI (a,y) = u(f) > 0.

Proof. Suppose such a maximum exists. By (1.5), its radius lies in (0, 1); Proposition 5.1
then gives the configuration used above. Recall the chord length and coordinates from
(6.2)(6.3):
p=lz—z|=a+p=7+<2,
{zg, n=-, e=1—-r1
P P
In particular, (6.5) gives

£,n >0, £+n=1—%<1.

By Lemma 6.2, £, < e. Applying Lemma 6.1 in the original and inverse configurations
gives, respectively,

S<1-m,  <1-&
e 0
Substituting o = p£ and § = pn, we obtain
e<pé(l—m), e<pnl-=2¢). (6.14)

We first check that € < 1/2, which will make the coefficients in the final triangle inequalities
nonnegative. If £ <7, then 26 <&+ n < 1,80 £ < 1/2, and

N

e<pE(l—n) <2(1-¢) <

If n <&, use the other inequality in (6.14):

N |

e<p(l-¢§) <2n(l-n)<

Here p < 2 comes from (6.2). We have proved

1
z—:<§, E<e<l—e=m, n<e. (6.15)
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The first chord identity 7y = (1 — &)x + £z in (6.4) gives a lower bound for ||y — z||:
1=z =(r-&y+&y—2). (6.16)
Because 7 — ¢ > 0, taking norms gives
1-&=[(r =y +&y—2) <7 -+ &lly — 2|

Since £ > 0 and € = 1 — 7, this becomes

S <ly-2|
=< |y—z|-
¢

The second identity 7f(y) = nf(x) + (1 —n)f(z) gives an upper bound in Y:
A=) (fy) = f(2)) = (e =) f(y) +nf(z). (6.17)
Here e — 1 >0, so
A=n)llf @) = fEI=lE=nfy) +nf@)<(e—n+n=e

Using 1 —n > 0 and preservation of the sphere distance, we obtain

€
1—n

<lly ==zl =1 - fI < (6.18)

ONE

But £ + 7 < 1 means £ < 1 —n. Since ¢ > 0, this gives ¢/¢ > ¢/(1 — n), contrary to
(6.18). O

Proof of Theorem 1.1. Let f : Sx — Sy be the original sphere isometry, now with X,Y
merely normed. By Lemma 1.3, its extension f: S¢ — Sy satisfies u(f) = u(f).

Suppose u(f) > 0. Choose a free ultrafilter & on N. By Lemma 3.1, the canonical map

~

(fhu5%), — S

u

satisfies R R
1((Hu) = u(f) = p(f) >0,

and its absolute defect attains this value. By Remark 3.2, either this map or its inverse
attains a positive defect equal to the same global maximum. Both are surjective sphere
isometries between Banach spaces, contradicting Proposition 6.3.

Thus p(f) = 0. By Proposition 1.2, the radial extension is a surjective isometry fixing zero,
hence is real-linear and is the unique linear extension of f. O

Further reading

For other presentations of the argument, see Open Mathematics Courses: Tingley’s problem
and Latent Seminar: Tingley’s sphere-isometry extension. These are supplementary reading
suggestions; the attribution of the underlying argument remains to the OpenAl preprint
cited above.

Use of ChatGPT

The entire manuscript was drafted and revised using ChatGPT.
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